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ON THE DETERMINATION OF A
QUADRILATERAL

OVIDIU T. POP

Abstract. In this paper we prove some results about the determination of
a quadrilateral.

1. INTRODUCTION

In this section we will recall some known results which we will use in the
following (see [1]).

Theorem 1. Let a,b, c,d be real numbers, a,b,c,d > 0. These numbers can
be the lengths of the sides of a quadrilateral if and only if a < b+ c+d,
b<cH+d+a,c<d+a+bandd<a-+b+ec.

Theorem 2. Let a,b,c,d real numbers, a,b,c,d > 0. The following state-
ments are equivalent:

(i) there exists a quadrilateral with sides of lengths a,b,c and d;

(ii) there exists a conver quadrilateral with sides lengths a,b,c and d.

Theorem 3 (Sturm’s Theorem). Let ABCD be a quadrilater with sides
lengths a,b,c and d. Then there exists a cyclic quadrilateral M N P(Q) such
that MN =a, NP=0b, PQ =c and QM = d.

Remark 1. We consider a quadrilateral with ”rigid sides” and constant
lengths, its vertices being ”"mobile articulations”. Then, the geometrical
interpretation of Theorem 2 and Theorem 3 is that any quadrilateral can be
”deformed” in order to obtain a convex quadrilateral, respectively a cyclic
quadrilateral.

Remark 2. The angle N/.M\Q in Theorem 3 is equal
a’? +d?> — b -2
2(ad + be)

m = arccos
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2. MAIN RESULTS

We saw in the first part that four strictly positive numbers that verify
the inequalities in Theorem 1 can be the lengths of the sides of a quadri-
lateral, but this is not uniquely determined. In this section we will prove
a quadrilateral existence theorem. The result contains a relationship be-
tween the sides and an angle of the quadrilateral. Finally, we will make
some remarks regarding this result. Taking into account Remark 2, we will
”deform” the quadrilateral until it generates into a triangle, in order to find
the extreme values of an angle of the quadrilateral depending on the sides
of the quadrilateral.

Definition 1. We say that a quadrilateral is degenerate if and only if it has
at least three collinear vertices.

Remark 3. If a quadrilateral is degenerate, then it has one angle equal to
0 or equal to 7 (see Fig. 1, respectively Fig. 2).

A B

D C

Figure 1 Figure 2
Theorem 4. Let a,b,c,d be real numbers such that a,b,c,d > 0,
a<bt+c+d,b<c+d+a,c<d+a+b d<a+b+c,

a?+d* — (b+c)? a?+d*— (b—c)?
= and B = .

2ad 2ad
Then there exists a quadrilateral ABC D, which can also be degenerate, such
that AB=a, BC=0b, CD =¢, DA=d and BAD = A if and only if

(1) arccos(min{1, 5}) < A < arccos(max{—1, a}).
Proof. In triangle ABD (see Fig. 3) we have BD? = a? + d? — 2ad cos A
o b* 4 ¢* — BD?
and in triangle BC'D we have cosC' = ST
c
B
a

A b

d

D c c

Figure 3
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B2+ —a?—d%+2adcos A

Substituting, we obtain cosC' = % and taking
C
that 0 < C < m, it results that —1 < cosC <1,
B2+c2—a?—d?+2adcos A
or —1< <1, from where
2bc
2 d2 — (b 2 2 d2 —(b— 2
@) b T (4w)§aEA§a+ ( c):ﬂ

2ad 2ad

We have that

(a—d)?— (b+c)? (a—d—=b—c)la—d+b+c)

“ + 2ad * 2ad
1 (—a+b+c+d)(a+b+c—d)
B 2ad
and
B (a+d)?—(b—c)? (a+d—b+c)la+d+b—c)
p=-1+ 2ad =+ 2ad
(a—b+c+d)(a+b—c+d)
=1+ -
2ad

Taking into account the hypothesis in the theorem, it follows that a < 1
and 5 > —1. Then, from (2) we have that

(3) max{—1,a} < cos A < min{l, 8}.
Because the function arccos is decreasing on [—1, 1], from (3) it follows (1).

Remark 4. Since a < 8, o < 1, § > —1 and because max{—1,a} <
min{1, 5}, it follows that the interval [max{—l, a}, min{1, ﬁ}] is nonempty,
from which it follows that [arccos (min{1,3}), arccos (max{—1,a})] is an
interval included in the interval [—1, 1]. Then according to relation (1), there
are an infinity of values of A for which there is a quadrilateral ABC D from
Theorem 4.

Corollary 1. In conditions of Theorem 4, there exists a cyclyc quadrilateral
ABCD such that AB = a, BC =b, CD =¢, DA=d and BAD = A =
a? 4+ d*> —b* — 2
2(ad + bc)

arccos

Proof. Taking Theorem 4 into account it is sufficient to show that
a? +d? — v —c?
2(ad + bc)
a?+d>— b -2
2(ad + bc)

arccos (min{1, 8}) < arccos < arccos (max{—1,a}),

equivalent to min{l, 8} > > max{—1,a}. The inequa-

a?+d? —b% -2

2(ad + bc)
to(b+c—a+d)(b+c+a—d) >0, which is a true inequality. We have

lity 1 > is equivalent to (b+ ¢)? — (a — d)? > 0, equivalent

ﬂ_a2+d2—(b—c)2 _a2+d2—b2—02+260> a?+d% —b? — 2
N 2ad B 2ad 2(ad + bc)
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d then min{1, 8} > =L~V =<
and then min{1, 5} ad T b0)

a? + d%? — % — 2

The inequality > —1 is equivalent to (a+d)?—(b—c)? > 0,

2(ad + be)
equivalent to (a +d — b+ c¢)(a+d+b—c) > 0, which is a true inequality.
—_ a2+d2—b2—02> P+ d*—(b+o)? clent ¢
e have 3(ad 1 bo) a= 507 , equivalent to

ad(a®+d? —b*—c?) > (ad+bc)(a®+d* — (b+c)?), equivalent after calculus
to (b+c)? — (a —d)? > 0, equivalent to (b+c—a+d)(b+c+a—d) >0,
a?+d*—b* -2
2(ad + be)
bove it results that min{1, 3 >a2+d2_bQ_C2
above it results that min{1, 5} 2(ad 1 bc)
show that the quadrilateral ABCD is cyclic.
In triangle ABD (see Fig. 3) we have

which is a true inequality, so > max(—1,«). From the

> max{—1,a}. Now we

2 d2_b2_ 2
BD? = a® + d?> — 2adcos A = a® + d* — 2ad cos (arccosa + ¢ )

2(ad + bc)
el ad(a® + d? — b? — c?)
ad + be
, b2 + ¢ — BD? , )
In triangle BC'D we have cosC = B0 and replacing BD=, we
obtain ) s e
et P
cosC' = e =
2., 2 2 1 ad >
S 1—

7(b e d)( ad + be 7_a2—|—d2—b2—c2

N 2bc B 2(ad +bc)
so cosC = —cos A. Because A € (0,7) then 7 — A € (0,7) and we have

cos C' = cos(m — A). Taking that C,m — A € (0,7) and the function cos is
decreasing to (0, ), it results that C' = m — A, equivalent to A + C' = 7, so
ABCD is a cyclic quadrilateral.

We will determinate the position of « relative to —1 and S relative to 1.

We have
(a+d?—(b+c)? (a+d+b+c)atd—b—rc)
a—(-1)=a+1= = ,

2ad 2ad
SO
(4) a< —-l1l<=a+d<b+c,
(5) a>—-l<=a+d>b+c,

with equality in (4) if and only if a +d = b + c.
On the other hand
(a—d)?—-0b-c)? (a—d+b—c)la—d—b+c)
—1= = , SO
2ad 2ad
a+b<c+d {a+b>c+d>
(6) ﬂ<1<:><{a—|—c>b+d or at+c<b+d /)’
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a+b<c+d a+b>c+d
@) 6>1‘:’<{a+cgb+d ' {a+ch+d)’
. o . o] atb=c+d . a=
with equality in (7) if and only if { atc—bad’ equivalent to { b
If « < —1and § > 1, taking (4) and (7) into account then
a+d<b+c
(8) at+b<c+d
a+c<b+d
or
a+d<b+c
9) at+b>c+d
a+c>b+d.

From the first inequality from (8), by summing a and d to both members,
we have 2a+d <a+b+cand a+2d <b+c+d.

Because d < 2a 4+ d and a < a + 2d, from the above relations it follows that
d<a+b+cand a < b+ c+ d. By summing a in the second and in the
third inequality we have b < 2a+b<a+c+dand c<2a+c<a+b+d,
from where b < a4+ c+d and ¢ < a+b+d. So from (8) it results that
a<b+ct+d,b<c+d+a,c<d+a+bandd<a+b+c Similarly, it is
shown that from (9) the above inequalities are obtained.

Remark 5. From (4) and (6) it does not follows that a,b,c,d can be the
lengths of the sides a quadrilateral, for example a = 2, b = 3, ¢ = 9 and
d = 3. These values verify (4) and the first group of inequalities in (6), but
c>d+a+b.

Similarly for (5) and (7).

Lemma 1. If a,b,c,d € R, a,b,c,d >0, a <b+c+d, b <c+d+ a,
c<d+a+b,d<a+b+c, then there exists a quadrilateral ABCD such
thatA/B\:a, BC =b,CD =c and DA =d. If in addition a+d < b+ c,
then BAD < .

Proof. We note BAD = A and let the quadrilateral ABCD (see Fig. 4).

Figure 4 Figure 5

We ”deform” this figure so that the points D, A, B are collinear (see Fig. 5).
This is possible because, according to the hypothesis we have a +d < b+ c.
Then, the extreme value of A is w, so A < 7.

Lemma 2. If a,b,¢,d € R, a,b,c,d >0, a <b+c+d, b<c+d+a,
c<d+a+b, d<a+b+c, then there exists a quadrilateral ABCD such
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B - B - ) " a+b<c+d
that AB =a, BC=b,CD =cand DA =4d. Ifmaddztwn{ atc<bid
a+b>c+d

0T{a+czb+d , then 0 < BAD.

a+b<c+d .
Proof. If { atec<bid , by addition we have a < d.

<

If a = d, from the inequalities above we obtain that { izg ,s0b=c.

We deform the quadrilateral ABCD so that A, B,C, D are collinear, with
B and D coinciding (see Fig. 6).

Figure 6

Now, we are discussing the case a < d (see Fig. 7). Because a # d, at
a+b<c+d
at+c<b+d
¢ < b+ (d— a) with at least one inequality is strict. From d < a 4+ b+ ¢
it results that (d —a) < b+ c. We "deform” the quadrilateral ABCD so
that A, B, D are collinear (see Fig. 8) and this is possible because from the
above inequalities there is triangle BDC', which can also be degenerate.

least one inequality { is strict, from where b < ¢+ (d — a),

Figure 8

Figure 7

Then, the extreme value of A is 0, so 0 < A.

Theorem 5. Let a,b,c,d be real numbers such that a,b,c,d > 0 and the
relationship (8) or (9) occurs. Then there exists a quadrilateral ABCD
such that AB = a, BC =0b, CD =c¢, DA =d and BAD = A, where A is
arbitrary, A € (0, 7).

Proof. The proof from Theorem 4, Lemma 1 and Lemma 2.
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Theorem 6. Let a,b,c,d be real numbers such that a,b,c,d > 0 and one of
the group of relationships

a+d>b+c
(10) a+b<c+d

a+c>b+d
or

a+d>b+c
(11) a+b>c+d

at+e<b+d

take place. Then there exists a quadrilateral ABCD such that AB = a,
BC=b,CD=c, DA=d and BAD = A, where
a?+d?— (b—c)? a’? +d? — (b+ c)?

12 <AL 3
(12) arccos 504 < A < arccos 507

Proof. It was shown above that from (8) and respectively (9) it follows
that a < b+c+d, b < c+d+a,c < d+a+bandd < a+b+c
Following the same idea, it is shown that from (10), respectively (11), the
above inequalities result.

Taking (5), (6) and Theorem 4 into account, we obtain relation (12).

Theorem 7. If a,b,c,d € R, a,b,c,d >0, a<b+c+d, b<c+d+a,
c<d+4+a+b, d<a+b+c, then there exists a quadrilateral ABCD such
that AB = a, BC = b, CD = ¢ and DA = d. If in addition take place
inequalities in

a?+d?> — (b—c)?

. < )
(i) (4) and (6), then arccos 50d <A<,

a’? +d? — (b+ c)?
2ad '
Proof. It results from Theorem 4 and the inequalities (4)—(7).

(73) (5) and (7), then 0 < A < arccos

Remark 6. The problem of determining the quadrilateral can be also be
posed under other conditions that depend on the number of given sides and
angles of the quadrilateral.
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