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CONCENTRIC CIRCLES
EACH PASSING THROUGH ONE VERTEX

OF EACH OF TWO REGULAR POLYGONS
Mamuka Meskhishvili

Abstract. Given a regular n-gon on the plane, it is evident that from any
point on the plane, taken as a center, one can draw n concentric circles such
that each circle passes through one of the vertices of the polygon. Naturally,
this raises the problem of whether such a construction is possible for any two
given regular n-gons on the plane. In this paper, we establish the necessary
and sufficient conditions for the existence of n concentric circles such that
each circle passes through one vertex of each of the two regular n-gons.

1. INTRODUCTION

Let a regular n-gon be given in the Euclidean plane. Denote by
di,do,...,d, the distances from an arbitrary point M in the plane to the
vertices of the polygon, by L the distance from this point to the centroid
of the polygon, and by R the radius of the circle circumscribed about the
polygon. According to the polygonal distance theorem [1, 2], there exists a
relationship among these quantities:
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In this system, R and L enter symmetrically; therefore, if the ordered pair
(R, L) satisfies the system, then the pair (L, R) is also a solution. Conse-
quently, if dy, do, ..., d, represent the polygonal distances corresponding to
a certain regular n-gon, then there exists another regular n-gon possessing
the same set of polygonal distances. The radii Ry and Rs of the circum-
scribed circles of these two polygons satisfy the following system of relations
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where m=1,...,n— 1.

For both polygons P,(R;1) and P, (Rz2), let us take for point M (the point
from which the polygonal distances to the vertices are measured) the same.
As shown in [3, 4]:

(1.3) Li =Ry, Ly=Ry.

Let us draw n concentric circles centered at the point M with radii
di,do, ..., d,. It is clear that these radii d;, can be regarded as the polygonal
distances from the point M to the vertices of the regular polygons P, (R1)
and P, (Ra).

It is natural to pose the following two problems:

I. Given two regular n-gons, under what conditions do there exist n
concentric circles such that each circle passes through one vertex of
each of the two regular n-gons?

IT. Conversely, given n concentric circles, under what conditions do
there exist two regular n-gons whose vertices lie one by one on these
circles?

In this paper, these problems are solved.

2. GENERAL THEOREMS

Condition (1.3) means that the point M is located at a distance Ra from
the center O; of the first polygon Pj(R;), and at a distance R; from the
center Oy of the second polygon Py(Rg). Therefore, if two regular n-gons
are given, in order to determine the point from which the set of distances to
the vertices is identical for both polygons, auxiliary circles are introduced.

Definition 2.1. For two given regular n-gons, an auziliary circle is defined
as a circle whose center coincides with the center of one of the polygons,
and whose radius is equal to the radius of the circle circumscribed about the
other polygon.

In the general case, the intersection of these auxiliary circles consists of
two points, M; and Ms. Both points are equivalent; therefore, in what
follows, we consider only one of them, Mj.

It is evident that the two given regular n-gons uniquely determine the radii
R and R of their respective circumscribed circles. Furthermore, once the
point M is fixed by the intersection of the auxiliary circles, the correspond-
ing distances L; and Loy are also determined. Hence, for both polygons, all
the right-hand sides of the equations in system (1.1) are equal, so left-hand
sides must be equal, too.

If we denote by di,ds,...,d, and t1,t9,...,t, the polygonal distances
corresponding to the two regular n-gons respectively, then the system (1.1)
yields a system of n — 1 equations:
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where m =1,...,n— 1.
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For equalization of the distances, it is sufficient that any two of the dis-
tances be equal [3]. For example, without loss of generality, if we take
di1 = t1, then the set of all other distances will also be equal:

{day ... dn} = {to, ...t}

The equality of two distances can be achieved geometrically by rotating one
of the regular polygons around its own centroid [4]. Therefore, we obtain:

Theorem 2.1. Given two regular n-gons, there exist n concentric circles,
each passing through one vertex of each polygon, if and only if the following
two conditions are satisfied:

I. The auxiliary circles have a common point of intersection;
II. The distances from the point of intersection to one pair of vertices,
one from each polygon, are equal.

In the general case there are two sets of n concentric circles corresponding
to two intersection points M; and My of auxiliary circles. Any property
satisfied by one set of concentric circles is also satisfied by any other set
of concentric circles with respect to the properties discussed in this article.
Therefore, we will limit our discussion on a single set centered at M; (see
Figures 1 and 2).

FiGUuRE 1.

In the case of two polygons with a shared vertex, the second condition
of the Theorem 2.1 is automatically satisfied. As for the first condition, it
is evident that the auxiliary circles have a common intersection point if the
distance between the centroids of the polygons, 010 satisfies the following
inequality:

[R1 — Re| <0102 < Ry + Ry,

which is automatically fulfilled in the case of a shared vertex.
Thus, we obtain the following:
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FIGURE 2.

Theorem 2.2. Given two reqular n-gons with a shared vertex, there
exist two sets of n concentric circles such that each circle in each set passes
through exactly one vertex of each of the two reqular n-gons.

Now we consider a case when n concentric circles are initially given, then
their radii can be considered as polygonal distances, and the common center
of the circles as the point Mj, i.e. in system (1.2), the left-hand side is
known.

By applying cyclic averages [5]:
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where m =1,...,n— 1.
Eliminating R; and Rs from system(1.2), we obtain:
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where m =3,...,n— 1.

The first two equations of the system (1.2):
(2.3) S@ = R? + RZ,
(2.4) S\ = (R} + R3)® + 2R{R3,
get:
(2:5) 3(S37)7 = 280 = (R - BY)?,
(2.6) SW _ (82 — 9R2R2.

Equalities (2.5) and ((2.6) yield:

(2.7) Z8W < (822 < 5,
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Summarize (2.2) and (2.7) in:

Theorem 2.3. Given n concentric circles with radii dyi,ds, ..., dy,, reqular
n-gons whose vertices lie one on each of the n circles exist if and only if
these radii satisfy the following two conditions:
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where m =3,...,n— 1.

By solving (2.5) and (2.6):

Theorem 2.4. Given n concentric circles with radii di,ds, ..., d,, if there
exist a reqular n-gon whose vertices lie one on each of the n circles, then also
exists a second reqular n-gon with the same property, and the circumradii of
these two polygons are equal:

1
R@:Zxﬁ+£+m+ﬁ

:Hﬁ@+@+m+ﬁﬁ—m@+ﬁ+m+ﬁ»
Remark 2.1. There exists only one reqular n-gon, if:
3+ d3+- - +d2)?=2n(d} +di+ -+ d).

3. CONDITIONS FOR 3 CONCENTRIC CIRCLES AND
TwoO EQUILATERAL TRIANGLES

The system (1.2) yields:
d? + d% + d3 = 3[R} + R3],
di +d3 +d5 = 3[(R} + R3)* + 2R; R3].

The solutions for the radii of the circles are:

dy = djy,
(F—173R2 R2) —d? —4V/3A
275 (R + R3) 1 (R1,R2,d1) )
1
B = 5 (3R + RE) — & + V3 A(n, )

where A, ) denotes the area of a triangle with side lengths a, b, c.
From the first part of Theorem 2.3 we have:

(2 + d2 + d2)? > 2(d} + di + d3),
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therefore

Adyda,ds) = 0,
and from Theorem 2.4 it follows that:

Theorem 3.1. Let three concentric circles have radii di < do < d3. Two
equilateral triangles (the larger and the smaller) exist, with vertices lying one
on each circle, if and only if a (nondegenerate) triangle with side lengths dy,
da, d3 exists (dy + da > d3). The radii of the circumcircles of the larger and
the smaller equilateral triangles are given by:

1

1
Rj = 6 (d% +d3 +dj - 4\/§A<d17d21d3>)‘

Remark 3.1. In the degenerate case (dy + do = d3), only one equilateral
triangle exists.

Figure 3 shows a large triangle with centroid O; and a small triangle
“rotating” around it, shown in three positions (with centroids Oz, O}, O).
Each of the small triangle’s three vertices lies on one of three concentric
circles whose common center is the point M;.

FIiGURE 3.

4. CONDITIONS FOR 4 CONCENTRIC CIRCLES AND TWO SQUARES

The radii of the circles dq, do, d3, d4 and the radii of circumscribed circles
of two squares R, Ry satisfy:

d? + d3 + d3 + d% = 4[R? + R3],
di +dj +dj +di = 4[(R + R3)? + 2RI R3],
df +dS + d§ + d§ = A[(R] + R3)" + 6RIR3(RT + R3)].
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From the second part of the Theorem 2.3 follows:

8(df +dS + d + df) + (df + d5 + d3 + d})?
= 6(d} + d3 + d3 + di)(d] + d3 + d3 + dy),
which is equivalent to
3(di +d3 —d5 — d3)(di +d3 — dj — dj)(d} + dj —d3 — d3) = 0.
Without loss of generality, let us assume that the radii of the circles satisfy:
di < do < d3 < dy,
then holds:
d? 4 d3 = d3 + d2.

Let us use the term outer circle radii for d; and d4, and inner circle radii
for do and ds.

From the first part of the Theorem 2.3:
3(d3 + d5 + d} + d3)? > 8(df + dy + dj + dY),
on the other hand,

3(d? + d% + d3 + d%)? — 8(d} + di + di + df)

_ 2 _ 2 _ 2 o 2
- 64A(d1,d4,\/§d2) - 64A(d1,d4,\/§d3) - 64A(d2,d3,\/§d4) - 64A(d2,d3,\/§d1)'

This means that if one of the triangles with sides —

(d17d4)\/§d2)7 (d17d4)\/§d3)7 (d27d35\/§d4)7 (d27d37\/§d1)

exists, then all of them exist.
Let us call them the associated triangles for the four circles. The sides of
the associated triangles are composed as follows:

(a) two outer circle radii and v/2 times one inner circle radius;
(b) two inner circle radii and v/2 times one outer circle radius.

The obtained results are summarized in:
Theorem 4.1. Let four concentric circles have radii di < do < d3 < dy.

Two squares (the larger and the smaller) exist, with vertices lying one on
each circle, if and only if the following two conditions are satisfied:

I. An (nondegenerate) associated triangle exists;
II. The sum of the squares of the outer and inner radii are equal:

di + df = d3 + d3;

The radii of the circumcircles of the larger and the smaller squares are given
by:

(d% + di) + A(dl,d4,\/§d2)7

=

1
2 2 2
R2: Z(d1+d4)_A(d17d4,\/§d2)

Remark 4.1. If the associated triangle is degenerate, only one square exists.



88 Mamuka Meskhishvili

Figure 4 shows a large square with centroid O; and a small square
“rotating” around it, shown in three positions (with centroids Og, O}, O).
Follows from the system (1.2):

d? +d2 = d3 + d% = 2(R} + R3),
d?d% 4 d3d3 = 2(R} + R3).

FIGURE 4.

From which we obtain expressions for the radii of the concentric circles:
dy =dy,
d3 = R} + Ry — 4A (R, Ryay)»
d3 = R + R3 + 4A (R, Rody)s
di = 2(R} + R3) — dj.
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