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ALGEBRAIC POINTS ON SOME QUOTIENTS
OF THE FERMAT CURVE OF DEGREE 11

M. FALL, T. A. DIALLO AND M. CAMARA

Abstract. The aim of this work is to give a parametrization of the set of
algebraic points of degree d € {4,5,6,7,8} on the subfamily of quotients
of the Fermat curve of degree 11 of affine equation C, : y'!' = 2" (x — 1)"
where r € {1,2,3,4,5}. Our essential tools are the Mordell-Weil group, the
Abel-Jacobi theorem, linear systems, and the birational morphisms.

1. INTRODUCTION

Arithmetic questions about the number of points of degree d on a smooth
algebraic curve over a number field K lead to geometric questions about the
curve.

The theorem of Faltings states that an irreducible curve C of geometric genus
g > 2 defined over a number field K has only a finite K-rational points. But
since on an algebraic closure K of K the number of K-rational points on
K has the same cardinal as K, we are led to ask how the number of points
increases with the degree d of an extension L of K.

For any integer d > 1, let us denote the set of algebraic points of degree at
most d on C over the number field K by C(¥(K) :

C(K)={PeCK)|[K(P): K| <d}

The set C(Y(K) may be finite or infinite. Indeed, Faltings showed that the
rational points of a variety are distributed over a finite number of translates
of abelian sub-varieties contained in the variety. This statement can even
be used to prove qualitative results about points of degree at most d on a
curve, see for example the work of Debarre and Klassen [3]. If we consider
a curve C which admits a non-constant morphism C — P; defined on K of
degree d, then C'?(K) is infinite.
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Currently, one of the most important problems concerning the classification
of algebraic points on a curve C is the determination of the set C(¥(K). In
fact, there is no general algorithm for determining this set or deciding if it
is empty.

However, our work consists of studying special cases of curves where we can
give a parametrization of algebraic points of given degree d. It seems that
a necessary condition is that the Mordell-Weil group of the Jacobian J (Q)
of C is finite.

Consider the family curves C, (1 <r < 5) with affine equation

Criytt=a"(x—1)

This family is a special case of quotients of Fermat curves with affine equa-
tions

Crs(p) 1P =" (x — 1)°

where 1 <7,s,7+s <p—1and p > 5 is a positive prime.
The curves C,¢(p) are of genus g = % and are called quotients of the

Fermat curve of affine equation
Fy:uP +0P =1.

These curves are frequently mentioned in the literature (see [1], [6], [2] and
[5]). The Mordell-Weil group of C, s(p) is finite in the following cases: for
p=>5or 7, and for p=11 and r = s (see [5]).
Gross and Rohrlich, in [5], proved firstly that the Mordell-Weil group J, (Q)
of the family C, is finite and given by

Z

They also showed that the set C, 4(p)(Q) is formed by the following three
rational points

Py=(0,0,1), P =(1,0,1), Px =1(1,0,0).

In [2], Coly and Sall determined the set Cég)((@) of algebraic points of degree
at most 3 on the curve Cs.

Balde, Diallo and Sall have given a parametrization of algebraic points of
given degree [ with [ > 9 in [1].

Let denote by G/, the set of algebraic points of degree d on C, , i.e.

Gi={Pec, (@) | QW) Q) =d}.

The main objective of this work is to determine the set c® (Q) of algebraic
points of degree at most 8 on Q, more precisely the set

U g vre{123.45})

4<d<8

Our main result is the Theorem 3.1
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2. PRELIMINARIES

2.1. Algebraic extension.
A complex number a € C is algebraic if there exists a non-zero polynomial
f € Q[X] with f(a) =0. The algebraic closure of Q is the set

Q = {a € C| « algebraic} .

Q is called the algebraic number fields.

Let § € Q, then the smallest subfield of Q that contains Q and € is commonly
denoted Q(#). In this case Q(#) is an algebraic extension of Q of finite degree
over Q. We note that deg(6) :

deg(0) = [Q(0)) : Q] .

Definition 2.1. Let C be an algebraic plane curve defined on Q. The degree
of an algebraic point P € C is the degree of its field of definition over Q. In
other words, if we denote by deg(P) the degree of P over Q, then we have

deg(P) = [Q(P) : Q] = d.
The point P is called algebraic point of degree d over Q.

More specifically:
e If deg(P) =1, then P is a rational point.

e If deg(P) = 2, then P is a quadratic point.
2.2. Divisors and rational functions.

Let C be a smooth plane curve defined on a number field K.

Definition 2.2. A divisor D of C is a formal finite sum of distinct points

of C :
D=> npP
pPeC
where the np € Z are almost all zero. The degree of D is the sum defined by

deg ( Z in> = Z npdeg (P) .

pPecC pPecC

The set of divisors is an abelian group, where the law of the group is the
formal addition of points. This group is denoted by Div(C).

Definition 2.3. A rational function on an algebraic curve C is a function
f : C — P, defined by polynomials, which has only a finite number of
poles.

Let K(C) denote the field of all rational functions on C defined on K, then
there is a natural morphism

K(C)" — Div(C)
that associates to a rational function f its divisor

div(f) = Z ordp(f)P

pPeC
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where ordp(f) is the order of vanishing of f at P. It is a standard fact in
the theory of algebraic curves that if f is a non-zero rational function, then
the number of poles of f equals the number of zeros of f (see [4]).

Here are some properties of the divisors of rational functions given by the
following proposition.

Proposition 2.1. (see [4]) Let ¢ and ¢ be two rational functions of K(C),
then:

(1) div (wqf) = div (¢) + div (p);
(2) div (4,0) = div (¢) — div (p).

Definition 2.4. Let C be a smooth curve and let D € Div(C). It is associ-
ated with the set of functions

LD) ={f e K(C)" | div(f)+ D >0} U{0}.

L(D) is called linear system. It is a finite-dimensional vector space over K.
We denote by l(D) the K-dimension of L(D).

The following theorem classifies the curves according to their genus. It is
called Riemann-Roch theorem.

Theorem 2.1. (see [4]) Let C be a smooth curve. Then there exists a divisor
K¢ called the canonical divisor and an integer g > 0 called the genus of C
such that for any divisor D € Div(C) we have :

I(D) = deg(D) + 1 — g + (K¢ — D).

In particular, using the previous notation, we have :
(i) (K¢) = g and deg(K¢) = 2g — 2.
(i) If deg(D) > 2g — 2, then (D) = deg(D) + 1 — g.

2.3. Jacobian map.

Let J(C) be the jacobian of the curve C and Py, be a K-rational point of C,
then we defined the map
j: C — J(C)
P +— [P— Py

where j(P) = [P — Px] is the class of P — P..
Let Div (C) be the group of all divisors on C and Div" (C) denote the sub-
group of divisors of degree 0. The map j extends by linearity to Div° (C)
and we note this extension again by j:

j: D) — J(C)

D — [D — deg(D)Px]

j is called the Abel-Jacobi map.
We have the following classical theorem :

Theorem 2.2. (Abel-Jacobi) (See [4]). The map j is surjective and its
kernel consists of the divisors of functions on C. In other words, the kernel
of 7 is formed by the divisors of rational functions.



Algebraic points on some quotients of the Fermat curve of degree 11 43

2.4. Normalization of the curve C,.
We know that in general for any curve
Cr:ytt=2"(z—1)",
we can describe the associated curve
Vgt =a" (x — 1) with z(z —1) #0.

The curve V, is a smooth projective curve. There are then three points Fp,
P and P, such that

Ca_va:{P(]a P17 Poo}
Let H, be the projective equation of C, :
er . Yll _ le—2rX'r (X . Z)r

The curve H, is the Zariski closure of V, C A? C P? which is smooth except
(perhaps) at three points

Py=1(0,0,1),  P{=(1,0,1), P, =(1,0,0).

More precisely P, P and P| are singular unless r = 1.
Let v, be the normalization map defined by

vy Cr — H,
Then v, is bijective and we have :
v (PL) =P, vt (P)) =Dy, vt (P]) =Pr.

The curves C, are birationally equivalent to the curve C;. Thus we have the
lemma :

Lemma 2.1. For any r € {1,2,3,4,5}, the curve C, is birationally equiva-
lent to the curve Cy.

Proof. Let the morphism ¢, be defined by
wr: G — C,
(z,y) — (z,y")

(x,y")eC = W) —2"(x-1"=0
—= (") —(z(z-1)"=0
= (M-z@-1) ( S R (- 1)a—1—ky11k> —0
0<k<r—1
— Yyl —z(x—-1)=0

2.5. Geometric lemmas.

S

X
Let  and y be the functions defined on C, by = = - and y =

Lemma 2.2. For allr € {1,2,3,4,5}, we have :
(a) div(z) =11Py — 11 Py and div(x — 1) = 11P; — 11Py;
(b) div(y) =rPy+ 1P, — 2rPy;
(c) 115(Py) =0, 115(P1) =0 and j(Py) + j(P1) = 0.

Proof. See [5].
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Lemma 2.3.
f) The Mordell-Weil group of C, is given by:
Z , .
Jr(Q) = 1z = {mj(P1)|0<m <10} = {mj(P) ’ 0<m<6}.
Proof. See [6].

If m is a non-zero natural number then mP, is a divisor on C,. We have
the lemma :

Lemma 2.4. A Q-basis of L (mPx) is given by
(1) For 0 <m <10, we have :
(a) ﬁ(Poo) = (1)

(b) L(2Px) = (1, y) = L(3Px)

(C) £(4Poo) <1 Y,y 2> :£(5Poo)
(d) £(6Px) = (1, v, y2, y?) = L (7Px)
(e) L(8Px)=(1,y, ¥ y*) = L(9Px)
(f) £L(10Px) = <1y,yyyy>

(2) Form > 11, a Q-basis of L (mPx) is given by :

Bmz{yi\ieNand ogig[m}u{wi,jeNand 0<j< [m;HH

Proof. The rational functions in B, are of the form P,4(z,y) = 2"y® and
verify

div (Prs(z,y)) = div (z"y®) = rdiv(z) + sdiv(y) = 0 < Tr+2s <m
The reasoning is divided into two cases:
Case 1: 1 <m < 10. We have
1llr+2s<muwithr,s e N=—=r=0and 0 < s < m.
So we obtain (1).
Case 2: m > 11. It is clear that m > 2g —1=09.
a) According to the Riemann-Roch theorem,
dim (L (mPx))=m—g+1=m—4.
It remains to show that #(B,,) =m — g+ 1.

i) Suppose m is even, and let m = 2h. Then we have
- 11
mn ] =h—-—g—1.

So we get B, = {1, Yy oen yh} U {x, TY, .., xyh_g_l}. Therefore
#Bp)=h+1+h—g—1+1)=m+1—g=dim(L(mPx)).
ii) Suppose m is odd, and let m = 2h + 1. Then we have

m— 11

ig[%}:h and jg[

ig[%]:h and jg[ ]—h—g.

So we get B, = {1, Yy vees yh}U{x, TY, ey :nyhfg}. Hence
#Bp)=h+1+(h—g+1)=m+1—g=dim(L(mPx)).
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b) Let us show that the family B,, is free.
Prs(z,y) Ly 2| | o2 | 2 oy |ay?]... [m_n
Number of poles [0 |2 4 | ... [2[2][11]13] 15 11 + 2[5

The multiplicities of the poles of the elements of B,, are all different. There-

fore, the family is free. So B,, is a basis of £ (mPx).

3. ALGEBRAIC POINTS ON C,
3.1. Main theorem.

The main result of this manuscript is the following theorem

Theorem 3.1. Let G}, be the set of algebraic points of degree d of the curve

Crytt =2 (x —1)" withr € {1,2,3,4,5}. Then we have :
(1) The set G} is given by

Ga1 = {(; + \/yll + %, yT> ‘ Q(y) : Q] = 2}

(2) The set GE is empty GL =

(3) The set Gg is given by Ge1 U Ge 2 with

Ge,1 = {(; + m, Z/T> ’ [Qy) : Q] = 3}

11-m 2, m
_ m ,r Yy —ay" +a =0,
g672_{(ay 7y ) aE@*,m€{5,6} }

(4) The set Gy is given by Gr1 U Gr o with

11—m _ ,m 2 =
Gr1 = {(yWHﬁy%yr) ' ! 6,yA g@t,ﬂgf)em;}ﬂy § }

Gy = v Yy TN+ By)? =y + A+ By =0,
A+ By’ B, AeQ*,me{6,7}
(5) The set G§ is given by Gg1 U Gga U Gg 3 UGga with

Gg1 = {(; + \/yll + %, yT> ‘ Q(y) : Q] :4}

Geo = (ym(A+5y+7y ‘ﬂ Y, AEQ, Ay #0, m € {3,4}
yt=m—y (A+6y+7y) + A+ By +yy* =0
(

ym y) i}
g8,3: </\By7y>‘04,6,)\6(@,m€{5,6}

y A+ By)? =y (L4 ay)? + (L+ay)(A+ By) =0

)

B,7, A€ Q, yA# 0m € {7,8}
Z—y™+ A+ By +7y?) =0

y" .
Og4 = ()\+By+7y2’y)
y N+ By + vy
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3.2. Proof of the main theorem.

According to Lemma 2.1, the curves C, are birationally equivalent to Cj.

If the point (u,v) € Cy, then (u,v") € C,. It suffices to prove the theorem
on Cl.

Let R € C (@) be an algebraic point of degree d over the field Q i.e.
[Q(R) : Q] = d and Ry,..., R4 the Galois conjugates of R. If d < 3, these
points are described by Coly and Sall ([2]); so we can assume that 4 < d < 8.
By the Lemma 2.3, we have

[Ri+Ro+ ...+ Ry —dPx] € J1 (Q).
So the previous relation can be written as
[Ri+ Ra+ ...+ Ry —dPx] = —m[Py — Px] with 0<m <10.
The linearity of Abel-Jacobi’s map gives
[Ri+Ro+ ...+ Rg+mPy— (d+m)Px] =0 with 0<m < 10.

Abel-Jacobi’s theorem states that there exists a rational function 1 such
that

div(i/)):R1+R2+...+Rd—|—mPo—(d+m)Poo.

The Definition 2.4 of linear systems on the curve C gives us the relation
Y € L((d+m)Psx) and ordp, (¢) =m.
For the following

2

The Lemma 2.4 allows us to write 1 in the form

b= [m;—d} ot [ [mﬂ—d—ll]'

k !
Y (z,y) = Zaiyi + bejyj where a;,b; € Q.
=0 =0
For 1 <i < d, we must have ¢ (R;) =0 and ¢ (Pp) =0 (or ¢ (P1) = 0).

The reasoning is subdivided into 5 cases depending on the degree d of the
algebraic points.

3.2.1. Algebraic points of degree d = 4.

Depending on the values of m, the reasoning is subdivided into the following
sub-cases :

(1) m = 0. The function ¥ € L(4Px), so
¥ (2,y) = ap + a1y + azy® = 0.

For [Q(z,y) : Q] = 4, it is necessary and sufficient that ag-+a1y+asy?
is irreducible in Q[Y]. So [Q(y) : Q] = 2. Hence

94—{<;i\/y”+1, ;y’”> ‘ [Q(y): Q] = }
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(2) m € {1,2,5}. The function ¥ € L£((4 4+ m)Px). Let
L((4+m)Px) = L((34+ m)Px).
One of the points R; = Pp; therefore [Q(z,y) : Q] < 4.
(3) m € {2,4,6}. The function ¢ € L((4 + m)Px) and ordp, (¢) = m.
Y (T, y) = amy™ + ... +apy" =y™ (am+-..+akyk_m) = 0.
Since k —m =1, then [Q(z,y) : Q] < 4.
(4) m € {7,8,9,10}. The function ¢ € L((4 + m)Px) and ordp, () =
m. the integers m and [ satisfy k < m and [ <1, so
¥ (@,y) = box + bizy = x (bo + b1y) = 0.

Hence [Q(z,y) : Q] < 4.
In conclusion, the set of points of degree 4 is Gy.

3.2.2. Algebraic points of degree d = 5.

Depending on the values of m, the reasoning is subdivided into the following
sub-cases:

(1) m € {0,2,4}. The function ¢ € L((4 +m)Px). Or
L((54+m)Px) = L((44 m)Px).
One of the points R; = Pp; therefore [Q(z,y) : Q] < 5.

(2) m € {1,3,5}. The function ¥ € L((5+ m)Px) and ordp, (¢) = m.

le(x,y):amym_F_’_akyk:ym (am++akyk’m> —0.

Since k —m < 2, then [Q(z,y) : Q] < 5.

(3) m € {6,7,8,9,10}. The function ¢ € L((5+m)Ps) and ordp, (¢) =
m. The integers m and [ satisfy k < m and [ < 3, so k < m and
[ <2,s0

(0 (x, y) =bor +bixy = (bo + b1y + bly2) =0.

Hence [Q(z,y) : Q] < 5.
In conclusion, the set G5 of algebraic points of degree 5 is empty: G5 = ().

3.2.3. Algebraic points of degree d = 6.

Depending on the values of m, the reasoning is subdivided into the following
sub-cases:

(1) m = 0. The function ¢ € L(6Px), so

Y (z,y) = a0+ a1y + a2y2 + a3y3 =0.
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For [Q(x,y) : Q] = 6, it is necessary and sufficient that ag + a1y +
asy? + azy? is irreducible in Q[Y]. Therefore [Q(y) : Q] = 3.
We obtain the family

Ge,1 = {(;i\/y“-l-i, yr> ’ Q(y) : Q] :3}.

(2) m € {1,3}. The function ¢ € L((6 +m)Px). Or
L((6 +m)Psx) = L((54+ m)Px).
One of the points R; = Py, therefore [Q(z,y) : Q] < 6.

(3) m € {2,4}. The function ¢ € L((6 + m)Px) and ordp, (¢) = m.
Therefore

¢($)y):amym+...—|—akyk:ym (am_|_”'+akyk7m> —0.

Since k —m < 2, then [Q(z,y) : Q] < 6.

(4) m € {5,6}. The function ¢ € L((6 + m)Px) and ordp, (¢) = m.
We have k =m and | =0, so

Y(@y)=any" +bhr=0z=ay", acQ
The affine equation of the curve gives

1

y 1 _ aym (aym . 1) — yll—m

—o®y" +a=0.
We obtain the family

11—m 2, m
_fm oy | YT =@ty a =0,
96,2—{(O‘y ,y)‘ acQ, me {56} }

In conclusion, the set Gg is given by Gg 1 U Gg 2.

3.2.4. Algebraic points of degree d = 7.

Depending on the values of m, the reasoning is subdivided into the following
sub-cases:

(1) m € {0,2}. The function ¢ € L((7 +m)P). Or
L((7T+m)Px) = L((6 +m)Px)
One of the points R; = Py; therefore [Q(x,y) : Q] < 7.
(2) m € {1,3}. The function ¢ € L((7+ m)Px) and ordp, (v)) = m, so
V(2 y) = amy™ + ... Fapy® =y™ (am—k...—i—akyk*m) = 0.

Since k —m < 3, then [Q(z,y) : Q] < 7.
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(3) m € {4,5}. The function ¢ € L((7 + m)Px) and ordp, (¢») = m.
The integers m and [ satisfy k < m and [ < 3, so k = m + 1 and
[ =0, hence

Y (2,9) = amy™ + ama1y™ T + boz = 0.

The value of x can be written as:

r=y"(A+py) with A B€Q"
The affine equation of the curve gives

y' =y (A +By) (Y A+ By) — 1)
This equality gives the following equation

y T — (A + By)’ Y™ + A+ By = 0.
We get the family

11-m _ ,m 2 —

(4) m € {6,7}. The function ¢ € L((7 + m)Px) and ordp, (¢) = m.
The integers m and [ satisfy k < mand [ < 3,so k=m and l =1,
SO

Y (x,y) = any™ + box + bizy = 0.
The value of x can be written as:

z=y" (A +By)”" with A B e Q.
The affine equation of the curve gives
gt =y O By) T (1 O+ By T - 1)
This gives the following equation
g (A4 By)’ =y + A+ By = 0.
We obtain the family points

G —{( y" r> ’ yll‘m(A+5y)2—ym+/\+By=0,}
2 Q*, me {6,7} '

(5) m € {8,9,10}. The function ¢ € L((7+ m)Px) and ordp, (1)) = m.
The integers m and [ satisfy k < m and [ < 3, so

Y (x,y) = box + bizy + bozy?® + bszy® = 0.
The factored polynomial is
 (bo + bry + bay® + b3y®) = 0.

Hence [Q(z,y) : Q] < 7.
Therefore G7 is given by Gr71 U Gr 9.
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3.2.5. Algebraic points of degree d = 8.

Depending on the values of m, the reasoning is subdivided into the following
sub-cases:

(1) m = 0. The function ¥ € L(8Px), so
¥ (z,y) = ao + a1y + azy® + azy® + asy’ = 0.

For [Q(z,y) : Q] = 8, it is necessary and sufficient that the rational
polynomial ag + a1y + asy® + asy® + aqy® is irreducible in Q[Y].
Therefore [Q(y) : Q] = 4. We obtain the family

gs,lz{@im, y> | 120):q- }

(2) m € {1}. The function ¢ € L(9P,). Or
‘C(gpoo) = £(8Poo)
One of the points R; = Py, therefore [Q(z,y) : Q] < 8.

(3) m € {2}. The function ¢ € L(10P) and ordp, (¢) = 2, so
¥ (z,y) = agy® + azy® + aay® + asy’ = 0.
The factorization of the polynomial gives
y? (a2 + asy + asy® + azy®) = 0.

So [Q(x,y) : Q] <8.
(4) m € {3,4}. The function ¢ € L((8 + m)Px) and ordp, (¢) = m.
The integers m and [ satisfy k =m + 2 and [ = 0, so

Y (2,y) = amy™ + ami1y™ T+ ampoy™ 2 + boz = 0.
The variable x is given by
z=y" (A+ﬂy+’yy2) with B, v, A€ Q, Ay #0.
The affine equation of the curve gives
y' =y (A4 By +9y2) (v (A + By +y?) — 1)
The reduction of the polynomial gives the equation
_ 2
g — (A By %) Y+ A+ By + = 0.
We get the family of points

(Y™ A+ By +°),") | B A €Q, Ay #0, m € {3,4}
Yyl — (A + By + 522 + A+ By + 52 =0

Gg2 =
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(5) m € {5,6}. The function ¢ € L((8 + m)Px) and ordp, (¢) = m.
The integers m and [ satisfy k =m + 1 and [ =1, so
U (2,y) = amy™ + amp1y™ " + box + bray = 0.
The variable x is given by
Yyl +ay)
A+ By
The affine equation of the curve gives
n_ Y"1+ ay) (ym(l +ay) 1)
A+ By A+ By '
The reduction gives the equation
y O By)* =y (L ay)? + (L4 ay) (A + By) = 0.
We get the family of points

Yy (1 + ay)
A TEI) ) € QF 5.6
( N1 By ) e, B, A € QF, me {5,6}

yHTm A+ By)? —y™ (1 + ay)? + (L+ ay)(A + By) =0

with «a, 5, A € Q".

Os3 =

)

(6) m € {7,8}. The function ¢ € L((8 + m)Px) and ordp, (¢) = m.
The integers m and [ satisfy k =m and [ = 2, so

Y (x,y) = amy™ + box + bizy + boy® = 0.
The variable x is given by

Yy .
— Y with 8,7, A€Q, My #£0.
R with 3, v Q, My #

The affine equation of the curve gives

m
x

1 ym ym
y o= 3 5 —1).
A+ By +yy* \A+ By +y
The reduction gives the equation
y T By 9977 =y A+ By +y? = 0.
We obtain the family of points

B, A € QA # 0m € {7,8}

y™ .
Og4 = <>\+By+vy2’y>
22—y + A+ By +y?) =0

y! N+ By + vy

(7) m € {9,10}. The function ¢ € L((8 + m)Px) and ordp, (¢) = m.
The integers m and [ satisfy k < m and [ < 3, so

Y (x,y) = box + bizy + bozy® + bszy® = 0.
The factorization gives
2 (bo + bry + bay® + bsy®) = 0.

Hence [Q(z,y) : Q] < 8.
In summary, the set Gg is given by Gg1 U Gg 2 U Gg3 U Gg 4.
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