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ON RIEMANNIAN CONNECTIONS
AND SEMI-SIMPLICITY OF A LIE ALGEBRA

MANELO ANONA

Abstract. Using a almost product structure defined by a spray, we give
a necessary and sufficient condition, for a linear connection with vanishing
torsion to be Riemannian and, for the semi-simplicity of Lie algebra of pro-
jectable vector fields which commute with a spray. In the general case, we
propose some properties that allow recognizing a semi-simple Lie algebra

1. INTRODUCTION

The object of this paper is a review and a complement of our results
in [1], [2], [3] and [4]. All considered objects are smooth. Let M be a
connected paracompact differentiable manifold of dimension n > 2, J the
vector 1—form defining the tangent structure, C' the Liouville field on the
tangent space T'M, S a spray. We denote I' = [J, S], I is an almost product
structure: I'? = I, I being the identity vector 1-form. We can consider T
[9] as a linear connection with vanishing torsion. The curvature of I is then
the Nijenhuis tensor of h, R = %[h, h], with h = % We will give some
properties of R. We then study a linear connection coming from a metric. At
the end, we are interested in the Lie algebra Ag = {X € x(T'M) | [X,S] =
0}, where x(T'M) denotes the set of all vector fields on T'M.
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2. PRELIMINARIES

We recall the bracket of two vectors 1—form K and L on a manifold M
(8],
[K,L|(X,Y) = [KX,LY]|+[LX,KY]+ KL[X,Y]+ LK[X,Y] - K[LX,Y]

—LIKX,Y]| - K[X,LY] - L[X,KY]
for all X, Y € x(M).
The bracket N; = %[L,L] is called the Nijenhuis tensor of L. The Lie
derivative Lx with respect to X applied to L can be written
(X, L)Y =[X,LY] - L[X,Y].

The exterior derivation dy, is defined in [5]: dr, = [ir, d].
Let T" be an almost product structure. We denote

1 1
hzi(I—i—I‘) andv:Q(I—F),

The vector 1—form A is the horizontal projector, projector of the subspace
corresponding to the eigenvalue 41, and v the vertical projector correspond-
ing to the eigenvalue —1. The curvature of I' is defined by R = 3[h, h], which
is also equal to £ [I',T7.

The Lie algebra Ar is defined by

Ar = {X € x(T'M) such that [X,I'] = 0}.
The nullity space of the curvature R is:
Nr ={X € x(TM) such that R(X,Y) =0, VY € x(TM)}.

Definition 2.1. A second order differential equation on a manifold M is a
vector field S on the tangent space TM such that JS = C.

Such a vector field on TM is also called a semi-spray on M, S is a spray
on M if S is homogeneous of degree 1: [C,S] = S.

In what follows, we use the notation in [9] and [15] to express a geodesic
spray of a linear connection. In local natural coordinates on an open set U
of M, (x%,37) are the coordinates in TU, a spray S is written

.0 1 1 o
S:yzaxi —2G"(x, ..., 2"y ,...,y")ayi.
For a connection I' = [J, S], the coefficients of I" become I‘g = %Sf and

the projector horizontal is
0 0

h - ) = T

(ﬁxz) ox?

the projector vertical

0 0

Loy My

)=0

0 i 0 0 0
U(axl) zayj7 U(ay]) ay]

The curvature R = 3[h, h] become

k k
ory ory - ory oy

ori Ol Loyl T oyt’

R= §Rz’jd$ Adx! @ ok with Rj; =
i,5,k,le{l,...,n}.



32 Manelo Anona

As the functions G* are homogeneous of degree 2, the coefficients Ffj =

% do not depend on ¢, i € {1,...,n}. We then have Rfj = leiij(x),

the Rffi ;(z) depend only on the coordinates of the manifold M.

3. PROPERTIES OF CURVATURE R

Proposition 3.1 ([14]). The horizontal nullity space of the curvature R is
involutive. The elements of Ar are projectable vector fields.

Proof. From the expression of the curvature R and taking into account
h? = h, we have

R(hX,Y) =v[hX,hY],
If hX € Ng, we obtain v[hX,hY] =0VY € x(T'M).
Using the Jacobi Identity, for all X and hY € Ny, we find v[[h X, hY ], hZ] =
0VZ € x(TM). As we have h[hX,hY]| = [hX,hY], the horizontal nullity
space of the curvature R is involutive.
We notice that Ar = Ay, = A,.
For X € Aj,, we obtain

[X,hY] = h[X,Y] VY € x\(TM).

If Y is a vertical vector field, we have h[X,Y] = 0. This means that X is a
projectable vector field.

Proposition 3.2 ([1]). Let X be a projectable vector field. The two following
relations are equivalent

i) [hX,J] =0

ii) [JX,h] =0

Proof. See proposition 3 of [1].

Proposition 3.3 ([3]). We assume that hNg is generated as a module by
projectable vector fields. If the rank of the nullity space hNg of the curvature
R is constant, there exists a local basis of hINg satisfying Proposition 3.2.

Proof. See proposition 4 of [3].

4. RIEMANNIAN MANIFOLDS

Given a function E from TM = TM — {0} in R, with E£(0) = 0, C* on
T M, C? on the null section, homogeneous of degree two, such that dd;FE has
a maximal rank. The function E defines a Riemannian manifold on M. The
map F is called an energy function, its fundamental form Q = dd;E defines
a spray S by igddjE = —dFE [10], the derivation ig being the inner product
with respect to S. The vector 1—form I' = [J,S] is called the canonical
connection [9]. The fundamental form €2 defines a metric g on the vertical
bundle by ¢(JX,JY) = Q(JX,Y), for all X, Y € x(TM). There is [9], one
and only one metric lift D of the canonical connection such that:

JT(hX,hY) =0, T(JX,JY) =0 (T(X,Y)=DxY — Dy X — [X,Y]);
DJ=0; DC=uv;DI'=0; Dg=0.
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The linear connection D is called Cartan connection. We have

D;yxJY =[J,JY]|X, DpxJY = [h,JY]X.
From the linear connection D, we associate a curvature
(1) R(X,Y)Z = DpxDpyJZ — Dpy Dpx JZ — Dinx ny1JZ
forall X, Y, Z € x(TM). The relationship between the curvature R and R
is
R(X,Y)Z =J[Z,R(X,Y)|—[JZ,R(X,Y)|+R([JZ,X],Y)+R(X,[JZ,Y]).
for all X, Y, Z € x(TM). In particular,

R(X,Y)S =—-R(X,Y).

In natural local coordinates on an open set U of M, (2%,4/) € TU, the
energy function is written
1 o

E = ig”(.'ﬂl, . ,l‘n)yzy],
where gij(:vl, ..., x™) are symmetric positive functions such that the matrix
(gij(zt,...,2™)) is invertible. And the relation igdd;E = —dE gives the
spray S
0

ox

0
oyt’

S:yZ i_2Gi($17”’7xn7y17"'7yn)
with G} = %yiyj%kj,

where Yikj = %( 69;5 '—I- ﬁ - ﬁ) and %kj = gkl’yilj.
We have GF = %y’y]%kj.

Proposition 4.1. Let E be an energy function, I' a connection such that
I'=[J,S]. The following two relationship are equivalent:

i) igddjE = —dE;

ii) dpE = 0.

Proof. See proposition 1 [3].

Proposition 4.2. For a connection satisfying the Proposition 4.1, the scalar
1—form d,E is completely integrable.

Proof. The Kernel of d,F is formed by vector fields belonging to the
horizontal space Imh (v o h = 0) and vertical vector fields JY such that
LjyE =0,Y € Imh, taking into account vJ = J.

As we have

[hX,hY] = h[hX,hY ]+ v[h X, hY] = h[hX,hY ]|+ R(X,Y),
for all X, Y € x(TM), and that dpE = 0 implies dgF = 0. We obtain
[hX,hY] € Kerd,E.

Its remains to show that L, x jy1E£ = 0VX € Imh and, Y € I'mh satisfying
Ljy E = 0. This is immediate since we have v = I — h.

Proposition 4.3. On a Riemannian manifold (M, E), the horizontal nullity
space hINg of the curvature R is generated as a module by projectable vector
fields belonging to hINg and, orthogonal to the image space ImR of the
curvature R and hNrp = hNy.
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Proof. If R° = igR is zero, then the curvature R is zero; in this case,
the horizontal space I'mh is the horizontal nullity space of R, isomorphic to
X(U), U being a open set of M [5].

In what follows, we assume that R° # 0. According to relation (4.2) of
3], JX L ImR < R(S,X)Y =0VY € x(TM). We obtain R(X,Y) =
R°([JY,X]) VY € x(TM). As R is a semi-basic vector 2—form, the above
relation is only possible if X = § or if X € hiNgr, then X is generated as a
module by projectable vector fields belonging to hiNg. We get hNp = hINR.

Theorem 4.1. Let I' = [J,S] be a linear connection. The connection T’
comes from a energy function if and only if

(1) there is an energy function Ey such that dgpEy = 0;
(2) the scalar 1—form d,Ey is completely integrable.

Then, there exist a constant ¢(x) on the bundle such that e?®)Ey is the
energy function of T.

Proof. Both conditions are necessary according to the Proposition 4.1 and
4.2.

Conversely, let Fy be an energy function such that dgFy. We will show that,
there exist a constant ¢ function on the bundle such that dj(e?Ep) = 0.
The equation is equivalent to

1
dp = ——dpEy.
¥ E, rL0
The condition of integrability of such an equation is
1 1
d(—=)NdpEy+ —ddpEy =0
( Eo) nio + By o0 )

namely

dE
ddpEg = Eioo A dpEy.

As d,Ej is completely integrable, we have, according to Frobenius theorem,
ddyEy NdyEy =0
Applying the inner product ic to the above equality, we get
dE
ddyEg = —° A dyEo,
Ey

that is to say

dE
ddpEg = Eioo A dpEy.

This is the condition of integrability sought.
For more information see [3].

5. LIE ALGEBRA DEFINED BY SPRAY

Let Ag = {X € x(T'M) such that [X,S] = 0}. By developing the calcu-
lation [X,S] = 0, we note that the projectable elements of Ag are, on an
open set U of M, of the form:

0 | jox' 0
ox? oxd Oy

X = X'(x)
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Denoting x(M) the complete lift of the vector fields x(M) on TM, the
projectable elements of Ag are in AgNx(M). The geodesic spray of a linear
connection is defined locally by

i = T a9 a",
A result from [12] shows that the dimension of the Lie algebra Ag is at
most equal to n? + n. If the dimension Ag equal to n? + n, then (M, S)
is isomorphic to (R", Zy) for a unique A € R, Z, is given by the equations
# = X&', i = 1,...,n. This condition is equivalent to the nullity of the
curvature R of T' cf.[5]. We can see this property on example 5 of [4]. In the
following, we are interested in the nature of the algebra Ag. By associating
the equality [X, S] = 0 with the tangent structure J using the Jacobi identity
[8], we can write

(X, 8], J] + (1S, J), X] + [/, X], 8] = 0.
Taking into account the hypothesis [X, S| = 0 and a result of [11]: [J, X] = 0,
we find
[X,I] =0 with T" = [J, S].

We notice that [C,J] = —J and [C, X] = 0, we then take I" = [J, S] with
[C,S]=S5.
The 1—vector form I' is a linear connection without torsion in the sense of

[9].
Proposition 5.1 ([1]). The Lie algebra Ag coincides with Ar = ArNx(M).
Proof. See proposition 9 of [1].

Proposition 5.2. [14] Let H° denote the set of projectable horizontal vector
fields and Ar N H® = A{i, then we have A? = NrNH® and Alil 18 an ideal
of Ar.

Proof. The curvature R is written, for all X,Y € x(T'M)
R(X,Y) = v[hX, hY].

If hX € Ak we have R(X,Y) = voh[hX,Y] =0YY € x(TM). That means
X € Np.
The curvature R is written, for all X,Y € x(T'M)

R(X,Y) = [hX,hY] + h?[X,Y] — h[hX,Y] — h[X, hY].
If X € NpnH® given hX = X and R(X,Y) =0 for all Y € x(TM), we
find [X,hY] = h[X,hY].
If Y is a vertical vector field, the above equality still holds, because it is

Z€ro.
For the ideal AIIE, it is immediate from the expression of Ar.

Proposition 5.3. Let /TFh = A{l NAr, the set of the horizontal vector fields

/TFh form a commutative ideal of Ar. The dimension of/Tph corresponds to
the dimension of A’IE if the rank of Al@ is constant.
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Proof. By Proposition5.2, Alll is an ideal of Ar, so /Tph = A? N x(M) is
an ideal of Ap = Ar N x(M), moreover v[X,Y] = 0, for all X,Y € A
Propositions 3.2 and 2 of [1] give J[X,Y] = 0, for all X,Y € Trh, noting
that [J,I'] = 0. The horizontal and vertical parts of [X,Y] are therefore
zero, that is, [X,Y] = 0.

The existence of such an element of /Tph is given by the proposition3.3.

6. CASE OF CONSTANT VALUES OF Ap

If we expand the equation [X,S] = 0 with S = [C, 5], we get

,OTF; ox! N ox! AN a?xk - ax’fr, Ly
gzl T ai 1 Gai U grien T ol
we note that the constant values of Ar verify
ork.
2 = =0
(2) 5l

Proposition 6.1. Le I' be a linear connection without torsion. If the con-
stant vector fields of Ar form a commutative ideal of Ar, they are at most
the constant elements of an ideal I of affine vector fields containing these
constants such that for all X € Ar, X is written X = X1 + Xo with Xy € I
and that [Xl, Xg] =0, the derived ideal of Ar never coincides with Ar.

Proof.

1st case:: The functions G¥ do not depend on some coordinates in an
open set U of M. To simplify, quite to change the numbering order

: : Gk oGk
of the coordinates, the spray S is such that ;72 =0, ..., 5% =0,
ILG {1,...,n} and 1 < p < n — 1. Then, we have 8x(2+1""’8§" €
Ar(U).
For any X € Ar(U), we can write
— -0 8X’ 0
X = X'—
ox’ tY 83}3 oyt
p n
0 8X 0 0 0X" 0
= Xt = bl ke 1<j<n.
DX gt aman) T 2 K g TV g LIS
=1 r=p+1
For the Lie sub-algebra generated by {52 < axn} form an ideal

of Ap(U), we must have [=2;
h <n.

That implies gTXhl = 0, for all [ such that 1 <[ < p and for all h such
that p+1 < h <n.

We have X" =alz® +0",p+1<r,s<n;al,b" €R.

Denoting

P l
Xo= Y eyt icj<n
=1

5T X] belong to this ideal for all h, p+1 <

27 By 3y

Xo = ) (6@ + V)5 - taly s pH1<s<n.
r=p+1 x Y
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An element X € Ap, X is written X = X; + E With [X1, X5] = 0.
2nd case:: The elements of Ar are of the form a! 8 =, le{l,....,p}

The decomposition of the elements of Ar amounts to the same way.
In any case, the derived ideal of Ar never coincides with Ar.

Theorem 6.1. The Lie algebra Ar is semi-simple if and only if the hori-
zontal and projectable vector fields of the nullity space of the curvature R is
zero and the derived ideal of Ar coincides with Ar.

Proof. If the Lie algebra Ar is semi-simple, any commutative ideal of Ap
reduces to zero by definition. According to the proposition 5.3, the horizon-
tal and projectable vector fields of the nullity space of the curvature R of I'
is zero. The derived ideal of Ar coincides with Ar by a classical result.
Conversely, if X € Ar, we have [X,h] = 0. According to the Jacobi Iden-
tity cf.[8] [X,[h,h]] = 0, ie. [X,R] = 0. We can write [X,R(Y,Z)] =
R(X,Y],Z2)+ R(Y,[X, Z]), forall Y, Z € x(TM). If X and Y are elements
of a commutative ideal of Ar, we find

(3) [X,R(Y,Z)] = R(Y,[X,Z]), VZ € x(TM).

If the horizontal and projectable vector fields of the nullity space of the
curvature R is zero, the semi-basic vector 2—form R is non-degenerate on
X(M) x x(TM). The only possible case for the equations (3) is that the
commutative ideal of Ar is at most formed by constant vector fields of Ar,
according to the proposition 6.1, the derived ideal of Ar never coincides with
Ar if this ideal formed by constant vector fields is not zero.

Example 6.1. We take M = R>, a spray S:

B ) B ) B
S=y! o7 a1 TV W‘i‘yga (e 3<y1)2+y2y3)87yl'

and the linear connection I' = [J, S]. The non-zero coefficients of I are
If=2¢"y!, Ty =y’ Tj =y

A base of the horizontal space of I' is written

0 3 4 0

9t

Oxl © v oyl’

9 _p9

a2 7 oy’

9 _p0

ox3 8y

The horizontal nullity space of the curvature is generated as a module by
1 1,3 9 8

y?
_l’_ -
The horizontal nullity space is not generated as a module by projectable vec-
tor fields in hNg. This linear connection according to the proposition 4.3
cannot come from an energy function.
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The Lie algebra At is generated as Lie algebra by:

ngIli-Hﬂzi—iﬂLyla +y28792 a,gzazi-
ozt 0z?2  Oz3 oyl 0y? Ozt 0z2

The Lie algebra Ar is that of affine vector fieds containing the commutative
ideal {927 93}
7. LIE ALGEBRAS OF INFINITESIMAL ISOMETRIES

Definition 7.1. A vector field X on a Riemannian manifold (M, E) is called
infinitesimal automorphism of the symplectic form € if Lx) = 0.

The set of infinitesimal automorphisms of Q forms a Lie algebra. We denote
this Lie algebra by Ay, in general of infinite dimension.

Theorem 7.1. We denote A; = Ay N x(M). The Lie algebra A, is semi-
simple if and only if the horizontal nullzty space of the Nijenhuis tensor of
I is zero and, the derived ideal of A, coincides with A,.

Proof. This is the application of proposition 4.3 and theorem 6.1.
For more information, see [2] and [4].

Example 7.1. We take M = R* and the energy function is written:
1, s 1 2
E=(e" () + )" +e” () +e” ().

The non-zero linear connection coefficients are

1_..3 2
Fl_yi?; Fl__y3ex T _yl 1—12__9461
1= 97 3 9 » 4 9
1, 23—21 3 1 4 2
=Y TV ps_ Y oY oY
2 2 2 2
The horizontal nullity space of the curvature is zero.
The Lie algebra Ar is generated as Lie algebra by:
0 > (2?0 0 whyt 2. 0
_ 4 Y —x Y 4 Y 2 —z?y Y
=T G (ze™ + 4 )8x4+y Oy? ( 2 tye )83/47
5 0 ! 0 iy 0 0 0 0
= 2—+=zx —.
g2 o2 o a4 Yy 8 a.4° g3 = O a4 g4 = a.’E 8 3

We see that g4 is the center of Ar corresponding to the second case of the
proposition 6.1, while the Lie algebra Ay is generated as a Lie algebra by
g1, 92, 93. The Lie algebra A, is simple and isomorphic to sl(2).

8. FINITE DIMENSIONAL LIE ALGEBRA

In this section, we consider only a finite-dimensional Lie algebra over the
field K of zero characteristic class. The notions and notations are those of
[7].

Theorem 8.1. The Lie algebra g is semi-simple if and only if the adjoint
representation of g is semi-simple and the derived ideal of g coincides with
g.
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Proof. The condition is necessary, see Lemma 1 p.72 [7].
Conversely, if the adjoint representation of g is semi-simple, by definition,
the Lie algebra is reductive. By Proposition 5 b) p.78 [7], the derived ideal
of g is semi-simple. Since g = [g, g, then g is semi-simple.

Theorem 8.2. The Lie algebra g is semi-simple if and only if the adjoint
representation of g is semi-simple and the center of g is reduced to {0}.

Proof. This is a consequence of proposition 5 g) p.78 [7].

Theorem 8.3. The Lie algebra g is semi-simple if and only if the derived
ideal coincides with g, any derivation is inner and the radical of g is a
commutative ideal.

Proof. The necessary conditions are well known.

Conversely, let t be the radical of g which is a commutative ideal by hypothe-
sis. Let e1,...,€ep,€pt1,...,en be a base of g such that ey, ..., e, (p < n) be-
long to v and e,41, ..., e, a basis of a Levi subalgebra of g. By defining a lin-
ear map D such that D(e;) = e;, 1 <i < p,and D(ept1) =0,...,D(e,) =0,
the map D is a derivation of g, its trace function is equal to p. If g = [g, g],
the adjoint representation of g belongs to sl(g) which is semi-simple [7] p.71.
Its trace function is zero. We end up with a contradiction if ¢ # 0 and if the
derivation D is inner.

Remark 8.1. We can see such reasoning in an example [4] §5.

Remark 8.2. For Lie algebras of countable dimension, see our results in
[13].

Remark 8.3. The radical of the Lie algebra of the example [6] is not com-
mautative.
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