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THE DUAL FUHRMANN POINT LOCUS

YU CHEN AND R.J. FISHER

Abstract. In this paper, the dual Fuhrmann triangle AF;FyF? and the dual
Fuhrman point F* of a triangle AABC are introduced and the barycentric co-
ordinates of Fj, F), F!, and F* with respect to AABC are calculated. Fix
a circle C with center O and radius r and fix a point I lying inside C with
d = OI > 0. The set of all triangles inscribed in C and having the incenter I is
called a (C, I)-locus. We prove that the locus Cy+ of dual Fuhrmann points, the locus
Cy+ of centroids of the dual Fuhrmann triangles, and the locus Cj» of orthocenters
of the dual Fuhrmann triangles associated to the (C,I)-locus are circles with cen-
ters Op«, Oy, and Op+ and radii 241237"_2;;5“4 , %, and 4f§f32 , respectively, where

oo A
00! = 3301, 00, = 501 and 00, ~ 2401

1. INTRODUCTION

Given a triangle AABC', let I be its incenter and I, , I, and I. be its excenters
opposite to A, B, and C, respectively. Let C be the circumcircle of AABC' and
A’ B’ and C’ be the second points where the lines £47, £y, and £or intersect C,
respectively. The reflections F,, Fp,, and F, of A’ across BC, B’ across AC, and
C’" across AB are by definition the vertices of the Fuhrmann triangle of AABC
and the circumcenter F' of AF,FyF, is called the Fuhrmann point of AABC'.
On the other hand, let A’A”, B’B"”, and C'C" be diameters of the circle C. The
reflections F}, Fy, and F¥ of A" across BC', B” across AC, and C" across AB
are by definition the vertices of the dual Fuhrmann triangle of AABC and the
circumcenter F* of AF;FyFY is called the dual Fuhrmann point of AABC'.

Let C be a circle with center O and radius r. Let I be a point lying inside C but

not O. The converse to the Euler’s Incenter Theorem states that for each A € C,
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there is a unique triangle inscribed in C having A as a vertex and having [ as its
incenter. See [2, Theorem 155] or [1, §2]. The locus of these triangles is referred to
as the (C,I)-locus.

This paper establishes two geometric properties of the locus Cy« of dual Fuhrmann
points associated to the (C,I)-locus. In §5, we prove that Cy« is a circle whose center
%, where d = OI . Specifically, Cy«
is the image of the locus Cj of Negal points associated to the (C,I)-locus under a

lies on the ray 67 and whose radius is

dilation.

In [3], Dung proves that the incenter of a triangle is the orthocenter of the Fuhrmann
triangle of the given triangle. Dually, Theorem 6.1 establishes that the locus of
orthocenters of the dual Fuhrmann triangles associated to the (C,I)-locus is a circle

T
with radius % and center Op+ defined by the vector equation OO+ = j;ijjiﬁ .

The paper uses the concept of an affine combination of geometric vectors to prove
the two main results, Theorems 5.1 and 6.1. Specifically, given AABC with circum-
center O and a point P in the plane, the vector O? can be written uniquely in the

form
OP = aOA + BOB +~OC (1.1)

where «, 3,7 € R satisfy a + 8+ = 1. Commonly, (1.1) is called an affine
combination with respect to AABC and the coefficients «, 5, and v are called
the (normalized) barycentric coordinates of P with respect to AABC. The

notation [a: 3 : ] is used as a shorthand for the affine combination (1.1).

Let AF;FyF be the dual Fuhrmann triangle and F™* be the dual Fuhrmann point
of AABC in the (C,I)-locus. A critical part of proving the two main theorems
involves determining the barycentric coordinates of the vertices of AF;FyFY, its
circumcenter F*, and its centroid G* with respect to AABC. To this end, §3
proves some general facts about calculating the barycentric coordinates of a point

subjected to both orthogonal projection and reflection across a line.

Note that the paper freely uses the canonical vector space of geometric vectors
associated to the plane. In particular, the geometric form of the dot product enters.
Finally, Heron’s formula for the area of a triangle appears frequently. Let AABC be
a triangle with BC' =a, AC =0, and AB = c¢. Let S = Area(AABC). Heron’s

formula can be expressed as

1652 = (a+b+c)a+b—c)a+c—b)(b+c—a)

1.2
= 2a°b? + 2a%c® + 2% — ot — bt — . (1.2)

We also need to use the barycentric coordinates of the incenter I, the three excenters
I,, I, and I., and the Nagel point H of AABC . All are well known, e.g., in [7],
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and are conveniently expressed by the vector equations

of = OB +

5

OA + a+b+cO

a+b+c zz—i—b—l—c

O—I‘Z: b+c aOA+b+c aO?—’_b—&—c aO?

07 = a+i—bOA + a+c b(ﬁ + a+c bO?' (1 3)
Oﬁ'lczﬁOA_’— a+b— CO?—’_a-;bc 00?

e c—a A a+tc— a c

OH' = Zj—b-i—cOA + aib-ﬁ-ZO? + aig-&-cO?

2. FrROM A LINEAR COMBINATION TO AN AFFINE COMBINATION

The following two results though basic are needed in the later parts of the paper.

Theorem 2.1. Let O be the circumcenter of NABC . Let a = BC, b = AC,
c=AB, and S = Area(AABC) . The barycentric coordinates of O with respect to
NABC' are

a?(b’4c2—a?) | b2(a?4+c2-b%) | 2(a?4b%—c?)
1652 : 1652 : 1652 :

In particular, the zero vector can be expressible as

2124 02 q2) — 20,24 o2 2(a24b2—
O?Z a (bl—g;2 zz)OA b (al—g;2 b?) O? (a ;522 062)0?.

Proof. Denote the radius of the circumcircle of ANABC' by r. Write
00 = aOA + BOB +~0C, (2.1)

where «, 3,7 € R satisfies a+8+~v=1.
By applying the Law of Cosines,

O?-O?zﬁ—ﬁ, O—1>4'O?:r2—§, and O—1>4-O?:r2—ﬁ. (2.2)

2 2

The vector O? is determined by the equations O? . O? =0, @ . 5§ =0, and
O? : 0—121 = 0. The condition o+ 8+ v =1 leads to the following linear system.

2 a2 0 o 2r2
0 & v? gl =122
2 0 a® ¥ 272

The coefficient matrix of the linear system has determinant 2a2b?c?> and the inverse

of the coefficient matrix is

1 _a? 1
2b2 2b2c2 2c?
1 1 b?
2a? 2c2 2a2c?

2 1 1
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Using the equation 4rS = abc, we can write the solution of the linear system as

_ r2(b2+c?—a?) _ a?(b?+c?—a?)
- b2c? - 1652 ’

ﬁ o r2(a2+c2—b2) . b2(a2+c2_b2)
- a2c? - 1652 ’
_ r2(a?4b2—c?) _ P(a?4b2—c?)
- a?b? - 1652

Hence,
2124 02 2) — 2(a2+c2—b?) 2la24b2—c2
03:a(b+c a)OA b2(a%+c2—b O§ (a®+b 0)03 0

1652 1652 1652

Theorem 2.2. Let O be the circumcenter of NABC . Let a = BC, b = AC,
¢ = AB, and S = Area(AABC). Let P be a point given by a vector equation
O? = mﬁ + y@ + ZO?, where x,y,z € R. The barycentric coordinates of P
with respect to ANABC' are [a: (: 7], where

I e B e e o G [

1652
8= [b?(a?+c?)—(a®—c?)?Jy+[b? (a*+c2—b?)|(1—z—2)
1652 ’
_ [ (a240%) (a2 b)) e (a2 4 b2 —c?)] (1—z—y)
T = 1652 :

Proof. Let [ag: Bo: 0] denote the barycentric coordinates of O with respect to
AABC in Theorem 2.1. Note that

OP = OP + 00 = (z + 2a0)OA + (y + A30)OB + (= + Ao)OC
for all A € R. Choose a Ay € R that satisfies the equation
(z + Aoao) + (¥ + ABo) + (2 + Aoyo) = 1.

The condition ag+ fo+ v =1 leads to \g =1—2 —y — z. Using (1.2), we get

_ [0 +eA) (2 =)at[a? (P +*—a?)] (1—y—2)

a=z+(1—z—y—2)ay

1652
b2 (a24c? a?—c2)2y+[b2 (a2 +c2—b)]|(1—z—2
B=y+(1-z—y _sz[( )—( )}ZIJ%LQ( )I( )’
2(a 2) (a2 —b2)2] 24 1c2 (a2 b2 —c2 e
ym 2t (L= z—y— 2y = CEHI @ @4 =) 1) 0

Corollary 2.1. Let H be the orthocenter of ANABC . The barycentric coordinates
of H with respect to NABC are

a47(b2702)2 . b47(a2762)2 . c4f(a27b2)2
[ 1652 16527 ° 1657 } ' (2:3)

—
Proof. Note that O*ﬁ = OA + O@ + O? by Sylvester’s Orthocenter Law. Take
=1, y =1, and z = 1 in Theorem 2.2. The barycentric coordinates of H
follow. 0



THE DUAL FUHRMANN POINT LOCUS 9

3. AFFINE COMBINATIONS UNDER REFLECTION AND ORTHOGONAL PROJECTION

Let C be a circle with center O and radius r. Let AABC be a triangle inscribed
in C. Set a=BC, b= AC, and ¢ = AB. Given a point P in the plane, write
(ﬁ:aO—ZX—i—B(ﬁ%—’yOﬁ, where «, 3,7 € R satisfy a+8+vy=1.

Lemma 3.1. Let P, be the orthogonal projection of P onto fpc . The barycentric
coordinates of P, with respect to NABC are

[0: 8452 (a> +b* — ) iy + 52 (a® + & — b%)].
Moreover,
OP, = OP + 2, - 20204 + (a2 + 1 — A)OB + (a® + & — b2)07} .
Proof. Since P, € £, , the vector OP, can be expressed as OP, = (1—t)OB +t0C
for some € R. First, since £,,, L ¢, wehave PP, BC =0. Next,
PP, = 0P, — OP = —aOA + (1 — § — t)0B + (t — 4)OC.
Using (2.2) and 1— 8 = a + 7, we get
0= PP, BC
_ [—aﬁ+(1—ﬁ—t)(ﬁ+(t—y)(%} - (o?—o’é)
—-a|(P-5) - (P-g)ra-s-n (P -5) -
He= |- (7 - 5))
) +
) +

= 3{a(V® — ) +a’[2t — (1 - B) =]}
= 3{a(® — ) +a’[2t — (a +7) =1}
:%[a(bQ—c)—}—a (2t — a — 27)]
= a(®® — a® — &) + 2d%(t — 7))

Then t =~ + 2426 o and

2a2

OF, = [(1-7) - 2572a) OB + (v + “4-20) OC
:[a+ﬂ o0 O + (v + £45720) OC

<ﬁ+ 2+6270 )O?+<,y+a+cfb2 )O?
? [ 2aOA+(a + b -2 O?%—a%—c )O?}

The barycentric coordinates of P, are

[0: 84 32 (a> +b* — ) iy + 52 (a® + & — b%)]. O
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Lemma 3.2. Let P! be the reflection of P across {pc . The barycentric coordinates
of P, with respect to NABC' are

2 2 2
[aﬁ—i—abca v+ 2 Cba}.
Moreover,

_ 0P+ o [_QaQWl + (a® + 1% — CQ)@ + (a® 4+ — bQ)O?} :

(O?—I—O—R};) By

=5 —
Proof. Since P! is the midpoint of PP,, we have OP, =

Lemma 3.1,

1
2

OF! = 207, — OP
— 0P+ 4 [_2a2ﬁ1+(a2+b2—c2)0—B>+(a2+02—b2)0?}
= —a0A+ (p+2H5=20) OB + (7 + £522) OC. -

Lemma 3.3. Given a point P with barycentric coordinates [a: [5: «y] with respect to

—
NABC, define the point P’ by the vector equation OP' = —(ﬁ’. The barycentric
coordinates of P’ with respect to NABC are

[aQ(b2+c2—a2) o b2 (a2 +c2—b?) B /3: (a2 +b2—c?) B ’y} ’

852 R 852 852

where S = Area(AABC) .

Proof. Write [o/: 8': 4'] for the barycentric coordinates of P’ and [ag: So: Y0 for

the barycentric coordinates of O with respect to AABC . Since O is the midpoint
PP 50 — } (G + OF) , or cquvaletly, OF — 200 - OF

of PP, we have OO = 3 <O + OP) , or equivalently, OP" = 200 — OP . The

barycentric coordinates of P’ follow from Theorem 2.1. O

4. THE BARYCENTRIC COORDINATES OF THE DUAL FUHRMANN POINT

In this section, Lemma 3.2 and Lemma 3.3 are used to calculate the barycentric
coordinates of the vertices of the dual Fuhrmann triangle AF;FF! as well as its
circumcenter F*, aka, the dual Fuhrmann point of AABC'.

Lemma 4.1. Let I be the incenter and I,, Iy, and I. be the excenters opposite
A, B, and C of NABC, respectively. Let A", B', and C' be the second points
where Lar, €1, and Loy intersect the circumcircle of NABC', respectively. Let O
be the circumcenter of ANABC . Then

—
04" = WOA + (b+f§c)a2(ﬁ3) + im0 oc,
H ala+c — cla+c

OB = 289 04+ 508 + 2242500,
—> ala a

OC" = 4esh 5F 1 Meh) OF 1 =< 0C.
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— —
Proof. Since OA" = %(O—}—i— O—I;), OB' = %(04[}—1- O—>Ib), and OC' = %(O_}—i- TL),
the equations follow from (1.3). O

Lemma 4.2. Gwen A', B', and C' as above, let A”, B", and C" be the points
of the circumeircle C of NABC such that A’A", B'B", and C'C" are diameters
of C. Then

OA/:ﬂO—zzl—i_ C b) O?‘i_ QC(b C O?
OB — %OAJF 2 O?Jr g °‘> _OC, (4.1)

o

Proof. Our proof of the lemma uses Theorem 2.1, Lemma 4.1 and the proof of
Lemma 3.3. First of all, Heron’s formula for the area S of AABC can be writ-

0C" = 10 04+ b(“b =08 +

c2—(a—b)2 (ab

ten in the following equivalent ways.

165 = (a+b+c)a+b—c)la+c—b)(b+c—a)
a+0)* — A2 — (a—b)?

(
(a+¢)* = b?|[p? - (a — ¢)?
(

Next, by Theorem 2.1 and Lemma 4.1,
o
04" =200 — 0A'
_ a2(b2+02—a2)0_1>4+ (a 24¢ —b2 O? + 2+b2—02)0?

852 852 852
2 a” — C c)la”— C C c)la”— C
+ 1656?2 Zroy LGS 652(b 108 - <t [1652 =215 ¢
CL2 C 2—G2 c— C —a c(b—cC C 2—G2
— [(bi%gQ ]OA—i— b(c=b)[ 12;2 O?—F (b )[(ggz) ]O?
Py PR ST, 3
In the same way, the second and third equations of (4.1) also hold. u

Lemma 4.3. The vertices of the dual Fuhrmann triangle AF;FyF} are given by
—
—(a2 — OA+a2+(cbbcc @+a+bc bo?

%%@$0A+w—* 5§+bﬂca58

F*:%#EQOA+C“b&5§+2 QW53

Ql QO
55
[l H

°l

o

Proof. The lemma is an immediate consequence of Lemma 3.2 and Lemma 4.2. By

Lemma 4.2, the barycentric coordinates of A” with respect to AABC' are

a? . _ble=b) . c(b=c) }
a?—(b—c)? " a?—(b—c)? " a?—(b—c)? | "
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. . 2 — _
Take P = A" in Lemma 3.2, i.e., a:(ﬂ_?Tc)Q, B:%, and fy:%.
Since
2132 .2 2 b— 2,2 32 24 b(c—b
B+« +§2 “a = szfé_c)cg and v+ g2j(cb_cb)2 = Z2t(1§ic)ga
the affine combination of OFCL; is as written above by Lemma 3.2. By analogy, we
get the affine combinations of OFb;: and OFC;: . O

Next, we calculate the barycentric coordinates [z: y: z] of the dual Fuhrmann
point F* with respect to AABC . Define

—a? 24 c(b— 24 p(c—b
aa:ma Baz%é_j%? ’Yaz%éc_c)g
_ b?+c(a—c) _ —b? _ b+a(c—a)
X = (02 Bp = P —(a—c)2> Mo = P (a—0)2 (4.2)
_ 24b(a—b) _ c2+a(b—a) . —c2
Qe = @ (q—p)2 5c—ma ’Yc—m-

Since F™* is the circumcenter of AF;FyFY,
(FFy)? = (F Fy)? = (FF))*. (4.3)

On the other hand, for each i € {a,b,c},

(F*F7)? = (OF — OF') - (OF -~ OF') = (0F;)* 2 (OF; - OF) + (OF")*.
Then (OF)? — 2 (W : W) — (OF7)? =2 (O—Ff : W) for all 4, € {a,b,c}.
(OFF)? = (aiO_fl 4 BiOB + %@) : (ai0_1>4 + BiOB + %O?)
= (02 + B2 + )1 + 20, 3; ((Tfl : @) 1 2047 (&i . 07)
+267; (OB - OC)

= (0%2 + 5@2 + %2)7“2 + 20 3; (7“2 — %) + 2047y; (7‘2 — %) + 26i7vi (r2 — %)
=1%(a; + Bi +7i)? — (ific® + aiyib® + Bivia®)

=r? — (fic® + a;yib® + Bivia®)

2(@-0}7 ) :2(ai07>4+ﬁi073>+7iﬁ) . (inerO—LﬂzO?)

=2 (o + Bi + i) (@ +y + 2)
— [(Biz + qiy)® + (vix + ai2)b* + (viy + Biz)a’]
=2r® — [(Biz + aiy)® + (viw + 2)b* + (viy + Biz)a’]
Using z=1—2 —vy,
-2 (O_l”iZ : W) = [Bic® + (v — i)b* + Bia®|z + [ouc® + a;b® + (i — Bi)a’]y
+ (a;b* + Bia®) — 212
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Then
(OF;)? ~2 (OF} -OF") = [Bi(a? + ) + (3 — )t + [os(8* + ) + (3 — Bi)aly

— (iBic® + aivib® + Bivia®) + a;b® + Bia®* — 7.

(4.4)
In turn, (4.2), (4.3), and (4.4) lead to the following linear system.
262 +ab+bc  a®>+b* —c?+ab x a2+b2—62+ab+%
a4+ —c+ab  2a®>+ab+ac Y a2+b2—62+ab+%

Call the coefficient matrix M . Let r and r; be the radii of the circumcircle and the
incircle of AABC', respectively. Note that

abc = 4rS and a+b+c:%.

By the Euler’s Incenter Theorem, we get d? = 72 — 2r;r. Then Heron’s formula (1.2)
leads to
det M = 2a%b? + 2a%c® + 2b*°c — a* — b — ¢ 4 3abe(a + b+ ¢)
= 165° +3-45r - 23
— 1652 4 185°

— 1652 47‘2—d2

r2_d2

> 0.

The unique solution of the above linear system yields the barycentric coordinates of

F* . In summary, we have the following theorem.

Theorem 4.1. Let C be a circle with radius r and center O . Let I be a point lying
inside C but not O. Let NABC be a triangle in the (C,I) -locus with a = BC',
b=AC, ¢ = AB, and S = Area(AABC). The dual Fuhrmann point F* of
NABC is given by

OF* =20A+yOB + 20C, (4.5)
where
_ r?2—q2  a*—(b®*—c*)?+ac(a®—c?)+ab(a®—b*)+2abc(a+b+c)
T = e 1652 ’
_ r2-d? bt —(a?—c?)24be(b? —c?)+ab(b? —a?)+2abc(a+b+-c)
T 4r?2—d? 1652 ’
_ r2—q2  c*—(a®—b*)2+ac(c?—a?)+be(c? —b?)+2abc(atb+c)
= w2 1652 :

5. THE Locus oF DUAL FUHRMANN POINTS ASSOCIATED TO A (C,I)-Locus

Recall that I,, I, and I. represent the three excenters of ANABC . The Nagel
point of AABC' is defined as follows. Let 7, be the orthogonal projection of I,
on fpc, T, be the orthogonal projection of I, on f4¢, and T, be the orthogonal
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Ficure 1. Dual Fuhrmann Triangle and Dual Fuhrmann Point

projection of I. on f4p. The three Cevians ¢a7, , ¢BT, , and {cT, are concurrent
and their intersection point H' is called the Negal point of AABC'. See [4, Page 5.

Let C be a circle with radius r and center O. Let I be a point lying inside C
but not O. In [1, Theorem 6.2], we proved the locus of Negal points associated to
the (C,I)-locus is a circle with center at O, the center of C, and radius %2 , where
d=0I.

Theorem 5.1. Let H' and F* be the Nagel point and the dual Fuhrmann point of
ANABC in the (C,I) -locus, respectively. Then

OFt — 22 5l | 823 5}

= 122 4r2—d?

Let O« be the point defined by the vector equation

00! = 8232 O] (5.1)

Then

— —
OpFr = 2L oH'

so the vectors OpF* and OH' are parallel with the same direction.

Let I* be the point given by the vector equation

O — 823 5

2r2

and

_2r2—g?
0= 4r2—d?2-
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Let Dy« s be the dilation with center I* and dilation factor 0. Let Cys be the locus of
Negal points and Cg« be the locus of dual Fuhrmann points associated to the (C,I)-

locus. Then Dr«5(Cp) = Cy+, so Cyg« is the circle with center Oy« and radius
d2(2r2—d?)
Tarr=o)

FIGURE 2. Loci of Negal Points and Dual Fuhrmann Points

Givem AABC in the (C,I)-locus, let r and r; be the radii of its circumcircle

and its incircle, respectively. Recall that

r= ‘i—bg, T = aflirc, and d%> =12 —2rr.
Then
r’ = alks = (a+b+c)(a+bil2cg)?z§j-c—b)(b+c—a)’ (5.2)
@ = (%) -2 e = T (63)
r?—d? = (aiﬁi(ﬁﬁ(flil(?f(ilﬁl(ﬁf(ilﬁa) = e (5.4)
Ar2 _ g2 = 3a?b?c2+abc(a+b—c)(at+c—b)(b+c—a) (5.5)

(a+b+c)(a+b—c)(a+c—b)(b+c—a)
The proof of Theorem 5.1 uses the following result.

Lemma 5.1. Let H, H', and F* be the orthocenter, the Nagel point, and the dual
Fuhrmann point of AABC' in the (C,I)-locus. Define

_ ale(a®—c?)+b(a?—b?)]

T = 1652 J
_ ble(®®=c*)+a(b?—a?)]
vy= 1652 ’

_ ca(c2—a?)+b(c*—b?)]
= 1652 :
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Then
OF = w07 1 7

4r2—d2

42 d2

(xOA +yOB + z(ﬁ) (5.6)

where

= (xOA + yO? + zO?) — 0l - T dQO‘I:[) (5.7)

prEses d2
Proof. By Corollary 2.1, the orthocenter H of AABC is given by

Of - #1=U=cR 5] | VoiclR By, == 5,

1652 1652 1652

Additionally, by Theorem 2.1,

a2+ —a?) AL, b2 (a?+c2—b?) c2(a?4b%—c?)
00 = COre )5 ] 4 P@Ie WO 4 Sl - 50,

Note that O—[-} = (721 + O? + 07 By (5.3), (5.4), and Theorem 4.1,
W 42d207>1+42d2<x014+y0?+z0?> 42d2- it 07}
_ 32-d O + L (xOA + yO? + ZO7>

4r2—d?

42d2

To prove (5.7), we use Theorem 2.2 to show that
42 d2 (:EOA—I—yO?—I—ZO?) and 5? T dg_—ﬁ

have the same affine combination.
—
The affine combination of the first vector is a;OA + ﬁ10? + ’ylw , where
(r2—d?)[ac(a®—c?)+ab(a?—b?)]+(4r2—d?)a? (b*+c?—a?)
1652(4r2—d?) ’

B = (r2—d?)[be(b? —c?)+-ab(b?—a?)]+(4r2 —d?)b? (a4-c> —b?)
1652 (4r2—d?) )

o] =

_ (r?—d?®)[ac(c?—a?)+bc(c?—b2)|+(4r2 —d?)c? (a?+b%—c?)
= 165%(4r2—d?) '

s
The affine combination of the second vector is asOA + 52@ + 720? , where
(4r?2—d?)a(a+b—c)(atc—b)(b+c—a)+r?[a? (b?>+c?—a?)+ (b2 —c?)2—a?]
1652(4r2—d2) ,
By = (4r2—d?)b(a+b—c)(a+c—b)(b+c—a)+r2[b?(a®+c*—b?)+(a®—c?)?—b?]
1652(4r2—d2) ,
_ (4r?2—d?)c(at+b—c)(atc—b)(b+c—a)+r?[c?(a?+b%—c?)+(a?—b?)2—c4]
72 = 1652(4r2—d?) :

a9 =

Using (5.2), (5.4), (5.5), and probably a compute algebra system, e.g., Mathematica,
we can check that oy = as, f1 = f2, and v = 12. O]

Proof of Theorem 5.1
Proof. First of all, by (5.6) and (5.7), we get

OF* — 2= 51 | OF.

4r2—d?
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Next, it is well known that the Negal point H’' of AABC is obtained by di-
lating the incenter I about the centroid by the factor —2. See [4, Page 7] or [1,
Theorem 7.2]. We have the vector equation H'H = —207 , or equivalently,

OH = OH + H'H = OH' — 201.

Then
—
OF* = 2= (Ol —201) + O1
—
= S SE0] + 2O
—_— 2_ 2 g
=00y + 2 =L 0H'".
Hence,

—‘—l 2_ o>
OpF* = 2=50H'.

From [1, Theorem 7.2], the radius of the circle Cps is % . The proof of the theorem

is now complete. [l

6. THE Loci oF CENTROIDS AND ORTHOCENTERS OF THE DUAL FUHRMANN
TRIANGLES

Theorem 6.1. The locus Cy4s of centroids of the dual Fuhrmann triangles associated

to the (C,I)-locus is a circle with radius % and center Oy defined by the vector
equation

—

00, = 301.

Consequently, the locus Cp of orthocenters of the dual Fuhrmann triangles associate
to the (C,I)-locus is the circle with radius % and center Op+ defined by the

vector equation

2 2
4 d
00, = 0],

Proof. Using Lemma 4.3, the centroid G* of AF;FSF} is given by the vector equa-

tion
0G" =1 (OFj Y OF + OFj) — o*OA + 8°0B +~0C,
where
o = ala (e -2(btc) (b—c)?
— 3(atb—c)(atc—b)(b+c—a)
5* _ b[b2+(a—c)?]—2(a+c)(a—c)?
3(a+b—c)(a+c—b)(b+c—a)
x _ c[c®+(a—b)?]—2(a+b)(a—b)?
v= 3(a+b—c)(a+c—b)(b+c—a) °
Next,

0,-G' = 0G* — 00, = OG* — 201.
To prove that Cy« is a circle, it suffices to verify the vector equation

—
OG* — 301 = 201" - 400. (6.1)
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First of all, (6.1) is equivalent to
—
1652 (30Gi + 40?) — 165 (5(7} +20H"). (6.2)
. ~ .
Using Heron’s formula (1.2), (1.3), and Corollary 2.1, the OA-coefficients of the
left and the right sides of (6.2) are
1652 [304* + %} = (a+b+c){ala®+ (b—) —2(b+c)(b— )%}

+ 40’ (b? + ¢ — a?),

1657 [ 2o + 220 = (0t b—)(a+ e —b)(b+c—a)sa+2(b+c—a))

By direct calculation, we can check that the two coefficients equal
—3a* — 20" — 2¢* + a®b — ab® + aPc — ac®
+ 5a%b% + 5a2c? + 4b*? — 2a%be + ab’c + abc?.
Similarly, we can check that @ -coefficents (resp., O? -coefficients) of the two sides

of (6.2) are equal.
Finally, let H* denote the orthocenter of AF;F F}. By Sylvester’s Orthocenter

Law,

F*H* = F*Ff + F*Ff + F*F*

— OFf + OFf + OFf — 30F*
— —
= 30G* — 30F*.

By Theorem 5.1 and (6.1),

OH* = 30G* — 20F*
—
= 30G" — 2 (2=LOH + 52501

4r2—d? 4r2—d?
— 501 +20H" — [%OH’ + %5[}}
2 2 2 —
= I ROT + O

— _—
= OO0y + 45 OH'.
Then
R -
Oh*H — %OHI

implies that

2 2
(O H'? = ¥ (OH' = chteis (%) = (38%5)"

. . . . 2
Hence, Cp+ is the circle with center Op+ and radius —294= . O
’ 4r2—d



1]

[2
3]
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