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SYMMEDIAN LOCUS CONFIGURATION
PART II

YU CHEN AND R.J. FISHER

ABSTRACT. This paper is a continuation of our paper entitled “Symmedian locus
Configuration, Part I”. Assume that C is a circle with center O and radius 7.
Fix a point H with r < OH < 3r. For the (C’,H)—_lo)cus7 there exists a unique
(C, H) -locus satisfying the properties: (1) O_H) and OH are in opposite direction,
(2) the (C,H)- and (C, H)-loci have the same symmedian circle, i.e. Cy = C#,
and (3) CNCuy NC = {P,Q}. We also define the concept of a degenerate triangle
inscribed in a circle and show that its orthocenter and symmedian point are well-
defined. The above intersection points P and @ turn out to be the symmedian
points of two pairs of degenerate triangles, one pair from the (C, H) -locus and the
other from the (C, H) -locus.

1. INTRODUCTION

The current paper is a continuation of [7]. Part I established the following results:
let C be a circle with center O and radius r. Fix a point H such that the distance
0 < OH < 3r. Set h = OH . Theorem 2.3 proves that for each A € C such that
AH < 2r and 2AH? # h? — r?, there is a unique AABC inscribed in C with
orthocenter H . This set 7, of triangles is called the (C,H)-locus. Theorem 3.1
proves that the locus of symmedian points of the (C, H)-locus lies on the circle C,,
with radius

_ 2r2n?
"u = 9r2—p2
and center the point O,, defined by the vector equation
— 2
00, = %2 OH.
Included in Theorem 3.1 is the following vector description of a symmedian point K
of a triangle AABC' in the (C, H)-locus for A # H :

? 2 2——> 2(0.2_p2 2
_ 8r°—2AH 2r(r*=h*+2AH") ﬁ
OK = 9r2—h? oA+ (972 —h2)AH? AH.

—
As A wvaries, the vectors OA and ﬁ form a moving frame of the canonical vector
space V of geometric vectors. Part of the strategy in proving Theorem 3.1 uses this
moving frame.
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Next, Theorem 4.1 addresses the inverse problem. Explicitly, given K € C,, such
that OK < r, we prove that there is a unique cubic polynomial X3 4 pX + ¢ with
three real roots that pick out a triangle AABC' in the (C, H)-locus with symmedian
point K . Theorem 4.2 proves that the triangle is unique.

The final result of Part I, Theorem 5.1, addresses the symmedian arc A, of a
(C, H)-locus. Theorem 5.1 proves that A, is the entire symmedian circle C,, when
0 < OH < r and is the open arc of C,, lying inside C when r < OH < 3r.

Part II focusses on the case where r < h < 3r. In this range, the symmedian locus
A,, is not a circle. The Complementary Circle Theorem, Theorem 2.1, proves that
the complementary arc of A, has a natural realization as the symmedian locus of
a complementary circle with respect to a fixed orthocenter. More explicitly, let X
denote the set of all circumcircle-orthocenter pairs (C, H) where C is a circle with
center O, radius r, and H is a point such that r < OH < 3r. Theorem 2.1 shows
that for each (C, H) € X, there is a unique (C, H) € ¥ such that the_tv)vo symmedian

circles guaranteed by Theorem 3.1 coincide; the vectors O‘]j[) and O H are opposite
in direction; and the three circles C,C, and C,, = @ﬁ intersect in two points {P,Q}
and are coaxal. Corollary 2.1 goes on to prove that the common symmedian circle is
the disjoint union of the two symmedian arcs along with {P, Q}:

C, = A, UA_U{P,Q}.

Section §3 studies the geometric meaning of the endpoints {P, @} of a symmedian
arc A, .

2. COMPLEMENTARY CIRCLE THEOREM

2.1. Circumcircle-Orthocenter Pairs. Let C be a circle with center O and radius
r; let H be a point such that » < OH < 3r. We call (C,H) a circumcircle-
orthocenter pair. Let ¥ denote the set of all such pairs.

2.2. Main Theorem.

Theorem 2.1. For each (C,H) € X, there ewists a unique (C,H) € ¥ with the
following properties:

f—d
(1) The wvectors OH and O H are opposite in direction.
(2) The two pairs (C,H) and (C,H) have the same symmedian circle, i.e. C, =
C_.
H p—
(3) The three circles C,C, and C,, intersect at two points. Hence the three circles
are coazal.

Proof. The objective is to produce the points O and H . Once accomplished, ev-
erything is determined. See (2.6) and Lemma 2.1 ahead. The unique complementary
pair (C,H) € ¥ is then described by (2.16).

Let h=0OH and h=OH ;let » and 7 be the radii of C and C, resp. If the two
circumcircle-orthocenter pairs are to have the same symmedian circle, then O = O,
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so that by Theorem 3.1 in [7]

_— s =
00, = 53z0H, 00, = 0H 2.1)
gfzrﬁibg = 9;;?52 —the radius of C,, = C. (2.2)
By (2.1),
2 — =27
00, =544z, 00, =T

N —
The vectors OO, and OO, are opposite in direction. Since OO and Oﬁ are
e —
in the same direction and since the vectors OO,, and OH are also in the same

s
direction, the vectors OO, and OO are opposite in direction. Hence,

o - -hoH, (2.3)
— 2h(9r2—h2) ———
00,, = —#AE; 00,,. (2.4)

Finally, for use ahead in the proof, let

— _—
00, _ 00,
u= , a=—_—".
00, 00,
Of course, u = —u. Then for any point P

Projg(O, P) = —Projy(0,, P).

On the other hand, by definition the vector projections

Proju(0,P) = (g2 )
Proja(0, P) = (%170 Ju

00,
Hence
0,P00, _ 0,P00, (2.5)
00, 00, - :

By Lemma 3.1 ahead in section §3.3, the circles C and C,, intersect at two points
P and @ that lie on the nine point circle of the (C, H)-locus. Also, the points P
and @Q are symmetric about the line [, . So in order for the circles C,C,, , and C to
intersect at two points, OP =7 is a necessary condition. To analyze this condition,
we compare OP? and OP?, to wit,

— _— =
0P =00, +0,P, OP=00, +0,P.

Using the algebraic properties of the dot product together with the distances OP =r,
5 -
00, = Srh OOH:%GT%Q,andOP—gTz hz,weget

H 9r2_h2

ﬁ 00, _ opP*- OHP2 00%

3r (27r4—18r2h2—h4)
2(9r2—h2)?2
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Similarly,
__— ) 4 272 74
O P _ 3r2(27rt—1872R°—h')
OpP-00, = 727,22 )
2(972—h")
Hence, equation (2.5) is equivalent to
27— 18/2h2—h* _ _ 27741872’ —R"
h(972—h2) E(QFQ—EQ)

Conclusion: The two pairs (C, H) and (C, H) satisfy the statement of the theorem
iff the system

27— 18r2h2—ht _ _ 277 —1872R° R
h(9r2—h2) 5(972732) (2 6)
rh? FE2 .
97’2—}'1,2 - 9?2752
has a unique solution for (7,h). Lemma 2.1 proves this. O
Lemma 2.1. To simplify notation, let u=7 and v =h. The system
27r*—18r2h%—n4 27ut —18u?v2 —vt
Th(9r27;h2) - uu(gu;ig?) s (2.7)
h2 2
97‘2—/12 = QU%U_UZ (28)
1 equivalent to the cubic equation
X34 pX44¢=0 (2.9)
where 2 2 2 2 2 2
2(r—h Tre+h —h
p= (T3h2 )a q= (@ 272}(; )7 (210)
and
X=3—-3 = =X+
The cubic equation has the unique real solution
E=Xtg= g
where ,
B2 _ 2
3
K= <1 + 2 ) . (2'11)
P R : 9 b 9u?—v? _ 9r2—p?
roof. Rewrite (2.8) by £ = 5= to get
A418u?v2—27ut _ 27r%—18r2h2—p4
v+ umz)g u® _ 27r r}:3 ) (2‘12)

Rearranging (2.12) leads to
w)3 r\3 u r v
21|+ ()] 18+ P -+ 2 -0
Factor out ¥ + 7 to get
u 2 T(Uu T 2 v
27[(1;) %5+ () ] —18-1L-2=0.

Multiply by ¢ and divide by 27 to get the cubic equation

(3 -5+ |G- 3| ) - o 219
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Using the substitution X = % the cubic equation (2.13) becomes

B 3h’

P x 4 G ), (2.14)

3, 202
X7+ 27rh3

5h
Let p and ¢ be given by (2.10). Then the discriminant of (2.14) is
A = —(4p® +27¢%)

B (T2—h2)2(97‘2—h2)2
27r2h6

<0.

Since the discriminant is negative, (2.14) has exactly one real root. This root is

= {ae TR - E R
7}1\/7_’_ 1 3/(h2—T2) )

NJ\»Q

In turn,
Xt
o 1h< 2 /7—’— / h2—T2)2)
2
_ r( 3 hz—rz)
~ 3n :
Define
2
g = (1+ 3 ’if) . (2.15)
Then
Remark 2.1. Using Lemma 2.1, since gu%”_QO = gr’;’f 2, see (2.8),
_ r(k%r?—h3?) _ 3h(k3r2—h?)
U= "9r2=p7 > U= or=h2) -

In summary, given (C,H) € ¥, the complementary pair (C, H) is described as

follows:
2
<1+ 3/h27‘2) ,

R g

7 — ?»Zggig:g;) (2.16)
00, = ~400,,
ﬁ: n(9r227l?22 O—}}

Corollary 2.1. Given (C,H) € X, let (C,H) be the complementary pair. Let
{P,Q} =CnCnNC,.



10 YU CHEN AND R.J. FISHER

Let A, and A_ be the symmedian arcs of C and C, resp. The endpoints of both
arcs are the points P and Q. Finally,

C, = A, UA_U{P,Q}

s a disjoint union.

Proof. By Corollary 3.1 in section §3.3 ahead, the points P and ) are the endpoints
of A, and A_. On the other hand, by Theorem 3.1 in [7] the arc A, lies inside the

circle C, while A_ lies inside C. By Theorem 4.1 in [7], C\(A,U{P,Q}) = A_. O

Corollary 2.2. Given (C,H) € X and the corresponding pair (C,H), let 7&5, and
N, N denote the D-loci circles and nine point circles of (C,H) and (C,H), resp.
The seven circles

C. N, D, C, N, D,c,

are coazral of intersecting type. The radical axis of the family is the line through the
points P and @ where C and C intesect.

Proof. Bt Theorem 3.4 of [7], the circle D intersects C at P and Q. Likewise, D
intersects C at P and ). Hence the result. See Chapter 8, pages 194 and 202
(Discussion 445) of [2]. O

3. THE ENDPOINTS OF THE SYMMEDIAN ARC

Assume that C is a circle with center O and radius r and that H is a point
satisfying » < OH < 3r. The symmedian arc Apg associated to the (C, H)-locus
Ty has two endpoints P and @ ; namely, CyNC = {P,Q} . Notice that P = @) when
H lies on C. The points E,F € C with HE = HF = 2r completely determine
P and @Q. In this section we study the geometric meaning of the endpoints of the
symmedian arc Ay .

3.1. Degenerate Triangles. Given a nondegenerate chord AB of a circle C with
center O and radius 7, denote the tangent line to C at B by [,, . We will call the
pair (AB,l,,) a degenerate triangle inscribed in C, written AABB . The point
B is called the double point of AABB and the tangent line [,, is regarded as
the side opposite to vertex A .

Note: The notation [,, for the tangent line is deliberate. Its use is intended to
emphasize that tangency at B determines a unique line.

The centroid G of a degenerate triangle AABB with double point B inscribed
in a circle C with center O is defined following (2.3) by the vector equation

30C = OA +208B.
Let H be the point defined by the vector equation

OH = 30G = OA +20B.

AH = OH — OA = (OA + 20B) — OA = 20B.

Note that
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Then AH and OB are parallel to each other and AH = 20B = 2r. Since OB
is perpendicular to Igp, AH is also perpendicular to [gg. On the other hand, we

have
BH -AB = (OH — OB) - (OB — O4)
— [(OA 4+ 20B) — OB] - (OB — OA)
— (OB + OA) - (OB — 04)
= O0B? - 04?
=0.

Then B.H) is perpendicular to AB. So H is the orthocenter of AABB .
The orthocenter H satisfies

OH?=OH -OH
— (OA +20B) - (OA + 20B)
— OA? + 404 - OB + 40B?
— 52+ 404 - 0B
> 512 —40A-OB

= 5r? — 4r?

:’[”2

and the equality holds if and only if OA-OB — —OA-OB, if and only if OA = —OB

by the Cauchy-Schwartz inequality, if and only if AB is a diameter of C.

A degenerate triangle AABB of a circle C has a well defined symmedian point,
namely, the double point B. To justify this definition, the triangle AABB has
two natural angles at B, namely ZABFE agi) /ABE' as shown in the figure. The
median of AABB at vertex B is theﬁy BA. The reflection of thisLagf across the
angle bisectors BD of ZABE and BD' of /ABE' are BE and BE'’, resp. On

the other hand, the angle at vertex A of AABB is 0 so that the ray E is the
symmedian ray at vertex A. Since the point B is the only point that is common to

4‘_) . . . . . . . .
ﬁ, BE’, and 1@, B is the symmedian point following the isogonality definition
of the symmedian point; see Figure 1.

Finally, the vector form of the midpoint characterization of the symmedian point
also extends to AABB. Here, B = M = S = D. Moreover, since AH = 2r,
5r2 + AH? — h? = 9r? — h? . Hence by Theorem 2.4 in [7]

OK = 1AH — OF.

-2

3.2. Nine Point Circle of a Degenerate Triangle. The well known properties of
the orthocenter of a nondegenerate triangle also hold for degenerate triangles. These
properties are summarized in Theorem 3.1 just ahead. Degenerate triangles arise
naturally in the description of the symmedian arc. A degenerate triangle AABB
has a nine point circle. If N is the midpoint of O and H , then the nine point circle
of AABB is the circle N with center N and radius 7 .
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FIGURE 1

Theorem 3.1. Given a degenerate triangle AABB inscribed in a circle C of radius
r with center O and orthocenter H , let A’ be the second point where the altitude at
vertex A intersects C ; let Ay be the intersection of 1, and l,, . Then A’ is the
reflection of H across the line 1, . Let A" be the reflection of H across the line
l,p- Then AA” is a diameter of the circle C.

Let N be the midpoint of O and H; let N be the circle with center N and
radius 5. Let Eq (resp. Ejy) be the midpoint of A and H (resp. the midpoint of
B and H ); let My, be the midpoint of A and B. The circle N contains the siz
points Ay, B (counted twice), My, E,, and E,. The segments BE, and MyE, are

diameters of N ; see Figure 2.

M, E,

A"

FIGURE 2
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Proof. As observed just above, zﬁ 1 37}[ . On the other hand, let Aj; be the
intersection of [,, and [,,, . Then AH = 2@ implies

BA; - AH =2BA;, - OB =0

sothat {,, L 1,, . So H isthe point where the altitudes at vertices A and B meet.

N —
Next, let OB' = 20B. Then OB = AH so that DOAHB' is a parallelogram.
Hence B'H = OA.

Next, since reflection across a line is an isometry, the reflection of H across [, ,
call it A’ lies on the circle C, that is, B’ reflects to O so that r = B'H = OA’.

Let A” denote the reflection of H across the line I,,. Then A, B € C and
/A"BA=/HBA =90 imply A” € C so that AA” is a diameter of C.

Finally, the quadrilaterals OOFE,HB and OAFE,B are parallelograms. From

this, it follows that Ay, B, My, E,, E. € N' and also that BE, and MyE, are diam-
eters. ]

3.3. The Geometry of the Endpoints of A, .

Lemma 3.1. Let C be a circle with center O and radius r and let H be a point
with r < OH < 3r. Set h = OH and write N for the nine-point circle associated
to the (C, H) -locus.

(1) If h>r, then CNN'NC,, = {P,Q}, where P and Q are two distinct points
on C.
(2) If h=r, then CNNNC,, ={H}.

Proof. Let N be the center of A, i.e. the midpoint of O and H. Note that
CgNC ={P,Q} and that N' and C are coaxal; see page 201 of [2]. It suffices to
check that P e N/ and Q € N.

Suppose first that r < A < 3r. Then the circles A/ and C intersect at two distinct
points by the Two-Circles Theorem, see Theorem 13.4 on page 112 of [3]. Note that

OW:%O—P)[, O?H:%O—I][, and
NB =O0P—ON = 0P — %1200,

1272
—> _
Also note that O? -00g = OP2+OO212H Onl” by the Law of Cosines. Then
e ey
NP? = (0P - 24200y ) - (OP - 24200y )

— OP? = 220D . 00y + (252)?00,

1272

_ 2 or2_p2 OP?400%—OpP? 9r2—h2\2 2

opr” — 6r2 2 +( 12r2 ) 00y

2 67”2h 2 2'r'h2 2

— 2 _ 9r2h? r +(9r2—h2) _(9r2—h2) + (9r27h2)2( 6r2h )2
- 672 2 1272 9r2—p2
_ 2 324k | K2
=T 1t
_
=T

Since NP = £, the point P lies on the circle /. Similarly, one shows that Q € N'.
When h = r, the circles C and N are tangent at H. So CNN NCy ={H}. O
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Theorem 3.2. Let C be a circle with center O and radius r and let H be a point
with r < OH < 3r. Set h=0H .

(1) If h > r, then there are exactly two degenerate triangles AFPP and AEQQ
inscribed in C with orthocenter H , where E and F are the intersection
points of the circles C and C(H;2r) such that F,P are on the opposite
side of log and E,Q are on the opposite side of lor . In this case, the
symmedian points of AFPP and ANEQQ are P and Q, respectively; see
Figure 3.

(2) If h =r, then there is a unique degenerate triangle AEHH inscribed in C
with orthocenter H , where EH is the diameter of C with one endpoint H .
In this case, the symmedian point of AEHH is H .

FIGURE 3

Proof. Define the points P’ and @’ by the vector equations
— —
20P — FH and 20Q — EH.

Since OP' = 1FH =r and OQ' = 1EH =r, we get P',Q' € C. Since AFP'P’
and AFEQ'Q’ are degenerate triangles inscribed in C with orthocenter H , we get
P',Q" € N, where N is the nine-point circle associated to the (C, H)-locus. So
P ,Q € CNN. Note that CNN = {P,Q} by Lemma 3.1. The points F, P’ are
on the opposite side of oy, while E and Q' are also on the opposite side of log .
Hence, P/ = P and Q' = Q. So AFPP and AFEQQ are degenerate triangles
inscribed in C with orthocenter H .

Next, if AABB is a degenerate triangle insc@}ed in C with orthocenter H , then
either it is AFPP or AEQQ . Indeed, since OA + 20@ = 5]7, we get

AH = OH — OA = (OA +20B) - 04 = 20B
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which implies AH = 20B = 2r and that [, is parallel to [,,, . The first conclusion
forces A € {E,F} since two circles cannot intersect in more than two points. On
the other hand, A € {E,F} forces B € {P,Q}. Note that A and B are on the
opposite side of [, . So the degenerate AABB is either AFPP or AEQQ .

The two circles C and C(H;2r) are coaxal as are the circles N and C; see page
201 of [2]. Moreover, the three centers O, N, and H are collinear. Hence the chords
EF and PQ are parallel so that OEFQP is an isosceles trapezoid. Consequently,
AEQQ is the reflection of AFPP across the line [, . The above figure illustrates
the configuration.

Next, suppose OH = r, that is, H € C. In this case, CNC(H;2r) = {E} . Indeed,
the circles are tangent at the point E and the segment EFH is a diameter of C. We
will prove that AEHH is a degenerate triangle inscribed in C with orthocenter H .

Since FH is a diameter of C, we get @ = —O‘H) and then
OF + 20H = —OH + 20H = OH.

So H is the orthocenter of the degenerate triangle AFHH .

Next, we prove that if AABB is a %enerate triangle inscribed in C with ortho-
center H , then it is AEHH . Since OA + 20? = 0OH , we get

AH = OH — OA = (0A +20B) — 04 = 208

which implies AH = 20B = 2r. Since both A and H lie on the circle C, AH is

a diameter of C. The equation 20? = xﬁ and the fact A # B force B= H. So
the degenerate triangle AABB is AEHH . O

The following corollary is a consequence of the proof of Theorem 3.2.

Corollary 3.1. The endpoints of the symmedian arc are exactly the double points of
the degenerate triangles inscribed in C with orthocenter H , where r < OH < 3r.

Proof. By Theorem 3.2, each endpoint of the symmedian arc A, associated to the
(C, H)-locus is the double point of some degenerate triangle inscribed in C with
orthocenter H and the double point is its symmedian point by definition. This
proves the corollary. ([l
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