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GAUSS’ DIVERGENCE THEOREM ON BOUNDED

DOMAINS IN MINKOWSKI SPACES WITH

APPLICATIONS TO HYPERBOLIC SIMPLICES

KENZI SATÔ

Abstract. For bounded domains of Euclidean spaces with piecewise
smooth boundary, the integral of outward unit normal vectors of the bound-
ary is zero. In this paper we consider a similar theorem on Minkowski spaces
(Minkowski spaces does not mean finite dimensional Banach spaces but fi-
nite dimensional vector spaces with pseudo-inner products). We also con-
sider Gauss’ divergence theorem on Minkowski spaces, which implies above.
Remark that this theorem implies easily the equation to calculate a kind of
centroids of hyperbolic simplices.

1. Introduction

Let K be a bounded domain of Euclidean space Rn with piecewise smooth
boundary ∂K. Then we have the following theorem (it seems to be due to
Minkowski, but the author is not sure).

Theorem 1.1 (The integral of unit normal vectors of bounded domains of
Euclidean space). It holds that∫

∂K
d(∂∂∂KKK ) = 0,

where d(∂∂∂KKK ) is Euclidean (n− 1)-vector element of ∂K (see (3) and Figure
2).

This theorem is shown by substituting constant vectors e0 = (1, 0, . . . , 0︸ ︷︷ ︸
n−1 times

),. . .,

en−1 = (0, . . . , 0︸ ︷︷ ︸
n−1 times

, 1) for A in the following theorem.
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Theorem 1.2 (Gauss’ divergence theorem on Euclidean space (see e.g. [1,
§4.9], [3, ch. 13, Thm. 3.2], [5, ch. 2, Thm. 5.11], [10, ch. 9, Problems, 13
(d), p. 352], or [11, ch. 7, G, Addendum 1, 57, p. 132])). For a vector field
A : Rn → Rn, it holds that∫

∂K
A . d(∂∂∂KKK ) =

∫
K
divAd(Rn),

where d(Rn) is the n-volume element of Euclidean space Rn.

Theorem 1.1 implies the following corollary, which is useful to define a
kind of centroids of spherical simplices S ⊆ Sn−1. Let p∗

0,. . ., p∗
n−1 be

vertices of S; let Sk be the opposite facet of p∗
k; and let p0,. . ., pn−1 ∈ Rn

be such that pk . pk = 1, pk . p
∗
k > 0, pk . p

∗
ℓ = 0 for all ℓ ̸= k (see [6] and

[7]); i.e.,

S = {x ∈ Sn−1 : x . p0 ≥ 0, . . . ,x . pn−1 ≥ 0}, Sk = {x ∈ S : x . pk = 0}.

Then the following corollary is shown by simple calculations.

Corollary 1.3 (see e.g. [9, Rems. 1.1 & 1.2]). It holds that∫
x∈S

xd(Sn−1) =
1

n− 1

n−1∑
k=0

|Sk|pk,

where d(Sn−1) is the (n − 1)-volume element of the unit sphere Sn−1 ⊆ Rn

and |Sk| is the (n− 2)-volume of induced metric on Sk of Rn.

Proof. Let

(1) K = {tx : x ∈ S, 0 ≤ t ≤ 1}.

Then, ∂K consists of S and

(2) Kk = {tx : x ∈ Sk, 0 ≤ t ≤ 1} (for k = 0, . . . , n− 1),

whose (n − 1)-volume is |Sk|/(n − 1) from Lemma 3.3 and whose outward
unit normal vector is −pk (see Figure 1). So, from Theorem 1.1, we have∫

x∈S
xd(Sn−1) +

n−1∑
k=0

|Sk|
n− 1

(−pk) = 0. □

Remark 1.1. A kind of centroids of the spherical simplex S can be defined
by the both sides of ∫

x∈S xd(Sn−1)

∥
∫
x∈S xd(Sn−1)∥

=

∑n−1
k=0 |Sk|pk

∥
∑n−1

k=0 |Sk|pk∥
.

Euclidean space Rn (with the inner product) can be considered Minkowski
space Rn−1 × R (with the pseudo-inner product ⟨x |y⟩ = ι(x) . y where
ι(x0, . . . , xn−2, xn−1) = (x0, . . . , xn−2,−xn−1)). So K can be considered
a bounded domain of Minkowski space Rn−1 × R with piecewise smooth
boundary ∂K. Then we have the following theorem.
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Figure 1. Corollary 1.3 for n = 2 (left) and n = 3 (right)

Theorem 1.4 (The integral of pseudo-unit pseudo-normal vectors of bounded
domains of Minkowski space). It holds that∫

∂K
d′(∂∂∂KKK ) = 0,

where d′(∂∂∂KKK ) is Minkowski (n−1)-vector element of ∂K (see (5), (11), and
Figure 3).

This theorem is shown by substituting constant vectors e0,. . ., en−1 for
A in the following theorem (see Another proof of Theorem 1.4), which is
also shown later.

Theorem 1.5 (Gauss’ divergence theorem on Minkowski space). For a vec-
tor field A : Rn → Rn, it holds that∫

∂K
⟨A|d′(∂∂∂KKK )⟩ = −

∫
K
divAd′(Rn−1 × R),

where d′(Rn−1 × R) is the n-volume element of Minkowski space Rn−1 × R
(see (6)).

Theorem 1.4 implies the following corollary, which is useful to define a
kind of centroids of hyperbolic simplices S ⊆ Hn−1. Let p∗

0,. . ., p
∗
n−1 be

vertices of S; let Sk be the opposite facet of p∗
k; and let p0,. . ., pn−1 ∈

Rn−1 × R be such that ⟨pk |pk⟩ = 1, ⟨pk |p∗
k⟩ > 0, ⟨pk |p∗

ℓ ⟩ = 0 for all ℓ ̸= k
(see [8]); i.e.,

S = {x ∈ Hn−1 : ⟨x|p0⟩ ≥ 0, . . . , ⟨x|pn−1⟩ ≥ 0}, Sk = {x ∈ S : ⟨x|pk⟩ = 0}.

Then the following corollary was shown by complicated computations in [9],
but in this paper it is shown by simple calculations like Corollary 1.3.
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Figure 2. unit normal vectors ñ (left) and vector elements
d(∂∂∂KKK ) (right) (the volumes of domains in the right figure are
constant, so the ratio of the lengths of the vectors in the left
and right figures are constant)

Corollary 1.6 ([9, Thm. 1.2]). It holds that∫
x∈S

xd′(Hn−1) = − 1

n− 1

n−1∑
k=0

|Sk|′pk,

where d′(Hn−1) is the (n−1)-volume element of the hyperbolic space Hn−1 ⊆
Rn−1×R and |Sk|′ is the (n−2)-volume of induced metric on Sk of Rn−1×R
(notice that Sk’s are Riemannian because S is Riemannian).

Remark 1.2. A kind of centroids of the hyperbolic simplex S can be defined
by the both sides of∫

x∈S xd′(Hn−1)√
−
〈∫

x∈S xd′(Hn−1)
∣∣∫

x∈S xd′(Hn−1)
〉 =

−
∑n−1

k=0 |Sk|′pk√
−
〈
−
∑n−1

k=0 |Sk|′pk

∣∣∣−∑n−1
k=0 |Sk|′pk

〉 .
For prior works of hyperbolic simplices, see, e.g., [12]. For details of

n-dimensional Minkowski spaces and pseudo-Riemannian manifolds, see [4].

2. Preliminaries.

For a bounded domain K of Euclidean space Rn with piecewise smooth
boundary ∂K, let n be an outward normal vector at a smooth point x ∈ ∂K,
let ñ = n

∥n∥ , and let d(∂∂∂KKK ) be the vector element of ∂K in Euclidean space

Rn, i.e.,

(3) d(∂∂∂KKK ) = ñd(∂K),

where d(∂K) is the (n − 1)-volume element of induced metric on ∂K of
Euclidean space Rn, i.e., d(∂K) =

√
det gdt0 · · · dtn−2 with the metric tensor

g =


∂x
∂t0

. ∂x
∂t0

· · · · · · ∂x
∂t0

. ∂x
∂tn−2

...
...

...
...

∂x
∂tn−2

. ∂x
∂t0

· · · · · · ∂x
∂tn−2

. ∂x
∂tn−2


of a local coordinate system (t0, . . . , tn−2) of ∂K. See Figure 2.

Consider K as a bounded domain of Minkowski space Rn−1 × R. Let n′

be a pseudo-normal vector at x which is outward (resp. inward) if x ∈ ∂K
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Figure 3. pseudo-unit pseudo-normal vectors ñ′ (left) and
vector elements d′(∂∂∂KKK ) (right) (the pseudo-volumes of do-
mains in the right figure are not constant, so the ratio of the
lengths of the vectors in the left and right figures are not
constant)

is Riemannian (resp. pseudo-Riemannian), i.e., if Tx(∂K) is spacelike (resp.
timelike), that is, if det g′ > 0 (resp. det g′ < 0) with the pseudo-metric
tensor

g′ =


⟨ ∂x
∂t0

| ∂x∂t0 ⟩ · · · · · · ⟨ ∂x
∂t0

| ∂x
∂tn−2

⟩
...

...
...

...

⟨ ∂x
∂tn−2

| ∂x∂t0 ⟩ · · · · · · ⟨ ∂x
∂tn−2

| ∂x
∂tn−2

⟩

 .

For x with lightlike Tx(∂K), i.e., with det g′ = 0, let n′ = (ν ′0, . . . , ν
′
n−1) be

in Tx(∂K) with ⟨n′|n′⟩ = 0 whose direction is determined naturally, i.e., if K
is over (resp. under) ∂K, ν ′n−1 is negative (resp. positive). To summarize,

(4) n′ = t · ι(n) for some t < 0,

if Tx(∂K) is spacelike, timelike, or lightlike. Let ñ′ = n′√
−⟨n′|n′⟩

(resp.

n′√
⟨n′|n′⟩

), and let d′(∂∂∂KKK ) be the vector element of ∂K in Minkowski space

Rn−1 × R, i.e.,

(5) d′(∂∂∂KKK ) = ñ′d′(∂K),

where d′(∂K) is the (n − 1)-volume element of induced metric on ∂K of
Minkowski space Rn−1×R, i.e., d′(∂K) =

√
det g′dt0 · · · dtn−2 (resp.

√
−det g′dt0 · · · dtn−2)

if Tx(∂K) is spacelike (resp. timelike). See Figure 3.
The n-volume element of Minkowski space Rn−1 × R is equal to the n-

volume element of Euclidean space Rn, i.e.,

d′(Rn−1 × R) =

√√√√√√√√√√−det


⟨e0 |e0⟩ · · · · · · · · · ⟨e0 |en−1⟩

...
...

...
...

...
...

⟨en−1 |e0⟩ · · · · · · · · · ⟨en−1 |en−1⟩

dx0 · · · dxn−1 =

(6)
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=

√√√√√√√√√√−det


1 0 · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . .

...
...

. . . 1 0
0 · · · · · · 0 −1

dx0 · · · dxn−1 = dx0 · · · dxn−1 = d(Rn).

3. Main results.

If Tx(∂K) is lightlike, we can define neither ñ′ nor d′(∂K) but d′(∂∂∂KKK )
from the following lemma.

Lemma 3.1. For the local coordinate system (x0, . . . , xℓ−1, xℓ+1, . . . , xn−1)
of a smooth neighborhood U of ∂K (ℓ = 0,. . ., n − 1), which means that
x ∈ U is represented by

(x0, . . . , xℓ−1, κℓ(x0, . . . , xℓ−1, xℓ+1, . . . , xn−1), xℓ+1, . . . , xn−1)

with a function κℓ, we have νℓ ̸= 0, ν ′ℓ ̸= 0,

d(∂∂∂KKK ) =
n

|νℓ|
dx0 · · · dxℓ−1dxℓ+1 · · · dxn−1,

and

d′(∂∂∂KKK ) =
n′

|ν ′ℓ|
dx0 · · · dxℓ−1dxℓ+1 · · · dxn−1 if Tx(∂K) is not lightlike,

where n = (ν0, . . . , νn−1) and n′ = (ν ′0, . . . , ν
′
n−1).

Proof. Because (x0, . . . , xℓ−1, xℓ+1, . . . , xn−1) is a local coordinate system,
Tx(∂K) does not include the vector eℓ = (0, . . . , 0︸ ︷︷ ︸

ℓ times

, 1, 0, . . . , 0︸ ︷︷ ︸
n−1−ℓ times

), so νℓ ̸= 0 and

ν ′ℓ ̸= 0 hold. The calculations for ℓ = 0,. . ., n−2 are essentially same, so it is
enough to show the equations of d(∂∂∂KKK ) and d′(∂∂∂KKK ) for ℓ = 0 and ℓ = n− 1.

For ℓ = n − 1, i.e., for x = (x0, . . . , xn−2, κn−1(x0, . . . , xn−2)), tangent
vectors

∂x

∂xi
= (0, . . . , 0︸ ︷︷ ︸

i times

, 1, 0, . . . , 0︸ ︷︷ ︸
n−2−i times

,
∂κn−1

∂xi
) (i = 0, . . . , n− 2)

are perpendicular (resp. pseudo-perpendicular) to

(gradκn−1,−1) = (
∂κn−1

∂x0
, . . . ,

∂κn−1

∂xn−2
,−1)(7)

(resp. ι(gradκn−1,−1) = (
∂κn−1

∂x0
, . . . ,

∂κn−1

∂xn−2
,+1)),(8)

which is parallel to n (resp. n′). From

g(n−1) =


∂x
∂x0

. ∂x
∂x0

· · · · · · ∂x
∂x0

. ∂x
∂xn−2

...
...

...
...

∂x
∂xn−2

. ∂x
∂x0

· · · · · · ∂x
∂xn−2

. ∂x
∂xn−2

 =
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=


1 + ∂κn−1

∂x0

∂κn−1

∂x0

∂κn−1

∂x0

∂κn−1

∂x1
· · · ∂κn−1

∂x0

∂κn−1

∂xn−2

∂κn−1

∂x1

∂κn−1

∂x0

. . .
. . .

...
...

. . .
. . . ∂κn−1

∂xn−3

∂κn−1

∂xn−2
∂κn−1

∂xn−2

∂κn−1

∂x0
· · · ∂κn−1

∂xn−2

∂κn−1

∂xn−3
1 + ∂κn−1

∂xn−2

∂κn−1

∂xn−2

 ,

g′(n−1) =


⟨ ∂x
∂x0

| ∂x
∂x0

⟩ · · · · · · ⟨ ∂x
∂x0

| ∂x
∂xn−2

⟩
...

...
...

...

⟨ ∂x
∂xn−2

| ∂x
∂x0

⟩ · · · · · · ⟨ ∂x
∂xn−2

| ∂x
∂xn−2

⟩

 =

=


1− ∂κn−1

∂x0

∂κn−1

∂x0
−∂κn−1

∂x0

∂κn−1

∂x1
· · · −∂κn−1

∂x0

∂κn−1

∂xn−2

−∂κn−1

∂x1

∂κn−1

∂x0

. . .
. . .

...
...

. . .
. . . −∂κn−1

∂xn−3

∂κn−1

∂xn−2

−∂κn−1

∂xn−2

∂κn−1

∂x0
· · · −∂κn−1

∂xn−2

∂κn−1

∂xn−3
1− ∂κn−1

∂xn−2

∂κn−1

∂xn−2

 ,

and the matrix determinant lemma [2, Cor. 18.1.3],

det g(n−1) = 1 + ∥gradκn−1∥2 and det g′(n−1) = 1− ∥gradκn−1∥2

hold. Hence we have

d(∂∂∂KKK ) = ñ · d(∂K) =
n

∥n∥
·
√
det g(n−1)dx0 · · · dxn−2 =

=
(ν0, . . . , νn−2, νn−1)√

∥(ν0, . . . , νn−2)∥2 + ν2n−1

·
√

∥gradκn−1∥2 + 1dx0 · · · dxn−2 =

=
(ν0, . . . , νn−2, νn−1)

|νn−1|
dx0 · · · dxn−2,

d′(∂∂∂KKK ) = ñ′ · d′(∂K) =
n′√

−⟨n′ |n′⟩
·
√
+det g′(n−1)dx0 · · · dxn−2 =

=
(ν ′0, . . . , ν

′
n−2, ν

′
n−1)√

−∥(ν ′0, . . . , ν ′n−2)∥2 + ν ′n−1
2
·

·
√
−∥gradκn−1∥2 + 1dx0 · · · dxn−2 =

=
(ν ′0, . . . , ν

′
n−2, ν

′
n−1)

|ν ′n−1|
dx0 · · · dxn−2 if Tx(∂K) is spacelike,

d′(∂∂∂KKK ) = ñ′ · d′(∂K) =
n′√

+⟨n′ |n′⟩
·
√
−det g′(n−1)dx0 · · · dxn−2 =

=
(ν ′0, . . . , ν

′
n−2, ν

′
n−1)√

+∥(ν ′0, . . . , ν ′n−2)∥2 − ν ′n−1
2
·

·
√
+∥gradκn−1∥2 − 1dx0 · · · dxn−2 =

=
(ν ′0, . . . , ν

′
n−2, ν

′
n−1)

|ν ′n−1|
dx0 · · · dxn−2 if Tx(∂K) is timelike,



Gauss’ divergence theorem on bounded domains in Minkowski spaces 99

where the last equalities of 3 calculations above come from parallelisms of
(7) and n, (8) and n′, and (8) and n′, respectively.

For ℓ = 0, i.e., for x = (κ0(x1, . . . , xn−1), x1, . . . , xn−1), tangent vectors

∂x

∂xi
= (

∂κ0
∂xi

, 0, . . . , 0︸ ︷︷ ︸
i−1 times

, 1, 0, . . . , 0︸ ︷︷ ︸
n−1−i times

) (i = 1, . . . , n− 1)

are perpendicular (resp. pseudo-perpendicular) to

(−1,gradκ0) = (−1,
∂κ0
∂x1

, . . . . . . . . . . . . ,
∂κ0

∂xn−1
)(9)

(resp. ι(−1,gradκ0) = (−1,
∂κ0
∂x1

, . . . ,
∂κ0

∂xn−2
,− ∂κ0

∂xn−1
)),(10)

which is parallel to n (resp. n′). From

g(0) =


∂x
∂x1

. ∂x
∂x1

· · · · · · ∂x
∂x1

. ∂x
∂xn−1

...
...

...
...

∂x
∂xn−1

. ∂x
∂x1

· · · · · · ∂x
∂xn−1

. ∂x
∂xn−1

 =

=


∂κ0
∂x1

∂κ0
∂x1

+ 1 ∂κ0
∂x1

∂κ0
∂x2

· · · ∂κ0
∂x1

∂κ0
∂xn−1

∂κ0
∂x2

∂κ0
∂x1

. . .
. . .

...
...

. . .
. . . ∂κ0

∂xn−2

∂κ0
∂xn−1

∂κ0
∂xn−1

∂κ0
∂x1

· · · ∂κ0
∂xn−1

∂κ0
∂xn−2

∂κ0
∂xn−1

∂κ0
∂xn−1

+ 1

 ,

g′(0) =


⟨ ∂x
∂x1

| ∂x
∂x1

⟩ · · · · · · ⟨ ∂x
∂x1

| ∂x
∂xn−1

⟩
...

...
...

...

⟨ ∂x
∂xn−1

| ∂x
∂x1

⟩ · · · · · · ⟨ ∂x
∂xn−1

| ∂x
∂xn−1

⟩

 =

=


∂κ0
∂x1

∂κ0
∂x1

+ 1 ∂κ0
∂x1

∂κ0
∂x2

· · · ∂κ0
∂x1

∂κ0
∂xn−1

∂κ0
∂x2

∂κ0
∂x1

. . .
. . .

...
...

. . . ∂κ0
∂xn−2

∂κ0
∂xn−2

+ 1 ∂κ0
∂xn−2

∂κ0
∂xn−1

∂κ0
∂xn−1

∂κ0
∂x1

· · · ∂κ0
∂xn−1

∂κ0
∂xn−2

∂κ0
∂xn−1

∂κ0
∂xn−1

− 1

 ,

and the matrix determinant lemma ([2, Cor. 18.1.3] and [2, Thm. 18.1.1]
for

R =


1 0 · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . .

...
...

. . . 1 0
0 · · · · · · 0 −1


and T = 1, respectively),

det g(0) = 1 + ∥gradκ0∥2 and det g′(0) = −(1 + ⟨gradκ0 |gradκ0⟩)
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hold. Hence we have

d(∂∂∂KKK ) = ñ · d(∂K) =
n

∥n∥
·
√
det g(0)dx1 · · · dxn−1 =

=
(ν0, ν1, . . . , νn−1)√

ν20 + ∥(ν1, . . . , νn−1)∥2
·
√
1 + ∥gradκ0∥2dx1 · · · dxn−1 =

=
(ν0, ν1, . . . , νn−1)

|ν0|
dx1 · · · dxn−1,

d′(∂∂∂KKK ) =
n′√

−⟨n′ |n′⟩
·
√
+det g′(0)dx1 · · · dxn−1 =

=
(ν ′0, ν

′
1, . . . , ν

′
n−1)√

−ν ′0
2 − ⟨(ν ′1, . . . , ν ′n−1)|(ν ′1, . . . , ν ′n−1)⟩

·

·
√
−1− ⟨gradκ0 |gradκ0⟩dx1 · · · dxn−1 =

=
(ν ′0, ν

′
1, . . . , ν

′
n−1)

|ν ′0|
dx1 · · · dxn−1 if Tx(∂K) is spacelike,

d′(∂∂∂KKK ) =
n′√

+⟨n′ |n′⟩
·
√
−det g′(0)dx1 · · · dxn−1 =

=
(ν ′0, ν

′
1, . . . , ν

′
n−1)√

+ν ′0
2 + ⟨(ν ′1, . . . , ν ′n−1)|(ν ′1, . . . , ν ′n−1)⟩

·

·
√
+1 + ⟨gradκ0 |gradκ0⟩dx1 · · · dxn−1 =

=
(ν ′0, ν

′
1, . . . , ν

′
n−1)

|ν ′0|
dx1 · · · dxn−1 if Tx(∂K) is timelike,

where the last equalities of 3 calculations above come from parallelisms of
(9) and n, (10) and n′, and (10) and n′, respectively. □

n′ = (ν ′0, . . . , ν
′
n−1) is non-zero, so, one of ν ′ℓ’s is non-zero. Hence we can

expand d′(∂∂∂KKK ) to all smooth points of ∂K,

(11) d′(∂∂∂KKK ) =
n′

|ν ′ℓ|
dx0 · · · dxℓ−1dxℓ+1 · · · dxn−1,

where ℓ = 0,. . ., n− 1 such that ν ′ℓ ̸= 0. The following lemma is essential in
this paper.

Lemma 3.2. It holds that

d′(∂∂∂KKK ) = −ι(d(∂∂∂KKK )).

Proof. Let ℓ be such that (x0, . . . , xℓ−1, xℓ+1, . . . , xn−1) is a local coordinate
of ∂K around x. Then neither νℓ nor ν

′
ℓ is zero, so we have

d′(∂∂∂KKK ) =
n′

|ν ′ℓ|
dx0 · · · dxℓ−1dxℓ+1 · · · dxn−1 =

= −ι(
n

|νℓ|
dx0 · · · dxℓ−1dxℓ+1 · · · dxn−1) = −ι(d(∂∂∂KKK )),

where n = (ν0, . . . , νn−1), n
′ = (ν ′0, . . . , ν

′
n−1), and the first, second, and

last equalities come from (11), (4), and Lemma 3.1. □
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This lemma implies Theorems 1.5 and 1.4.

Proof of Theorem 1.5. We have∫
∂K

⟨A|d′(∂∂∂KKK )⟩ = −
∫
∂K

A . d(∂∂∂KKK ) = −
∫
K
divAd(Rn) =

= −
∫
K
divAd′(Rn−1 × R),

where the first, second, and last equalities come from Lemma 3.2, Theorem
1.2, and (6), respectively. □

Proof of Theorem 1.4. We have∫
∂K

d′(∂∂∂KKK ) = −ι(

∫
∂K

d(∂∂∂KKK )) = −ι(0) = 0,

where the first and second equalities come from Lemma 3.2 and Theorem
1.1, respectively. □

Theorem 1.4 can be also shown by Theorem 1.5 (see Introduction).

Another proof of Theorem 1.4. The conclusion comes from∫
∂K

⟨eℓ |d′(∂∂∂KKK )⟩ = −
∫
K
div eℓd

′(Rn−1 × R) = −
∫
K
0d′(Rn−1 × R) = 0,

for ℓ = 0,. . ., n− 1, where the first equality comes from Theorem 1.5. □

To prove Corollaries 1.3 and 1.6, we need following Lemmas 3.3 and 3.4,
respectively. Let S ⊆ Sn−1 be a spherical simplex of Euclidean space Rn

with vertices p∗
0,. . ., p

∗
n−1; let Sk be the opposite facet of p∗

k; and let K and
Kk be as in (1) and (2), respectively. Then we have the following lemma.

Lemma 3.3. It holds that

|Kk| =
|Sk|
n− 1

,

where |Kk| is the (n−1)-volume of induced metric on Kk of Euclidean space
Rn.

Proof. Let (s0, . . . , sn−3) be a local coordinate of Sk, i.e., y ∈ Sk is repre-
sented by

(12) (λk,0(s0, . . . , sn−3), . . . , λk,n−1(s0, . . . , sn−3))

for some functions λk,0,. . ., λk,n−1. Then it induces naturally a local coor-
dinate (s0, . . . , sn−3, t) of Kk, i.e., x ∈ Kk is represented by

(13) ty = (tλk,0(s0, . . . , sn−3), . . . , tλk,n−1(s0, . . . , sn−3)).

Metric tensors of Sk and Kk are

hk =


∂y
∂s0

. ∂y
∂s0

· · · ∂y
∂s0

. ∂y
∂sn−3

...
...

∂y
∂sn−3

. ∂y
∂s0

· · · ∂y
∂sn−3

. ∂y
∂sn−3


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and

gk =


∂x
∂s0

. ∂x
∂s0

· · · ∂x
∂s0

. ∂x
∂sn−3

∂x
∂s0

. ∂x
∂t

...
...

...
∂x

∂sn−3
. ∂x
∂s0

· · · ∂x
∂sn−3

. ∂x
∂sn−3

∂x
∂sn−3

. ∂x
∂t

∂x
∂t .

∂x
∂s0

· · · ∂x
∂t .

∂x
∂sn−3

∂x
∂t .

∂x
∂t

 =

=


t ∂y
∂s0

. t ∂y
∂s0

· · · t ∂y
∂s0

. t ∂y
∂sn−3

t ∂y
∂s0

. y
...

...
...

t ∂y
∂sn−3

. t ∂y
∂s0

· · · t ∂y
∂sn−3

. t ∂y
∂sn−3

t ∂y
∂sn−3

. y

y . t ∂y
∂s0

· · · y . t ∂y
∂sn−3

y . y

 =

=


t2 ∂y

∂s0
. ∂y
∂s0

· · · t2 ∂y
∂s0

. ∂y
∂sn−3

0
...

...
...

t2 ∂y
∂sn−3

. ∂y
∂s0

· · · t2 ∂y
∂sn−3

. ∂y
∂sn−3

0

0 · · · 0 1

 ,

respectively. So we have √
det gk = tn−2

√
dethk.

It implies that

|Kk| =
∫
Kk

d(Kk) =

∫
Kk

√
det gkds0 · · · dsn−3dt =

=

∫ 1

0
tn−2dt

∫
Sk

√
dethkds0 · · · dsn−3 =

=
1

n− 1

∫
Sk

d(Sk) =
1

n− 1
|Sk|. □

Let S ⊆ Hn−1 be a hyperbolic simplex of Minkowski space Rn−1×R with
vertices p∗

0,. . ., p
∗
n−1; let Sk be the opposite facet of p∗

k; and let K and Kk

be as in (1) and (2), respectively. Then we have the following lemma, which
implies Corollary 1.6.

Lemma 3.4. It holds that

|Kk|′ =
|Sk|′

n− 1
,

where |Kk|′ is the (n−1)-volume of induced pseudo-metric on Kk of Minkowski
space Rn−1×R. (notice that Sk is Riemannian and Kk is pseudo-Riemannian,
precisely, a timelike hyperplane).

Proof. Let (s0, . . . , sn−3) be a local coordinate of Sk. Then it induces nat-
urally a local coordinate (s0, . . . , sn−3, t) of Kk (see (12) and (13)). Pseudo-
metric tensors Sk and Kk are

h′k =


⟨ ∂y
∂s0

| ∂y∂s0
⟩ · · · ⟨ ∂y

∂s0
| ∂y
∂sn−3

⟩
...

...

⟨ ∂y
∂sn−3

| ∂y∂s0
⟩ · · · ⟨ ∂y

∂sn−3
| ∂y
∂sn−3

⟩


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and

g′k =


⟨ ∂x
∂s0

| ∂x∂s0
⟩ · · · ⟨ ∂x

∂s0
| ∂x
∂sn−3

⟩ ⟨ ∂x
∂s0

| ∂x∂t ⟩
...

...
...

⟨ ∂x
∂sn−3

| ∂x∂s0
⟩ · · · ⟨ ∂x

∂sn−3
| ∂x
∂sn−3

⟩ ⟨ ∂x
∂sn−3

| ∂x∂t ⟩
⟨∂x∂t |

∂x
∂s0

⟩ · · · ⟨∂x∂t |
∂x

∂sn−3
⟩ ⟨∂x∂t |

∂x
∂t ⟩

 =

=


⟨t ∂y

∂s0
|t ∂y

∂s0
⟩ · · · ⟨t ∂y

∂s0
|t ∂y

∂sn−3
⟩ ⟨t ∂y

∂s0
|y⟩

...
...

...

⟨t ∂y
∂sn−3

|t ∂y
∂s0

⟩ · · · ⟨t ∂y
∂sn−3

|t ∂y
∂sn−3

⟩ ⟨t ∂y
∂sn−3

|y⟩
⟨y|t ∂y

∂s0
⟩ · · · ⟨y|t ∂y

∂sn−3
⟩ ⟨y|y⟩

 =

=


t2⟨ ∂y

∂s0
| ∂y∂s0

⟩ · · · t2⟨ ∂y
∂s0

| ∂y
∂sn−3

⟩ 0
...

...
...

t2⟨ ∂y
∂sn−3

| ∂y∂s0
⟩ · · · t2⟨ ∂y

∂sn−3
| ∂y
∂sn−3

⟩ 0

0 · · · 0 −1

 ,

respectively. So we have√
− det g′k = tn−2

√
deth′k.

It implies that

|Kk|′ =
∫
Kk

d′(Kk) =

∫
Kk

√
− det g′kds0 · · · dsn−3dt =

=

∫ 1

0
tn−2dt

∫
Sk

√
deth′kds0 · · · dsn−3 =

=
1

n− 1

∫
Sk

d′(Sk) =
1

n− 1
|Sk|′. □

Proof of Corollary 1.6. Let K be as in (1). Then, ∂K consists of S and
Kk (for k = 0,. . ., n−1) as in (2) whose (n−1)-volume is |Sk|′/(n−1) from
Lemma 3.4 and whose outward pseudo-unit pseudo-normal vector is −pk

(see Figures 4 and 5). So, from Theorem 1.4 (remark that Kk is a timelike
hyperplane), we have∫

x∈S
xd′(Hn−1) +

n−1∑
k=0

|Sk|′

n− 1
pk = 0. □
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Figure 4. Corollary 1.6 for n = 2 (left) and n = 3 (right)
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−ñ′−ñ′
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−ñ′

[[6666
TT))

OOJJ��
CC����

��6
66
6

��)
)

�� 

�� ����
��
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