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N.A. COURT’S CENTROID LOCUS PROBLEM

YU CHEN AND R.J. FISHER

Abstract. Let C be a circle with center O and radius r. Let K # O be a
point lying inside C. The paper studies the locus of triangles inscribed in C having
K as symmedian point. This locus is referred to as the (C,K)-locus. In his book
College Geometry [2], N. A. Court includes the problem/conjecture that the locus of
centroids of the triangles in the (C,K)-locus is a circle. The paper proves this fact
in three steps using the canonical vector space V of geometric vectors associated to
the plane & .

_§tep_olr>1e proves the following: Given A € C, assume that the dot product (20—1>( —
OA)-AK #0. Let D be the point defined by the vector equation

o _mm_ap
(20K —-0A4)-AR
Let BC be the polar of D. Then AABC is the unique triangle (C, K)-locus that
has A as a vertex. See Theorems 2.4 and 2.7. Next, Lemma 2.2 addresses the case
(207( - ﬁ) AR =0 proving that the triangle in the (C, K)-locus having A as a
vertex is a right triangle where ZA = 90 and K is the midpoint of the altitude at
vertex A.

Step two is the following theorem: Let O, be the point defined by the vector
equation
— 272
00, = 4r? — k2
where k = OK , the distance from O to K. Then the centroid G of a triangle in the

(C, K)-locus lies on the circle C; with center Oy and radius Mfi_kkg. See Theorem
3.1.

Step three solves the inverse problem in section §4. Specifically, given a point
G € Cg4, the inverse problem is a method for finding the triangle in the (C, K)-locus
having G as its centroid. The method depends on the roots of a cubic polynomial
determined by G. Let g = OG. Then this polynomial has the form X3 + pX + ¢
where

OR

B 37k:2 B 2[(4r% — 3k?)g% — r2k?]
P=="3 7= r2(r2 — g2) :
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The polynomial is shown to have three real roots, with multiplicity counted, that
explicitly determine the triangle in the (C, K)-locus having centroid G .

1. INTRODUCTION

In his celebrated textbook College Geometry [2], N. A. Court includes the following
problem:

Exercise 1.1. A variable triangle has a fixed circumcircle and a fixed symmedian
point. Show that the locus of the centroid is a circle.

See problem 6 on page 292 of [2]. The problem though simple to state is not so
simple to solve. Court’s book includes many problems of this sort that in Court’s
words may appeal primarily to those who have an enduring interest, either professional
or avocational, in the subject of modern geometry. Based upon our proposed solution
to Exercise 1.1, it is our opinion that Court regarded the exercise as a conjecture
based upon his intuition.

To formulate Exercise 1.1 more precisely, fix a circle C with center O, radius 7,
and a point K # O lying inside C. We refer to the locus of triangles inscribed in C
having K as symmedian point as the (C, K)-locus. In an involved proof using the
transversality of a harmonic pencil, Court proves that for each point A € C, there is
a unique triangle (C, K)-locus having the point A as a vertex. We call this result
Court’s Uniqueness Theorem. See Theorem 2.7 in section §2.3 and also item 623,
page 266 of [2].

Given the variable nature of the (C, K)-locus, we use the canonical vector space
V of geometric vectors associated to the plane £ to first describe the locus and then
prove Exercise 1.1 in sections §3 and §4.

For organizational purposes, the vector calculations, which are used multiple times
in the paper to study (C, K)-locus, are outlined in section §2.

Section §2 begins with a review of some known facts about the symmedians of
a triangle. Theorem 2.4 in section §2.2 relates the concepts of vector projection to
harmonic division; see Chapter 7 of [2]. Together Theorems 2.4 and 2.6 provide an
alternate proof of the Court Uniqueness Theorem; see Theorem 2.7 in §2.3.

In section §3 the forward direction of Exercise 1.1 is given. Specifically Theorem
3.1 shows that there is a circle Cy, called the centroid circle, having radius %
where k = OK , with the property that the centroid of a triangle in the (C, K)-locus
lies on the circle C, .

In section §4, the backward direction of Exercise 1.1, referred to as the inverse
construction, is proved. Specifically, given a point G from the centroid circle, the
inverse construction is a method for finding a triangle in the (C, K)-locus having G
as its centroid. The method depends on the roots of a cubic polynomial determined
by G. This polynomial (4.7) is shown to have three real roots with multiplicity
counted; see Lemmas 4.1 and 4.3.
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2. A VECTOR METHOD FOR CONSTRUCTING A TRIANGLE WITH A FIXED
SYMMEDIAN POINT

Canonically associated to the plane & is its vector space V of geometric vectors.
By definition the elements of V are equivalence classes of directed line segments,
which roughly are defined as follows: given four points A, B,C,D € £ no three of
which are collinear, the directed line segments [A, B] ~ [C, D] iff the quadrilateral
OABDC is a parallelogram. Special care has to be given to the case when A, B,C,
and D are collinear. We ignore this. To establish notation, the vector E is taken
to mean the equivalence class represented by the directed line segment [A, B].

It is well known that V' has a canonical vector addition, a canonical scalar mul-
tiplication, a dot product, and has dimension two. Note that AB - C"ﬁ will denote
the dot product of the two vectors. Following [5], let Iﬁ and 1@ be vectors in V.

Then
BC? = BC - BC
— (AC - 4B) - (AC - AB)
— AC-AC —2AB-AC + AB - AD
— AC? —24B . AC + AB?.
Hence A‘éﬁz AB2+A§2—BCQ‘ 2.1)

This form of the dot product is a generalization of the Law of Cosines and will be
used freely through out the paper. Also used throughout is the well known concept

of vector projection. Specifically, the projection of the vector R parallel to E is
Projﬁ(m) = ’@B‘%—B)xﬁ.

Finally, for us the “vector method” is the use of the vector space V to study the
problems to follow. In particular, the use of a variable basis, i.e. moving frame, for
Y is both natural and efficient in discussing the problems of the paper.

¢

2.1. Harmonic Division Characterization of the Symmedian Point. This sec-
tion presents a known description of the symmedian point of a triangle in terms of
harmonic division (equivalently inversion in a circle). The description, uses the ba-
sic midpoint property of the symmedians of a triangle together with the midpoint
characterization of a harmonic pencil; see Theorem 351 and 352, page 169 of [2].

Theorem 2.1. (Midpoint Property of a Harmonic Range) Let A,S, K, and
D be four collinear points situated as in the figure. Let B be a point not lying on the
line (ASKD). Let I, be the line through K that is parallel to BD . Let U and V
be the points where 1, intersects l,, and l,g, resp. Then K is the midpoint of U
and V iff K and D harmonically divide AS in the direction from A to S, that
is, K and D are inverse in the circle C(AS) .
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FIGURE 1

Proof. Since ANAUK ~ AABD and ASKV ~ ASDB, we get

AK _UK o SK VK
AD —_BD SD ~ BD
Then
. . AK AD
(ASKD)is a harmonic range <= SK = <D
. AK _SK
AD  SD
P S
BD  BD
— UK=VK
<= K is the midpoint of UV.
Hence K and D harmonically divide AS in the A-direction . g

Remark 2.1. Theorem 2.1 can be stated in a more general way. For example, take
the line [ through A that is parallel to [,,. Let U and V be the two points
where | meets the lines [, and [, . Then the same argument used in the proof of
Theorem 2.1 shows that (ASKD) is a harmonic range iff U is the midpoint of A
and V. The narrower statement of Theorem 2.1 is for convenience.

Remark 2.2. (Basic Midpoint Property of the Symmedians of a Triangle)
To keep the discussion self-contained, the symmetric median (i.e. symmedian) of a
triangle AABC at a given vertex, say A, is the reflection of the median at A across
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the angle bisector at A. The three symmedians intersect. The common point K is
called the symmedian point of AABC .

A chord of a triangle AABC' at a vertex, say B, is a line segment obtained by
intersecting a line not passing through B with the lines [,, and [,,. In terms
of chords, the median m, at vertex B is characterized as the point B along with
those points P such that P is the midpoint of the unique chord through P that is
parallel to [, . Next, let [, be the unique line through B that is parallel to [, .
The reflection of [, across the angle bisector at vertex B is the tangent line [,, to
the circumcircle C of AABC at B. On the other hand, the symmedian at B is
the reflection sm, of the median m, across the angle bisector of ZB . Hence, since
a reflection preserves midpoints and parallel lines, the symmedian sm, consists of
the point B and all points P’ where P’ is the midpoint of the unique chord that
is parallel to the tangent line [,, . This “basic midpoint” characterization of sm,
along with several other characterizations are nicely discussed in [3].

The following well known fact is an immediate consequence of the basic midpoint
characterization. There are other proofs of this lemma. See page 58 of [6] and
Theorem 348 on page 216 of [7].

Lemma 2.1. Let ANABC be a right triangle with ZA =90. Let Ay be the foot of
the altitude at vertexr A . Then the symmedian point of NABC' is the midpoint of A
and Ay, .

Proof. Since BC is a diameter of the circumcircle C of AABC, the altitude AAj,
is a chord at vertices B and C' that is parallel to the tangent lines [,, and [, .
Hence the midpoint of AA; lies on the symmedians at vertices B and C by the
basic midpoint characterization of a symmedian. O

Theorem 2.1 together with the basic-midpoint characterization of a symmedian
leads to an interesting characterization of the symmedian point of a triangle. We use
this theorem in an essential way in the proof Theorem 2.4 just ahead.

Theorem 2.2. Let ANABC be a triangle with circumcircle C and symmedian point
K . Suppose that /A # 90. Let D be the point where the tangent lines to C at
B and C intersect. Let S be the point where the line 1,, (i.e. the symmedian at
vertex A ) intersects BC'. Then K is the inverse of D in the circle C(AS) .

Proof. Suppose that L is the inverse of D in the circle C(AS), that is, (ASLD) is
a harmonic range. As in Theorem 2.1, let [, be the line through L that is parallel
to BD. Let U and V be the two points where [, intersects {,, and l,, = I, .
Then L is the midpoint of the chord UV of AABC at vertex B. So, since [, is
the tangent line to C at B, the chord UV is parallel to the tangent line at vertex
B by construction. Hence the point L lies on the symmedian at vertex B by the
basic midpoint characterization of a symmedian. On the other hand, L also lies on
the symmedian at vertex A by construction. Therefore, L = K . O
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Theorem 2.2 and Theorem 2.1(in its general form; see Remark 2.1) lead to a sec-
ond midpoint characterization of the symmedian point in terms of the altitudes of a
triangle. See Theorem 586, page 256 of [2] and Theorem 2.3 just below. This theorem
is used in an essential way in the proof of Theorem 2.6 in §2.3. A different proof of
Theorem 2.3 than the one given below can be found on page 66 of [6].

Theorem 2.3. Given a triangle NABC', let Ay be the foot of the altitude at A ; let
My, be the midpoint of A and Ay . Neat, let M be the midpoint of BC . Assume
LA # 90. Then the intersection of the symmedian at vertex A and the segment
MMy, s the symmedian point K of the triangle.

Proof. In the notation of Theorem 2.2, consider the harmonic range (ASKD). Con-
sider the line [,,, . The line through A that is parallel to [,,, is the altitude at
vertex A. Next by Theorem 2.1, the midpoint M} of A and Aj is the intersection
of l,,, and the altitude at A. Hence K is the point where the segment M M;,
intersects the symmedian point K . ]

2.2. Harmonic Division and the Vector Method.

Theorem 2.4. Let C be a circle with center O and radius r. Fiz a point K # O
lying inside C. Let O' denote the rotation of O about K by 180. Let C(OK) !
and C(O'K) be the circles with diameters OK and O'K , resp.

For each A € C,A ¢ C(O'K), let R € C(OK) and Q € C(O'K) be the second
points where the line 1, intersects the circles C(OK) and C(O'K) , resp.

Let AA’ be the unique chord of C through K having A as an endpoint. Let R’
be the rotation of R about A’ by 180.

Choose any line | through A. Choose any line m through @ that is not parallel
to 1. Let m’ be the parallel to m through R'. Let Q' and R" be the points where
the lines m and m' meet |, resp. Let n be the parallel to ZKQ, through R" . Let
D be the point where n meets 1, . Then A is either the external or internal point
that harmonically divides KD in the K-direction in the “signed” ratio

340 - AR

0= . (2.2)
(20K — OA) - AK
Geometrically, up to sign,
DA AR
0 AK SAQ (2:3)
Also the point D lies outside the circle C and is given by the vector equation
_ _ 3A0AR A3
AD = SAdOAE AR, (2.4)

Let BC be the polar of D, i.e. the chord through the inverse M of D that is
perpendicular to the line l,, . Then the harmonic conjugate of A in KD is the point
S where the line 1, intersects BC . Consequently, the point K is the symmedian

point of NABC' .

IThe circle C(OK) is commonly referred to as the First LeMoine circle. See [2], page 258.
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FIGURE 2

Proof. Suppose first that AK > A'K, i.e. (2.2) is positive. When AK < A'K,
(2.2) < 0, the proof is analogous. As the figures illustrates, we have the triangle

similarities AAQQ' ~ AAR'R" and AAKQ' ~ AADR'" . Hence 4 =48 40
Let § denote the common ratio. Since OR 1. AA’, R is the midpoint of AA’ so
that AR’ = 3AR . Hence, § = 33%.

Regardless of whether AK > A’K or AK < A'K , the point @ lies between A
and R'. Indeed, in terms of signed distances |KR| < AR so that

AQ = AR +2KR < 3AR = AR/

Hence § > 1. Consequently, A is on the side of K opposite to D . Hence, A is the
external point that harmonically divides KD in the K-direction in the ratio ¢ .

To argue that D lies outside the circle C, it suffices to show that AD > AA’.
First note that K is the midpoint of @ and R. Next, assuming AK > A'K ,

AD — AA' = 6AK — 2AR
3(AR)(AK) — 2(AR)(AQ)
AQ
_ 3(AR)(AK) — 2(AR)(AK + KR)
_ i
(AR)(AK — 2KR)
AQ
(AR)(AR — KR)
AQ

> 0.

If AK < A’K , a similar argument shows that D lies outside C.
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— —
To prove (2.4), observe that OO’ = ZOK,
ﬁ PrOJ—> 1@ AK2 zﬁ(, (25)
2.5
= T
@ PFOJ~—> AO ) = %AK.
Then (2.4) follows immediately.
— —
To prove S € BC', first observe that OM = 4 DQ_O_Bsmce M and D are inverse

in the circle C. Then

Sely = Projoﬁ(O?) =

= 0S-0D = r2.

S —
Next, we express the vectors O? and O? in terms of OK and OA. In fact, we
will show that for all A ¢ C(KO'),

075—5(7<+<1_5>(ﬂ 06
08 = 20K + (1 - 8)04. '

The equation zﬁ = (5;4?_()' implies
OD = 60K + (1 — 6)OA.

Let k = OK and u = OA - OK . From the formulas (2.5) for AR and /Té just
above,

3(r2—u) 15— 2(]62—’/“2)

P Gl W)
2k2 — 3 + 12’ 2k2 — 3 + 12

Since A and S harmonically divide KD in the ratio 6, K and D harmonically
divide A and S in the ratio

6+1  k*—3u+2r?

6:5—1_ r2 — k2

—
In particular, AK = eﬁ so that

08 = 0K — 104
— 20K + (1—6)04.

To show that dot product O? . O’ﬁ =12, observe as follows:

050D = 54 (250K (1 5)@1) - (557( (1 5)071)

= 541 [25%2 +30(1 — §)p + (6 — 1)%2] .
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Next,
20%k% +36(1 — &) + (6 — 1)%2
= 62(2k% — 3+ %) + 0(3u — 2r%) + 12
9(r? — )%+ 3(r2 — p) (3 — 2r%) + r2(2k% — 3 + r?)
2k% — 3u+ 12 '

Hence
(242 — 3u+12)(5 + 1)0S - OD
=9(r? — p)* +3(r* — ) (3 — 2r%)
+ r2(2k* — 3u + r?)
=3(r% — p)r? + r3(2k* — 3p + %)
= r?(2k% — 6p + 417).
On the other hand, , ,
ori= 222?—%21&

so that
(2k% = 3p +73) (6 + 1) = 2k* — 6 + 4r2.

Hence O? . @ = r2

By construction the point K lies on the symmedian of AABC at vertex A. So
to argue that K is the symmedian point of AABC , we need to argue that K also
lies on either the symmedian at vertex B or C'. However, this is an immediate
consequence of Theorem 2.2 since B(ASK D) is a harmonic pencil. O

Remark 2.3. Let IJ be the unique chord of C where K is the midpoint. When
A =1 or J, Theorem 2.4 holds. Indeed, suppose A :_>I. Then K = Q = R.

The point D is defined by the vector equation ID = 3/ K . In turn, the harmonic
cojungate of I in KD is the midpoint S of K and J. Next, S and D are inverse
in the circle C(IJ) so that the point S lies on the polar BC' of D in the circle
C . Hence the hypothesis of Theorem 2.2 holds so that K is the symmedian point of
ANIBC . See the figure.

Remark 2.4. 1)_F(3>r each A € C, the angle ZOAK is acute so that the dot
product AO-AK > 0.

(2) Let Kk = OK. If r/2 < k, then the point O" lies outside C. Also the
two circles C and C(O'K) intersect at two points, say A; and As. Label

the intersection points so that the arc A;A2C C lies inside C(O'K). Then

AI&)O’ ii>0bt%> for all A GA;AQ, A # A, Ay. Hence the dot product
(20K —0OA)- AK < 0.

(3) When A = A1, Az, ZKAO' = 90 so that (2(71? - 0—1)4) . AK = 0. The
triangle AABC can be constructed in this case though § is not given by
(2.2). See Lemma 2.2 just ahead.



98 YU CHEN AND R.J. FISHER

1

K
1)
Cc

S

B
J
[ p

FIGURE 3

Lemma 2.2. Let C be a circle with center O and radius r. Let K be a point inside
C. Let O be the rotation of O about K by 180 ; let C(O'K) denote the circle with
diameter O'K . Let k= OK . Assume k > r/2. Then C(O'K) and C intersect at
two points.

Let NABC be a triangle inscribed in C with symmedian point K. Then NABC
is a right triangle iff one of the vertices of AABC' lies in the intersection C(O'K)NC .

Proof. Since 2k < 2r, the two circles C(O'K) and C intersect at two points.
Up to relabelling, we can assume that ZA =90.

Let p denote rotation by 180 about K. Then O’ = p(O). Consequently, for each
A € C, the line p(l,,,) is an extended diameter of C. Let BC be the diameter so
determined. Then AABC is a right triangle inscribed in C with ZA = 90. Next,
let Ap = p(A). Since p preserves angles,

LKA = /ZKAO'.
Suppose now that A € C(KO'). Then 90 = ZKAO' = ZKA,O so that since

lpe =loa, » AAp is the altitude at vertex A of AABC with K as its midpoint.
By Lemma 2.1, K is the symmedian point of AABC .
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Conversely, if the right triangle AABC has K as its symmedian point, then
90 = L/KA,O = ZKAO'
so that A € C(KO'). O

Remark 2.5. When k = r/2, Lemma 2.2 is also true. In this case, C(O'K)NC =
{O'}. If A =0, the line [, , is replaced by the tangent line /,, to C at O'.
Then p(l,,) is the extended diameter [, parallel to [,,. The altitude at vertex

A is AO with midpoint K .

4 v 0’
K!
R \\
0 K o’
D
[
FIGURE 4

Corollary 2.1. In the notation of Theorem 2.4, the point D can also be constructed
as follows:

e Choose any line | through A and any line m through Q that is not parallel
to l. Let Q' be the point where | and m meet.

o Let the point V' be defined by 1, || m with V €l.

o Let K' be defined by 1, || with K' €1, .

Then D is the dilation of K' through A by a factor of 3.

K'v

Proof. As illustrated in the figure, AAQQ' ~ AARV and AAKQ ~ NAK'V.

Hence
AK' B AV - AR

AK ~ AQ T AQ
—
Moreoever, the point K’ lies on the ray AK . Hence D is the dilation of K’ through
A by a factor of 3 by Theorem 2.4. g
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Remark 2.6. Let A; A, be the diameter of C that contains the point K . Then it
can be argued routinely that the triangles AA;B;C; in the (C, K)-locus are isosceles.
Indeed, the triangles are symmetric across the line [, . Hence the two centroids G;
also lie on [, . Assuming that A;K > A3K, the two centroids lie between O and
K such that if k= OK , then

rk rk

OG1:2r+k<OG2:2r—k'

2.3. The Symmedian Point in Vector Form/Court Uniqueness Theorem.
In this section, we prove some known results about the symmedian point of a triangle
using the vector method.

Let C be a circle and K a point lying inside C. In [2], Court proves that for
each point A € C, there is a unique triangle AABC inscribed in C having K as
its symmedian point. See 623, page 266 of [2]. As indicated in the introduction,
we refer to this locus of triangles as the (C,K)-locus. Continuing, Court’s proof of
the existence and uniqueness uses the duality of poles and polars, the transversality
property of a harmonic pencil, and the Apollonian circles of a triangle. The three
concepts are discussed in detail in [2]. Using Theorem 2.4 and Theorem 2.6, the Court
Uniqueness Theorem is an immediate consequence; see Theorem 2.7.

The following theorem gives a natural vector description of the symmedian point.

Theorem 2.5. Let O be the circumcenter of a triangle NABC . Let a = BC,b =
CA, and ¢ = AB. The symmedian point K of NABC is given by the vector
equation
— a? — b? ?
OK=———-——-0A+ 07

L, Y s 2.
a2+b2+62 a2+b2+620 +a2_|_b2_|_02 ( 7)

Proof. Theorem 2.5 can be proved in the general context of isogonal points of a
triangle. Our proof is for K only. Additionally, Theorem 2.5 is similar in spirit to
the trilinear coordinates of the symmedian point of a triangle; see [8]. In particular,

if A = Area(AABC), then the trilinear coordinates of K are
b 2aA by — 2bA _ 2cA
TR+ T T a2+

Let S, be the point of intersection of [,, and [,.. Let K, be the foot of the
perpendicular through K to the line [,.. Let H, be the foot of the altitude at

vertex A. Since gg‘; = g—; (see [2], Theorem 561, page 248),
CS,\ =—
BC=11 BS,
BC < + 5 Sa,> S
B b2+ c?
o

BS,.
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FIGURE 5

Hence,
AS, — AB + BS,
2
—AB+—-S_BC
b2 + 2
b2 2
_ Y AB+ < A
b2 + ¢2 + b2 + c2 ?
Next,
2a A
KKo = a? + b2 42’

see Corollary 343, page 214 of [7]. Of course, AH, = 2A/a . Hence, since AKK,S, ~
NAH,S, ,

KS, KK, a?

AS, ~ AH, a2 +b2tc2
In turn, AK = AS, — KS, so that

AK b2 + ¢

AS,  a?4b2+ 2
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Finally,
—
AR = aQiljgiCQ AS,
= a2+b2+c2@ + a2+b2+c2 ?
Sy
= it (0B = 04) + 55-5(0C - O4).

— =
Using AK = OK — OA, the above equation is rewritten in the intended form (2.7).
O

Theorem 2.6. Let AABC be a triangle inscribed in a circle C of radius r centered
at O. Let K be the symmedian point of NABC'.

(1) If ZA=90, then (20K — OA)-AK =0.
(2) If ZA# 90, let M be the midpoint of BC and D be the inverse point of
M with respect to the circle C. Then

Proof. For notational convenience in the proof to follow, let a = BC, b= CA, and
¢ = AB. Next, let k = OK and d = OD. Finally, since the line [,, is the
symmedian of AABC at vertex A, see Theorem 560, page 248 of [2], AK = (5@
for some § € R.

First suppose AABC is a right triangle with ZA = 90. Let AAj, be the altitude
of AABC at the vertex A, where A; lies on [, . As observed earlier, K is the
midpoint of AA}, ; see Lemma 2.1. On the other hand smce BC isa dlameter of the
circle C and K hes on the altitude at A, we have @ AK =0 and O? AK =0.
Next, a? = b%>+ ¢ so that by Theorem 2.5,

2 2 2

— a — b c
OK=———-—_-0A 7O§ 703
a? + b% 4 ¢2 +a2+b2+c2 + c

_lods Yony 2oc.

Hence,

20K — OA = OT§+ O?

so that (QO—I%—(TZX)-F(:

The proof of statement (2) is broken into two cases.

Case 1: Assume the points A, O, and K are noncollinear. Let p = &i . O—I_% .
Let AAj be the altitude of AABC' at the vertex A, where Aj, lies on the line [,



N.A. COURT’S CENTROID LOCUS PROBLEM 103

Let M), be the midpoint of AAj . The point K is the intersection point of the lines
Iarv, and lap . See Theorem 2.3. Next,

OD = OA + 64K = OA + §(OK — OA) = (1 — 6)0A + 60K

2
Zﬁzﬁfﬁ:%ﬁﬁfﬁ

so that
AM -OD = (OM — O4) - OD
— OM-0OD — OA-[(1 - §)0A + 60K]
=2 [(1— 8)r2 + 64
=3(r® — )
Additionally,
N
A—Mh = §Pr0jO—D>(m) = A]\éd?ﬁ@ = 5(r;d—2 M)@

Since K is the intersection point of Iy, and lap, there exists ¢ € R such that

AK = (1 — t)AM + tAM,

1—t( oD — OA) u@

2d?
_ 2r2 +t[6(r? — p) — 2r% 0‘13—(1—t)0—1>4.
2d?
Hence,
OD - 0A=4D
— AR
_ 2602 4[6%( 2Td27 —25r*] 575 _ (1—t 50—)4'

Since @ and 0_121 are linearly independent vectors, we have
2012 4 t[0%(r? — ) — 2077 = 2d,
(1—-t)0=1.
Then t = (6 — 1)/ and hence

2d% = 2602 + 5?71[62(7‘2 — ) — 2077

=6(6 —1)(r® — p) + 212

On the other hand, we have

&2 = [(1 - 6)OA + 60K] - [(1 — 6)OA + 60K]

= (1—8)*%+20(1 —&)u + 6%k*
= (r? = 2u + k%) — 26(r® — p) +
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Then
206%(r* = 20+ k%) = 20(r% — p) + 1% = 6(6 = 1)(r* — ) + 22
and 62(r? — 3pu + 2k%) = 35(r%2 — uu). Note that § # 0. We get

Hence

Case 2: Suppose the points A, O, and K are ccﬂnear. Then AABC is an
isosceles triangle with AB = AC'. Moreover, E =6 '0OA for some & € R so that

OD = OA + 804 = (& + 1)OA. (2.8)
Note that ¢’ +1 # 0. We will first prove that
AD = —(20' + 3)AK (2.9)
and then argue that N
—3(0A - AK
_>( — )_> = —(26' + 3). (2.10)

First of all,

— a — b2 2
K=— % OA+_— " OBy
© a2+b2+c20 +a2+b2+c20 Jra2+b2+c207
a2 — b2 b2
- A OB
a2—|—2b20 +0,2—1—2b20 +a2+2b20? (2.11)
a2 — b2 ’
- A oD
a2+2620 + 262(0 +O?)
a? — 22 —
a? + 2b2 oA+ a? + 2b? oM
Next,
— 2 r2
M="0D= oD 2
o dQO [(5’+1)r]20 (bY( 8))
_ 1 , —
= 5y (o4
- ok
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Hence
2 r?
OM~* =
(5’ + 1)2
_— = — ;=
Additionally, AM = OM — OA = 52504 so that

Both AOMB and AAMB are right triangles. So using the Pythagorean Theorem
twice leads to

o 40'(6' +2)r? s 20777
o (+1)2 7 8+
46'(26" + 3)r?
24 9p2 —
a” +2b CESIE

Hence (2.11) becomes

In turn,

—1
20+ 3’ﬁ
so that (2.9) holds. Note that 20’ +3 #0.
On the other hand, we have
— = 20'+3)== = 3 =
20K - 04 = 55204 - 04 = == 04,
Hence,
_3(0A-AK)  —3(0A-04)
(20K — OA)-AK  {[3/(26' + 3)JOA} - OA
_ —3r2
© 3r2/(20' +3)
= —(28' +3).
Hence (2.10) holds. U

Theorem 2.7. (Court Uniqueness Theorem) Let C be a circle with center O
and radius r. Let K # O be a point lying inside C. For each point A € C,
there is a unique triangle NABC inscribed in C having K as its symmedian point.
Additionally, if (C,K) denotes the locus of all such triangles, i.e. the (C,K)-locus,
then the map from C to (C,K) is 3-1.
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Proof. Let A € C. By Theorem 2.4 there is a triangle AABC' inscribed in C
having K as its symmedian point. However, this triangle is unique by Theorem 2.6.
Consequently, there is a well defined map

C — (C,K).

It is clear that the map is 3-1. O

3. THE CENTROID Locus THEOREM

Let C be a circle of radius r centered at O and let K # O be a fixed point inside
C. For each point A € C, let AABC be the unique triangle in the (C, K)-locus.
Let G be the centroid of AABC . The objective of this section is to prove that the
variable centroid G is an arc on a circle; see Theorem 3.1 just ahead. In preparation

for the proof, we first express G in terms of the moving frame {OA, OK}.

Assuming that A ¢ C(KO'), let D and M_b}e @ned as in the statement of
Theorem 2.4. Let d =0D, k=0OK, and u=0OA-OK . Let

A= (20K — OA) - AK = 2k — 3+ 12, (3.1)
x = A . (3.2)
A0 - AR

Note that, up to £+, z is the ratio ﬁ—g . Continuing, the harmonic ratio from Theorem
2.4 is given by

53
X

. 530.aR

" 20K _0A). AR (3:3)

_ 30 —p)

A

Hence z = . As the discussion to follow will show, the number x (3.2) is an

r2—p
efficient parameter that is geometrically natural.

—
Lemma 3.1. The scalar p = OA-OK is the rational function of x given by

r2(33 —-1)— 2k

— (3.4)

ILL:
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Proof.
A
r = m <~ 1’(7“2 — /_1,) =

= =12 — (2k% — 3u+1r?)

= (x —3)pu =12z — (r? + 2k?)

— Pz — (r? + 2k%)

N z—3 )
O

Lemma 3.2. The centroid is given by the vector equation

0C = aOA + BOK (3.5)
where

7,2

a=1+4+25(1-96), (3.6)

p=24 (3.7)
Proof. First of all,

30G = OA + OB + OC
— OA +20M.
Next,
20M = 270D

= 22(0A + AD)

= 22(0A + §AK)

_ gf[mw@%_(ﬁ)]

_ 275[(1—5)0_34%5?(}
Hence

300 — (1 pg 5))0_}1 220,
O

The point D in Theorem 2.4 can also be shown to lie outside the circle C using the
dot product. Though the calculation is somewhat tedious, equation (3.8) in Lemma
3.3 will be used Lemma 3.4, Theorem 3.1, and again in Lemma 4.3 in section §4.
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Lemma 3.3. Let C be a circle of radius r cer_Lt_cz;ed at O. Let K be a point with
OK < r and A be a point on C satisfying (20K — OA) - AK # 0. The point D
determined by

|
|

AD = ————=AK
(20K — OA) - AK
lies outside of the circle C. In particular, set k = OK, d = 0D, u=0OA- 0K,
and X\ = 2k> —3u+r?. Then

2 =72+ 3(r? — ki\);r? - M)Q' (3.8)
Proof. First of all,
(74-1?(:0—1)4~(O—I>(—O—1>4):u—r2
(20K — OA)- AK = (20K — OA) - (OK — OA) = 2% — 3 + r
Then
1B — 3(T2)\_ M OF — OA)
On the other hand, zﬁ = @ O—1>4 Hence

\OD = 3(r® — ))OK — 202 — k*)OA. (3.9)
Letting d = OD,
N = (1202 = 3K%)u? — 6r°(2r2 + k)
+ 2 (4rt + E2r? 4 4kY).
Next,
N (d? = 1?) = (1207 = 8k — 6r%(2r” + k2
+ 72 (4rt 4+ 2k + 4kY) — 2 (2K — 3+ 12)?
= (12r% = 3k%)* — 6r°(2r* + k*)p
+r2(6r% 0 + 12k — 9p?) + 3ri (r? — K?)
= 3(r — K — 6r°(r — K+ 3r'(r* — )
=3(r> — ) (u — )%

Since 0 < k <7, —r2 < —kr < 1 < kr < r? by the Cauchy-Schwarz inequality.
Hence 1 — 7 # 0 so that d> — r? > 0 by the above equation, that is, D lies outside
C. In addition, equation (3.8) holds. O

Lemma 3.4. The coefficients o (3.6) and B (3.7) are the rational functions of x
given by

B r2(z —1)% — k?
T r2(z2 4 3) — 3k?
2y

B= r2(z? + 3) — 3k2’



N.A. COURT’S CENTROID LOCUS PROBLEM 109

Proof. First of all, the squared distance d? is a rational function of . Indeed, by
(3.8) from Lemma 3.3,

3% — )2 — )’

d?=r?+

22
2 1.2)52 2
o, (k)8 o 3T —p)
=7r°+ 3 S 0= X
2 _ 1.2
:T2+3(7’ 2k3) (...5:3>
T T
r2z? +3(r? — k?)
= x2 .
Next,
d? + 2r%(1 - 6)
Bo=———m

2?4 3(r? — k) + 2r%2(z — 3)

N r2x? 4 3(r? — k2)

_ 3r?(z — 1)? — 3k?

Cor2(a243) - 3k2

Finally,
2126
="
6122

©r2(x2 4 3) — 3k2°

Theorem 3.1. (Centroid Locus) Let C be a circle of radius r centered at O and
K # O 2 be a fired point inside C. Let k = OK . For any point A € C, let
ANABC' be the unique triangle in the (C,K)-locus having A as a verter and K as
its symmedian point; see Theorem 2.7. As A waries along C, the locus of centroids
G lie on the circle Cy of radius Tk*/(4r* — k?) with center O, defined by the vector
equation

22

—

00, =

Proof. Let AiAs be the diameter of C containing the point K . The centroids G;
of the two triangles AA;B;C; in the (C,K)-locus lie on the diameter AjAs; see
Remark 2.6. The proof to follow shows that the midpoint of G; and Gs is the point
Oy defined by equation (3.10).

2If K = O, then the triangles in the (C,K)-locus are equilateral. Hence, the variable centroid
G degenerates to O .
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Using Lemma 3.2 and the point Oy defined by (3.10),
0,G = 0G — 00,

— 004 + BOK

Bz(ﬁ—yib>

_ —2r%(z — 3)(r¥(z — 1) + k)
(4r2 — k2)(r222 + 3(r2 — k2))

where

Next using the algebraic properties of the dot product
OgG2 =r2a® + 2aBu + K232 (3.11)
By Lemmas 3.1 and 3.4,

2 2 7“2(7“2(55 - 1)2 - k2)2

T T 2 32— )
5 B B 747“2(7"2(:13 — 1)2 — k‘Q)(TQ(.’E —-1)+ k‘2)(’r‘2($ —-1)— 2k:2)
W= (42 —k2) (222 + 3(12 — k2))? ’
K232 = drtk?(x — 3)2(r2(x — 1) + k?)?

(42 —12)2(r%22 + 3(r2 — k%)%

Hence equation (3.11) is equivalent to
(4r® — K*)*(rPa® 4 3(r* — £%))°0,G” =
r2(4r? — k)22 — dr?(4r? — K?)zg + 4rtkPas
where
ay = (r*(z — 1) — k),
o= (r*(x — 1) = k) (r*(z — 1) + k*)(r*(z — 1) — 2k?),
r3 = (x —3)2(r*(z — 1) + k).

Expanding the polynomials (patiently), we get

xy =izt — arta® 4+ 202 (3r2 — ka2 — 42 (r? — K2z + (r® — k)2,

zo = rO2t — rt(4r? + k?)2® + 202 (3rt 4+ r?k? — kY)2?

—r2(r? — B (4r® 4+ 5kD)x + (12 — B2 (r? 4 2k?),

x3 =izt — 2r2(4r? — k?)23 4+ (227t — 1472K2 + kY)2?
—6(r? — k*)(4r? — kK*)x + 9(r? — k?)2.
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Consequently,
(4r? — E*)2(r*2® + 3(r? — k%))20,G* =
r? [7“414:43:4 + 612k (r? — k?)2? + 9K (r? — K2)?
2

=2kt [rQ:BQ +3(r2 — k)|,

that is,

T2k4

2 _
OQG - (47,2 _ k2)2'

4. INVERSE CONSTRUCTION

In this section, the inverse problem is addressed, namely, given a point G from the
centroid circle C4, we provide a method for finding the triangle in the (C, K)-locus
having the point G as its centroid. The method depends on the roots of a cubic
polynomial determined by G. This polynomial is shown to have three real roots
with multiplicity counted; see (4.7) ahead.

From section §3, the centroid G of a triangle AABC' in the (C, K)-locus is given
by the vector equation

OG = aOA + BOK;

see Lemma_i.ll. Let 64 (resp, Og ) denote the angle between O_1>4 and O—I% (resp,
O? and OK ). Geometrically, the equation

OC - OK = aOA - OK + Bk (4.1)

explains how the angles 64 and g are related.

Conversely, let G € C,. Let g = OG. By (3.10)
0,C = 0G — 00, = 0G — 220K

4r2 —k2
so that
2 — 412
0,G* = g° — 4737"—1@20? OK + (41%’5—22)2
and hence
N 4 2 _ k‘2 2 2/{72
0c .ok = U 432 o (4.2)

Rewrite equation (4.1) as

m.(ﬁ(:éoﬁ.o—&_ékz (4.3)
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The inverse problem reduces to finding o and S so that the point A € C and also
the corresponding triangle in the (C, K)-locus has centroid G. Using Lemma 3.4,
rewrite (4.3) as

— — %224 3) —31{:2? 2r2 k2
A-OK = OK — .
04-0 r2(x —1)2 — 0 r2(x —1)% — k2

Using p = OA - 04.?(, (4.3) is equivalent to
_|_

(12(22 + 3) — 3k2)(0C - OK) — (r2(z — 1) — K — 2r%k%0 = 0. (4.4)

By Lemmas 3.1 and 3.4, as well as (4.2), equation (4.4) is
r2(x? 4+ 3) — 3k2] [ (4r% — k2)g? + r2k? B r?(x —1) — 2k?
r2(x —1)% — k2 4r2 x—3
2r2k2x
r2(z—1)2 — k2

(4.5)
= 0.

Since x # 3, multiply the above equation by 472(r?(z — 1)? — k?)(x — 3) to get the
equivalent cubic equation

0= [(4r% — k) g* + r2E?|[r*(«® + 3) — 3k?|(x — 3)
— 42z — 1)% = BY[r(z — 1) — 2k? (4.6)
— 8rtk2z(x — 3).
Next,
[r(x? +3) — 3k*)(x — 3) = r?(z — 1)® = 3k*(z — 1) — 2(r® — 3k?),

[z —1)% = KY[r?(z — 1) — 2k%] = rY(z — 1)® — 2r2k% (2 — 1)?
— 2k (x — 1) + 2k%,

—8r' K2z (x — 3) = =8k (x — 1)% + 8rtk?(z — 1) + 16r1%2.

Using this information, rewrite (4.6) as
—r2(4r? — EH)(r* — ¢*)(x — 1) + 3K*(4r® — kA (r* — g*)(z — 1)
—2(4r% — K*)[(4r? — 3K%) g% — r2k?) =
Letting X = 2 —1 and dividing by —r?(4r? —k?)(r?2 — g?) , we get the cubic equation
X*+pX+q=0 (4.7)
where

3k _2[(4r? = 3k%)g? — r2k?]
P=="3 4= r2(r2 — g2) :

(4.8)
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Lemma 4.1. Let G1G2 be the diameter of the centroid circle C4 lying between O
and K . Given G € Cy4 such that G # G;,1 = 1,2, the corresponding cubic equation
(4.7) has three distinct real roots.

Proof. First of all, the diameter G1Go of the centroid circle is determined by the

vector equations
— — — —
0G: = 577 0K, 0G3 = 5, O0K;
see Remark 2.6 in section §2.2. Next, given any G € Cy, G # G;

OG = 3255 < g=0G < 3% = 0G,.

Hence
g(2r—k) <rk < g(2r+k). (4.9)
Next, by routine algebra
Pt (K[t k)2 — PR — (2 — k)]
1 :

27 + T6(r2 _ g2)2

By (4.9), both (2r+k)2¢g2—r2k? and r2k®—(2r—k)2g? are positive. Hence %—F% <0
so that the discriminant of the cubic, namely, A = —(4p® + 27¢?) > 0. This means
that (4.7) has three distinct real roots. See Chapter 14, §2 of [1]. O

Lemma 4.2. Let X be a real solution to (4.7). Set x = X +1. Since z—1 isa
solution of (4.7),

2? =322~ (p+3)x+(p—q+1)

342 _ 3(r21;k2)x n (r2;§(2r)2(i29;§)g2) (4.10)
and
#t=(6-p)a®— (2p+q+8)e+3(p—q+1)
— 3(27’j2+k2)x2 _ 8(7,7"22_—9132)3; " 3(r2;lzi%(_7~;2_>992). (4.11)
Using (4.10) and (4.11),
(2% + 3) — 3Kz — 3) = -G (4.12)
and
[r?(x = 1)? = k) = r?k?2? — %ﬁ;?—kz)x
(4.13)

2_ 1.2 2 2.2\,2_,.27.2
s S )

Proof. Equations (4.10) and (4.11) follows immediately from the assumption that
x — 1 is a solution of the cubic equation (4.7). In turn, equations (4.12) and (4.13)
follow routinely. However, they are used in an essential way in the proof of Lemma
4.3 just ahead. ([l
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Lemma 4.3. Let X be a solution to (4.7). Set x = X + 1. Define o and [ by

Lemma 8.4. In turn, define A by the vector equation OA = é(ﬁ— gO—I)(, see (4.3).

Then A€ C and

r?(x —1) — 2k>
r—3

i.e. equation (3.4) in Lemma 3.1 holds. Consequently, the given point G is the

centroid of the unique triangle in the (C, K)-locus having the point A as a vertez.

ﬁ'ﬁ:

= 1,

Proof. First of all, from 0—1)4 = l(ﬁ — ﬁ
04% = g; - 270? OK +
Using Lemma 3.4, this equation is equlvalent to
[r2(z — 1)% = K*P0A? = [r? (2% + 3) — 3K%]?¢?
42222 + 3) - 3k20C - OK  (4.14)
+ 4rtk2a?.

52 ]{72

Using (4.2), the right side of equation (4.14) is the quartic polynomial
Q(z) = rig’a’
—2[(4r? — k) g% + r2kH a2 4 (61262 (r® — k%) 4 417 k?]2?
—3(r2 — E))[(4r® — k) g® + r? kY
+9¢%(r? — k)2
Next use Lemma 4.2 to rewrite the above quartic as
Ox) = rig2et — r2[(4r? — kg% + r2k2a® + [6r262 (12 — k2) + 4rtk2]a?
—3(r* — EH[(4r? — k) g® 4+ 2K}z 4+ 9% (r* — k*)?
- EOC R, (P ]
=r?[r¥(z — 1)? — k?] by (4.13).
Hence (4.14) becomes
[r(z —1)% — K}JOA? = [r*(z — 1)* — k%)r?
that is, OA? =12 so that A€ C.

_7"7’

To argue the equation

— — 2z — 222

OA-OK = —— 4.15
x—3 ’ (4.15)
proceed as follows:
04 OF — 103 OF _ 532
2(,.2 _ 912 27.2
:r(x +3) — 3k o¢ . OR 2r4k
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Hence (4.15) holds iff
(- 1)% — K[ (x — 1) — 2k = OC - OK[r2(2? + 3) — 3k2)(x — 3)
— 2rk%x(x — 3)
= [ | 2 4 5) - 3k - 9
— 2r% K%z (x — 3).
Clearing the denominator, (4.15) holds iff
4r2r?(x — 1)? — E*[r}(z — 1) — 2k?] =
[(4r% — k%) g? + r?k?)[r? (2% + 3) — 3k*](z — 3) (4.16)
— 8 k% (z — 3).

Using equation (4.13) from Lemma 4.2,
Ar?[r?(x — 1)? — K2|[r?(z — 1) — 2k?] = 4r%| — 2r°k22? 4 6r°k>z

2(r2—k2)[(4r2—k?)g>+r2k?]
- Z_g2 .

Using equation (4.12) from Lemma 4.2,

(472 — K2 + PR + 3) — 32— 3) = o k2)£(24i29§ )g* + %]

Hence the right side of (4.16) is

4r? | — 2r2k2a? 4 6r2k%e — AN

Therefore (4.15) holds.

Finally, having shown that p = O—z>4 . 07( = P12

z—3 ’
5:3(T2—M):§ and d2:r2(:c2—|—3)—3k2.
A T x2
Hence
d? + 2r2(1 — 6) _ 3(r¢(z — 1) - k?) s

d? r2(x? + 3) — 3k? ’
Likewise,

212§ 612z

P T e SRk

Consequently, by Lemma 3.2 the given point G is the centroid of the unique triangle
in the (C, K)-locus having the point A as a vertex. 0
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Remark 4.1. Finding the roots of (4.7) and in turn illustrating Lemma 4.3 are done
using basic complex variables and the fact that 4p3 4+ 27¢%> < 0. Let

=T +1y
= |z|(cos 0 + isin0)

where |z| = 5%/—% since p < 0. Let 6 be the principal polar angle of z. Then

3
0= cos” o) = cos” (3,/3).

On the other hand, the number
3¢ | 3 _ r[r2k? — g2 (4r? — 3k?)]
2pV p k3 (r? — g°)
Finally, in symbolic form the roots of (4.7) are

z—1=z+ &z =22["3cos(8/3)
= %008(9/3)
T

where /z is understood to mean an arbitrary cube root of z. Consequently, using
r=1+ % cos(0/3), «, B, and
OC —

OA = Ok

Q™

1
«

are determined.
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