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HARMONIC NATURAL LIFTS OF METRICS
ON TANGENT BUNDLES

Serge Degla and Leonard Todjihounde

Abstract. Let (M, g) be a Riemannian manifold, g° and ¢g" be respectively the
corresponding Sasaki metric and the horizontal lift on the tangent bundle TM. In
this paper we study the harmonicity of g-natural metrics with respect to ¢° and then
with respect to g". We compute the tension fields in terms of the Ricci curvature
and we describe the harmonicity conditions accordind to whether the basis metric g
is Einstein or not. In the case of a Ricci flat manifold (M, g) we obtain that the hor-
izontal lift ¢" is an harmonic metric w.r.t. the Sasaki metric ¢°, and conversely that
¢° is harmonic w.r.t. ¢" on TM. Futhermore for a connected non-Einstein manifold
(M, g), we prove that there exists no nontrivial Riemannian g-natural metric on T'M
that is harmonic w.r.t the horizontal lift ¢".

1. INTRODUCTION

In [1] the authors introduced g-natural metrics on the tangent bundle TM of a
Riemannian manifold (M, g) as metrics on T'M which come from g through first
order natural operators defined between the natural bundle of Riemannian metrics
on M and the natural bundle of (0,2)-tensors fields on the tangent bundles. Clas-
sical well-known metrics like Sasaki metric (cf. [13] , [8]), horizontal lift (cf. [4])
or Cheeger-Gromoll metrics (cf. [5] , [12]) are examples of natural metrics on the
tangent bundle. By associating the notion of F-tensors fields they got a charac-
terization of g-natural metrics on T'M in terms of the basis metric ¢ and of some
functions defined on the set of positive real numbers, and obtained necessary and
sufficient conditions for g-natural metrics to be either nondegenerate or Riemannian
(see [11] for more details on natural operators and F-tensors fields).
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Harmonic metrics arised from an interesting application of harmonic maps and
have been introduced by the authors in [6]. Let ¢ : (M, g) — (N, h) be im-
mersion between two Riemannian manifolds (M,g) and (N,h). If ¢ is an har-
monic map, then ¢*h is a Riemannian metric on M such that the identity map
Idy : (M, g) — (M, ¢*h) is an harmonic map [9]. Thus, for a given Riemannian
manifold (M, g), it became natural and interesting to seek for pseudo-Riemannian
metrics ¢ on M for which the identity Idy, : (M, g) — (M, ¢) is an harmonic
map. Such metrics are said to be harmonic w.r.t.the given metric g. The authors
in [6], who introduced formally the notion, obtained an intrinsic characterization of
harmonic metrics and used it to extend the definition of harmonicity to symmetric
(0,2))-tensors.

In this paper we consider the Tangent bundle 7'M of a Riemannian manifold (M, g)
and we study the harmonicity of nondegenerate g-natural metrics firstly w.r.t. the
Sasaki metric ¢°, and then w.r.t. ¢", the horizontal lift of g.

In the next section we give some basics and known results on g-natural metrics, and
then on harmonic metrics. In Section 3, we study harmonicity on T'M of nondegen-
erate g-natural metrics with respect to the Sasaki metric ¢°, and the Section 4 is
devoted to the harmonicity on T'M of nondegenerate g-natural metrics with respect
to horizontal lift g" of ¢.

2. PRELIMINARIES

2.1. g-natural metrics on tangent bundles. Let (M, g) be a Riemannian man-
ifold and V the Levi-Civita connection of g. The tangent space of TM at a point
(x,u) € TM splits into the horizontal and vertical subspaces with respect to V :

T(I’U)TM = H(LU)M D VY(LU)M .

A system of local coordinates (U; z;, i = 1,--+ ,m) in M induces on TM a system
of local coordinates (7= *(U); xs,u’, i =1,-+- ,m).

Let X =", Xia%i be the local expression in U of a vector field X on M. Then,
the horizontal lift X" and the vertical lift X of X are given, with respect to the
induced coordinates, by :

0

hoo_ i i vk
(1) X" = % Xaxi_;jkrjkqu o and
. 0
2 XY = X'—
( ) out’

where the F;k are the Christoffel’s symbols defined by g.

Next, we introduce some notations which will be used to describe vectors obtained
from lifted vectors by basic operations on T'M.

Let T be a tensor field of type (1,s) on M. If X;,Xs,---, X, 1 € T, M, then
R{T(X1, - ,u, -+, Xs1)} and o{T(X3,- - ,u, -+, Xs_1)}) are horizontal and ver-
tical vectors repectively at the point (z,u) which are defined by:

o h
MT(Xy, -y X))} =) ud (T(Xl,--- ¥ P ,Xs_l))
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a v
U{T(Xl,"' Uy - - ,Xs,l)}:Zu)‘ (T(Xl,--- ,a—x)\l PI aXsl)) .

In particular, if 7" is the identity tensor of type (1,1), then we obtain the geodesic

h
flow vector field at (@, u), £y = Yo, u ( o )( ) and the canonical vertical vector

Oz
at (IE, u)7 u(x,u) = ZA u? <%)(x u).

Also h{T(Xy, -+ ,u,-- ,u,-+ , Xs—¢)} and v{T(Xq, -~ ,u, -,
defined by similar way.
Let us introduce the notations

-, Xs1)} are

s

(3) M{T(Xy, -, X))} = T(Xy, -, X,)"
and
(4) o{T(Xy, -, X))} = T(Xy, -, X,)".

Thus h{X} = X" and v{X} = X", for each vector field X on M.
From the preceding quantities, one can define vector fields on TU in the following

way: If u=73",u (%) is a given point in 7U and Xy, --- , X;_; are vector fields
on U, then we denote by

MT( Xy, - yu,---, Xso1)} (vespectively  of{T(Xq, -+ ,u, -+, Xso1)})
the horizontal (respectively vertical) vector field on TU defined by

0
_ A h
h{T<X17 y Uy v e 7Xs—1>} —Zu T(Xla 78_1')\7”. 7Xs—1)
A
0
(resp. U{T(Xh”' y Uy = ’Xs—l)} = XA:UAT(Xh'“ ’5_$,\"” 7XS—1)v)‘
Moreover, for vector fields Xy, -+, X, on U, where s, t € N* (s > t), the

vector fields h{T(Xq, -+ ,u,--- ,u, -+, Xs)} and

o{T(Xy, - ,u,-+ ,u,--+ , Xs4)} on TU, are defined by similar way.

Now, for (r,s) € N?, we denote by mp; : TM — M the natural projection and F
the natural bundle defined by

(5) FM = 75(I"®---9T'0T® - T)M — M,

-~ -~

r times s times
Ff(X.;,S:) = TfX,T"® - T"T®---T)f.S;)

forx ¢ M, X, e T,M, S €¢ (I"®---@T*®T ®---®T)M and any local
diffeomorphism f of M.
We call the sections of the canonical projection M — M F-tensor fields of type
(r,s). So, if we denote the product of fibered manifolds by @, then the F-tensor
fields are mappings
A: TMTM@---&TM — wIG_IM ®" T, M which are linear in the last

S ti?nes
s summands and such that my 0 A = 7, where m and my are respectively the
natural projections of the source and target fiber bundles of A. For r = 0 and
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s = 2, we obtain the classical notion of F-metrics. So, F-metrics are mappings
TM & TM & TM — R which are linear in the second and the third arguments.
Moreover let us fix (z,u) € TM and a system of normal coordinates
S:=U;x,i=1,---,m) of (M,g) centred at . Then we can define on U the

vector field U := ), uiﬁ, where (u!, .-+, u™) are the coordinates of u € T, M with
respect to its basis (%lx; i=1,--,m).

Let P be an F-tensor field of type (r,s) on M. Then on U, we can define an
(1, s)-tensor field PY (or P, if there is no risk of confusion) associated to u and S by

(6) Pu(Xb JXS) = P(U27X17 7Xs>7

for all (Xy,---,Xs) € T.M, Vz€U.
On the other hand, if we fix x € M and s vectors X, -, X, in T, M, then we can
define a C*°-mapping P(x, ... x,) : ToM — ® T, M, associated to (Xi,---,X;) by

(7) P(le"'va)<u> = P<u7 Xl? e 7Xs) 9

for all w € T,,M.
Let s > t be two non-negative integers, T' be a (1, s)-tensor field on M and PT be
an F-tensor field of type (1,t) of the form

(8) PT(U;X17"' 7Xt):T(X17"' g Uy ey Uy s 7Xt>;

for all (u; Xy, -+ ,Xy) € TM @ ---®TM, i.e., u appears s — t times at positions
i1, ,1s—¢ in the expression of 1. Then

- PTis a (1,t)-tensor field on a neighborhood U of x in M,
for all w € T, M ;

- P&l,---,Xt) is a C*°-mapping T, M — T, M, for all Xy, ---,X; in T, M.

We have the following definition :

Definition 2.1. Let (M, g) be a Riemannian manifold. A g-natural metric on the
tangent bundle of M is a metric on T M which is the image of g by a first order
natural operator defined from the natural bundle of Riemannian metrics S2T* on
M into the natural bundle of (0, 2)-tensor fields (S*T*)T on the tangent bundles (cf.

1y, 2.

Tangent bundles equipped with g-natural metrics are called g-natural tangent bun-
dles.

The following result gives the classical expression of g-natural metrics:

Proposition 2.2. [1] Let (M, g) be a Riemannian manifold and G a g-natural metric
on TM. There exists siz smooth functions oy, 3; : Rt — R, i = 1,2,3, such that
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for any x € M and all vectors u, X, Y € T, M, we have

([ Glowy (X" VM) = (01 +03)(t)g(X,Y)
+(61 + 63)(t)g:v(X7 u)g;t (Y7 u),

G (au) Xh,Y”) = (t)g.(X,Y) + Bao(t)g.(X, u)g. (Y, u),

G (XYM = as(t)g.(X,Y) + Ba(t)g.(X, u)go (Y, w),

G(Ivu) (XU7 Yv) = (t)gz(Xa Y) + 61 (t)g:v(X7 u)gx(Y, u),

where t = g,(u,u), X" and XV are respectively the horizontal lift and the vertical
lift of the vector X € T,M at the point (x,u) € TM.

Notations 2.3.
o 0i(t) = ai(t) +t6i(t), i = 1,2,3,
o a(t) = ar(t)(an + az)(t) — a3(t),
o O(t) = d1(t)(d1 + ¢3)(t) — P3(1),
for allt € RT.

\

For a g-natural metric to be nondegenerate or Riemannian, there are some conditions
to be satisfied by the functions «; and S; of Proposition 2.1. It holds:

Proposition 2.4. [1] A g-natural metric G on the tangent bundle of a
Riemannian manifold (M, g) is :
(i) nondegenerate if and only if the functions «;, B;, 1 = 1,2,3 defining G are
such that

(9) a(t)p(t) # 0
for allt € RT.
(ii) Riemannian if and only if the functions oy, B;, i = 1,2,3 defining G, satisfy
the inequalities
(1()) al(t) > 07 ¢1(t) > 07
o(t) >0, 6(t) > 0,

for allt € RT.
For dim M = 1, this system reduces to ay(t) > 0 and a(t) > 0, for all
t e RT.

Before giving the formulas relating both Levi-Civita connexions V of (M, g) and V
of (T'M,G) let us introduce the following notations:

Notations 2.5. For a Riemannian manifold (M, g), we set :

Tl(u;Xx, Y,) = R(X,,u)Y,, T2(u; X, Yy) = R(Ye, u) X, ,

ay T XY = g R )Y, T XY = g(X )Y
T5(u; Xp, Yy) = 9(YVa, u) X, T%(u; X, Yy) = 9(Xs, Yo )u,
T (u; X, Ye) = 9(Xa, u)g (Yx,u)

where (z,u) € TM, X,,Y, € T,M and R is the Riemannian curvature of g.
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Let G be a g-natural metric on T'M defined by the functions «y, 8; of Proposition
2.2. It holds:

Proposition 2.6. [7] Let (z,u) € TM and X,Y € X(M), we have

(12) (VxrY™) o = (VxY)( + h{AMw X0, Vo)) + 0 B(u; X, Vo),
(13) (VxrY )(W) = (VxY)(pu + M{C(w; Xo, Y2)} +0{D(u; X, Y2) },
(14) (VoY) = MO Ye, Xo)} +0{D(w; Yz, Xo)},
(15) (Vao¥") 0 = ME(wXe, Ya)}b + o{F(u; X, Ya) ),

where P(u; X,,Y,) = 23:1 fE(uPTH(u; Xy, Y,) , for P = A, B,C,D,E,F, and
the functions ff defined in terms of oy, B;) (see [7] for their exact expressions).

2.2. Harmonic maps, harmonic metrics.

Definition 2.7. Let o : (M, g) — (N, h) be a C? map between two Riemannian
manifolds (M, g) and (N, h) with compact support. The enerqy density of ¢, denoted
by e(yp) is defined by:
d 2
e(e) = | g' :
where |dy| is the Hilbert-Schmidt norm of d¢ induced by the metrics g and h on
T*(M) ® ¢ TN that is defined by:

|do|* = try(¢*h).

In local coordinates, e(p) = %jhagaicpaaj@ﬂ . The Dirichlet energy of ¢, over M is
defined by

E(p) = /M e(yp)dvy,

where dv, is the volume measure induced by g.

The map ¢ is said to be harmonic, if it is a critical point of the energy functionnal
E.

In the case where the map ¢ has a noncompact support, the map ¢ is said to be
harmonic if its restriction to any compact subset of M is harmonic.

The Euler-Lagrange equations with respect to the energy functional E obtained
by the first variation formula give rise to the following characterization: the map
¢ : (M, g) — (N, h) is harmonic if and only if its tension field 7(¢) vanishes
identically, where 7(¢) is the contraction w.r.t. g of the second fundamental form
V¢ 'TNdp of o defined by

Ve dp(X,Y) = (V5 V) (Y)
Vo dp(Y) —de(VXY), ¥X,Y € D(TM),
whith VM and V¥ the Levi-Civita connections on (M, g) and (N, h) respectively.

In local coordinates (z°)™; at x € M and (u®)"_, at f(x) € N, the Euler-Lagrange
equations are given by the system:

_ OfYOf8
Ao+ gl 29

i 0 foralla=1,...,n,
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where A, is the Laplace-operator on (M, g) and f% the Christoffel symbols of (N, h).
Refer to [9] for more basic informations on harmonic maps.
Let (M, g) be an m-dimensional Riemannian manifold. It is easy to check that the
identity map Id : (M,g) — (M, g) is harmonic. However if we consider another
metric A on M, then the identity map Id : (M,g) — (M, h) is not any more
automatically harmonic. A metric h on M is said to be harmonic w.r.t. g if the
identity map Id : (M, g) — (M, h) is harmonic [6].
In a local coordinate system (z*)™, on M, the metric h is harmonic w.r.t. g if and
only if:

q" (Ff] —f‘f;) =0,k=1,....m,

where Ffj and f’fj are the Christoffel symbols w.r.t. g and h respectively.
Equivalently the metric h is harmonic w.r.t. ¢ if and only if

d(tryh) +20h =0,

where d and § are the differential and the codifferential operators defined on (M, g)
respectively. From this characterization a symmetric (0,2)-tensor 7" on (M, g) is
said to be harmonic with respect to g if it satisfies the equation

d(tryT) + 26T =0 .

Some interesting results have been obtained on harmonic symmetric (0, 2)-tensors
by the authors in [6] and also in [14].

3. HARMONICITY OF g-NATURAL METRICS W.R.T. ¢°.

Let (M, g) be Riemannian manifold. The nondegenerate g-natural metric G is har-
monic with respect to Sasaki metric ¢° on the tangent T'M induced by g if the
identity map Id : (TM, ¢°) — (T'M, G) is an harmonic map.

By direct computation we have the following result:

Proposition 3.1. Let (M, g) be an n-dimensional Riemannian manifold, G a non-
degenerate g-natural metric on T'M and g° the Sasaki metric induced by g on T'M.
The tension field T(Id) of the identity map Id : (TM, ¢°) — (TM, G) is given at
a point (x,u) € TM by:

(16) T([d)(%u) = T&yu) -+ 7'&7“) € T(m’u)TM,

where the horizontal part T& ) and the vertical part T o) of T(Id)@u) are given by:

(17) Tow = [+ f3) Ric(w) — f5g(Ric(u), u)ulf, .
H e+ g(uu) £
+(fF + [+ nff + glu,w) f7)]uf,
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and
(18) Thw = [F(fF+ [2)Ric(w) = £ g(Ric(w), w)ulf,.

[+ 2+ nf + glu,u) fP)
+(ff + S+ nfd + glu,w) [l .,

with the functions fF,i=1,--- .7, P = A, B, E, F defined by Proposition 2.6 and
Ric(u) = =g R(u, 9;)9; in local coordinates, where R is the Riemannian curvature
of (M, g).

Thus the identity map Id : (TM, ¢°) — (T'M, G) is harmonic if and only if:

=0 and 7 =0.

Remark 3.2. We can observe that:

(1) Rie(X) = —g“R(X,0;)0; in local coordinates such that the ricci curvature
Tic is the (0,2) —tensor with r;.(X,Y) = ¢Yg(R(X, 8;)Y,0;) = g(Ri(X),Y),
Vee M and VX,Y € T, M.

(2) the horizontal part and the vertical part of the tension field T(Id) are inde-
pendent of the functions fE, f£, fE£, f£, ff and ff.

(3) the horizontal part ™" and the wvertical part TV of the tension field T(Id)
depend on the Ricci curvature ri.; which suggests the idea to deal with the
harmonicity equations according to whether r;. is proportional to the metric
g or not.

In the case of non-Einstein manifolds we have:

Theorem 3.3. Let (M, g) be a connected non-FEinstein Riemannian manifold, G a
nondegenerate g-natural metric on T M defined by the functions «;, B; 1 =1,2,3; in
Proposition 2.2.
The g-natural metric G is harmonic with respect to the Sasaki metric g° induced by
g on T'M if and only if

Qo = O,

(fr+ B nfd +tfD) + ([P + [F+nff +1fF) =0, VteR,,

&+ S +nfd +Lf7) + ([T + f5 +nfd +1f7) = 0;
where the functions fF,i=4,--- 7, P=A B, E,F are evaluated at t.

Proof :

Suppose that G is harmonic with respect to the Sasaki metric ¢° induced by g. Since
(M, g) is a connected non-Einstein manifold and R;. is diagonalizable, there exits
x € M such that R;. has two different real eigenvalues (A; and Ay) on T, M. Let e;
and ey be eigenvectors w.r.t A; and A, respectively.

Then R;.(e; + e2) = Aje; + Agey is not parallel to eg + es.

. o2(g(er+ez, e1+e
So V(e +e9) = 0 gives —(fE+ fP)(gle1 + ez, e1+e€2)) = — ;(;g((ell:e; elfe;)))) =0 and

(fEHf2AnfE+tf7) (glertes, exten))+(f+fE+nfd+tff)(glei+es, ertes)) = 0.
Futhermore VI € R, 7°(VI(ey + ea), Vi(er + es)) = 0,
then as(lg(er +e2, e1+€2)) =0Vl € R%, so ay = 0.
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By the similar way, (f7(t) + f57(t) + nfg’ (t) + ££7(£)) + (f (1) + f5 () + nf5 (1) +
tfE()t) =0Vt e Ry.
Elsewhere, 7" = 0 gives (fi' + f& +nfd +tfA) + (fE+ fE +nfE+tfF) =0, since
from ay = 0 we have (f{* + f3') =0 and f;! = 0.

Qo = 0,
Conversely, if § (fi' + f5' +nfs' +tf2) + (fT + [ +nff +1f7) =0, ¥t € Ry,

F S5+ nfd H 7)) + (T + f5 +nfd +tf) = 0;
holds then 7" = 0 and 7% = 0. This completes the proof.

O

In the following we characterize harmonic g-natural metrics with respect to Sasaki
metric g° when (M, g) is an Einstein manifold.

Theorem 3.4. Let (M, g) be an Einstein manifold, and G a nondegenerate g-
natural metric on T M.

The nondegenerate g-natural metric G is harmonic with respect to the Sasaki metric
g° induced by g if and only if

—A[(fi' + D) + () (O] + (f2 + f2 + nfih) (0)+
tfA(E) + (fF + 17 +nfd) (@) + 7 (1) =0,

—A[(f + [2)(0) + () O] + (fF + f57 + nfd)(6)+
tf7 () + (f1 + f5 +nfd) (@) + f7 () = 0;
vVt € R, where A is the constant of the Ricci curvature; i.e.:
Ric(u) = Au, Yu € TM, and n = dim M.

Proof:
Since (M, g) is an Einstein manifold with the real A such that R;.(u) = Au,
Yu € T'M, we obtain

au) = =AU+ O YO+ [+ 2+ nfd)) +
L) + (fFF + 2+ nfE)) + tfF (),

m(w,u) = A7+ D))+ () Ou+ [(FF+ 2 +nfd)(t) +
tIP () + (7 + f8 +nfd)E) + tfF ()]u;

Yu € TM, with t = g(u, u).
This completes the proof. O

In particular for Ricci flat manifolds, we get:

Corollary 3.5. Let (M, g) be a Ricci flat manifold. Then the horizontal lift g" of
g is an harmonic metric with respect to Sasaki metric g° on T M.

Proof:
For the horizontal lift of g, we have aps = 1, a1 = a3 =0, 1 = [ = (3 = 0 then
(fi' + fot + nfH (@) + 710 + (fF + f7 + nfd)(#) + 7 (t)) = 0 and
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(FB+fB4nfBY)+tf2()+(fF+fF+nfE)t)+tfF(t) =0Vt € R,. Futhermore
A=0.
This completes the proof.
O

4. HARMONICITY OF ¢-NATURAL METRICS W.R.T. ¢".

Let (M, g) be Riemannian manifold. The nondegenerate g-natural metric G is har-
monic with respect to the horizontal lift ¢" of ¢ on the tangent T'M if the identity
map Id : (TM, g") — (TM, G) is an harmonic map.

By direct computation we have the following result:

Proposition 4.1. Let (M,g) be an n-dimensional Riemannian manifold, G be a
nondegenerate g-natural metric on TM and g" be the horizontal lift of g on TM.
The tension field 7(Id) of the identity map Id : (TM, g") — (TM, G) is given at
a point (z,u) € TM by :

(19) FUd) @) = Toy + Ty € Lo TM,
where the horizontal part 7‘{;#) and the vertical part %g’LU) of T(I1d) qu) are given by:
(20) Tl = (2205 Rie(u) = 2f5 g(Ric(u), u)u
(S + f5 e+ glu ) f7)ul, )
and
(21) %g)x,u) = [_QfQDRz’c<u) - 2f3Dg(Ric(u),u)u

H2(f7 + 15 s+ g(u,w) f7)ul, ),
with ff',i=2,---,7; P = C, D defined by Proposition 2.6 and R;.(v) = —g“ R(u, 0;)0;
in local coordinates where R is the Riemannian curvature of (M, g).
Thus the identity map Id : (TM, g") — (T'M, G) is harmonic if and only if:
h=0 and 7' =

Remark 4.2. We can also observe that:

(1) the horizontal part and the vertical part of the tension field 7(Id) are inde-
pendent of the functions fC and fP.

(2) the horizontal part ¥ and the vertical part 7° of the tension field 7(Id)
depend on the Ricci curvature r;.; which suggests the idea to deal with the
harmonicity equations according to whether r;. is proportional to the metric
g or not.

In the case of non-Einstein manifolds we have:

Theorem 4.3. Let (M, g) be a connected non-FEinstein Riemannian manifold, G a
nondegenerate g-natural metric on T M defined by the functions «;, B; 1 = 1,2,3; in
Proposition 2.2.
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The g-natural metric G is harmonic with respect to the horizontal lift g" of g on
TM if and only if

a1 = O,

fE+ S 4 nfs +tff =0, VteRy,

O+ +nfe +tfP =0
where the functions fF,i=4,--- .7, P=C,D are evaluated at t.

Proof :
Suppose that G is harmonic with respect to the horizontal lift ¢". As in the proof
of the Theorem 3.3, there exists * € M and wy € T, M such that R;.(up) and
2
u, are not parallel. So 7, (u,) = 0 gives —fS (g(ug, up)) = % = 0 and
(ff + f5 +nfs +tfF)(9(uo, uo)) =0.
Then a; = 0 and (fE + f& +nfE +tfE)(t) =0, Vt € R,.

Elsewhere, 7¥ = 0 gives fP + fP + nfP + tfP = 0, since from o; = 0 we have
fP=0and fP =0.
] = O,

Conversely, if ¢ fC+ f€ +nfl +tfF =0, VteR,,
P+ £ A nfg 7 =0;
holds then 7* = 0 and 7¥ = 0. This completes the proof.
O

In particular for Riemannian g-natural metrics, we get :

Corollary 4.4. Let (M, g) be a connected non-FEinstein Riemannian manifold. Then
any Riemannian g-natural metric is not harmonic with respect to the horizontal lift

g" of g on TM.

Proof:
If a Riemannian g-natural metric is harmonic with respect to the horizontal lift ¢”
when (M, g) is a connected non-Einstein manifold, then by the Theorem 4.3 a; = 0.
This is absurd by Proposition 2.4.
OJ
Futhermore, we establish the following result to characterize harmonic g-natural
metrics with respect to the horizontal lift ¢" when (M, g) is an Einstein manifold.

Theorem 4.5. Let (M, g) be an Einstein manifold, and G a nondegenerate g-
natural metric on T'M.
The nondegenerate g-natural metric G is harmonic with respect to the horizontal

lift ¢" of g if and only if
—ALfS () +tfS O] + (fF + f§ +nfS)(t) + LfF(t) =0,

—A[f @)+t O] + (7 + 17+ nf) () + 17 () = 0;
vVt € Ry, where A is the constant of the Ricci curvature; i.e.:

Ri.(u) =Au, Yu e TM, and n = dim M.

Proof:
Since (M, g) is an Einstein manifold with the real A such that R;.(u) = Au,
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Yu € T'M, we obtain
T(u) = —AUfS () +tf5 Olu+ [(ff + 5 +nf§)() + tf7 ()],

7(u) = —A[fP @) + tfL O+ [(f7 + £ +nfd)(E) + 1P (0)]w;
Yu € TM with t = g(u,u).
This completes the proof. 0

In particular for Ricci flat manifolds, we get:

Corollary 4.6. Let (M, g) be a Ricci flat manifold. Then the Sasaki metric g°
induced by g is an harmonic metric with respect to the horizontal lift ¢" of g on

TM.

Proof.
For the Sasaki metric induced by g, we have oy = 1, apo = a3 =0, 1 =B =3 =0
then (f€ 4 f€ +nfC)(t) +tfC(t) = 0 and
(fP+ fP+nfP)t) +tfP(t) =0V t € R,. Futhermore A = 0.
This completes the proof.
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