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A GENERALIZATION OF FEUERBACH’S THEOREM

TRAN QUANG HUNG AND NGUYEN THI THUY DUONG

ABSTRACT. Given a triangle with the nine-point circle €2, we construct
a radical circle from the pedal triangle of an arbitrary point which is
tangent to 2. Feuerbach’s theorem is a particular case where the pedal
triangle is an intouch triangle.

1. INTRODUCTION

In 1822, the 22 year-old German mathematician Feuerbach published a
theorem on the nine-point circle which can be stated as follows

Theorem 1 (Feuerbach, 1822). The nine-point circle of a nonequilateral
triangle is tangent to both its incircle and its three excircles.

The theorem appeared in a small book Feuerbach wrote after receiving a
doctorate, and immediately became the highlight of this book. It is also one
of the most significant legacies of the short-lived geometer before he passed
at age 34.

The fisrt author of this note has given an extension of Feuerbach’s Theo-
rem on the right triangles; see [7].

In this paper the authors shall develop a direct generalisation of Theorem
1 based on the following theorem regarding Thebault’s orthogonal circles in

[2].

Theorem 2 (Thébault’s general theorem [4]). If the distances O203, O30,
010 between the centers of three circles (0O1), (O2), (O3), having radii Ry,
Ro, Rs, satisfy a relation of the form

(1) |O203| - R1 £ ]0301] - Ry £|0102| - R3 =0,

then the circumcircle (O) of triangle 010203 is tangent to the radical circle
(O") of the circles (O1), (O2), (O3), and the radical center O’ is at the center
of one of the tritangent circles of the triangle determined by the radical azxes
of circle (O) in association with each of the circles (O1), (O2), (O3).

This theorem was also proven in details in [4]. We now proceed to gener-
alize Theorem 1.
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Theorem 3 (Generalization of Feuerbach’s theorem). Let ABC be a tri-
angle with Ay, B, and C1 are midpoints of the sides BC, CA, and AB,
respectively. Let AgBoCy be the pedal triangle of an arbitrary point P. Then
the radical circle w of the circles (A1, A1Ay), (B1, B1By), and (C1,C1Cp) is
tangent to the nine-point circle Q0 of triangle ABC.

FIGURE 1. Generalization of Feuerbach’s theorem

After proving this generalized theorem, we will apply it to a particular case
in order to construct new tangent circles in ABC. We will also propose two
important theorems that describe more clearly the radical center mentioned
in Theorem 3. With this specified description we will then obtain an explicit
construction for the tangent circle to the nine-point circle in Theorem 3.

2. PROOF OF GENERALIZED THEOREM

Proof. Using signed length of segment, we see that CB = B1C;. Also
applying the Pythagorean theorem, we have

|PB|? = |PCJ” = |AoBI* — | A C|?
= (A()B + A()C) (A()B - A()C)

=2-404,-CB
(2) — 4. Ao - BiC,
By analogy, we get
(3) [PCI? — |PA]? = 4- BoBy - CiAr.

and

(4) |PA|? — |PB|> = 4-CoC) - A1 By.
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From (2), (3), and (4), we obtain
(5) 4-AgA1-B1Ci+4-ByBy-C1A1 +4-CoCh - A1 By

(6) = (|PB? —|PC]*) + (|PC|* — |PA]*) + (|[PA]* = |PB*) =0
or
(7) AlAO . 3101 + BlBO . ClAl + 0100 . AlBl =0.

Note that A; Ay, B1 By, and C1Cy are the radii of circles (A1, A1 Ag), (B1, B1By),
and (Cy, C1Cy), respectively. Then from (7) and Theorem 2, radical circle w
of the circles (A1, A1 Ao), (B1, B1By), and (C1,C1C)y) is tangent to the cir-
cumcircle of triangle Ay B1C} which is the nine-point circle Q of ABC. [

3. MORE DETAILED DESCRIPTION FOR THE RADICAL CENTER

In order to construct the radical circle in the Theorem 3, we need a way
to construct the radical center of the circles (A1, A1 Ay), (B1,B1By), and
(C1,C1Cp). The following two theorems from [6] help us describe in more
details the radical center of these circles.

Theorem 4 (Tran Quang Hung, post #5 in [6]). Let ABC' be a triangle with
Ay, By, and C1 as midpoints of the sides BC, C A, and AB, respectively.
Let AgBoCy be a pedal triangle of any point P. Let QQ be the radical center
of the circles (A1, A1Ao), (B1, B1By), and (C1,C1Cy). Let R be the isogonal
conjugate of Q with respect to triangle AgBoCy. Then the line PR passes
through circumcenter O of triangle ABC.

Theorem 5 (Alexander Skutin, post #8 in [6]). Let ABC' be a triangle with
A1, By, and C1 as midpoints of the sides BC, CA, and AB, respectively.
Let AgBoCy be the pedal triangle of any point P. Let QQ be the radical
center of the circles (A1, A1Ao), (B1,B1By), and (C1,C1Cy). Let I be the
circumcenter of the pedal triangle of P with respect to triangle AgByCy, and
G be the centroid of AgBoCy. Then three points Q, G, and I are collinear
and |QG| =2 - |GI|.

4. SOME APPLICATIONS

In [4], Victor Thébault showed that if P = I where [ is the incenter of
triangle ABC, then incircle (I) clearly coincides with the radical circle of
(A1, A1 Ay), (B1,B1By), and (C1,C1Cy). Thus, (I) is tangent to nine-point
circle of ABC.

If P = I, where I, is the A-excenter of triangle ABC, then excircle
(I,) clearly coincides with the radical circle of (A1, A1 Ao), (B1, B1By), and
(C1,C1Cy). Thus (I,) is tangent to nine-point circle of ABC'.

If P = H where H is the orthocenter of triangle ABC, we obtain the
application (B), in [4].

We give another application of Theorem 3.

Theorem 6. Let ABC' be a triangle inscribed in a circle w. Na is Nagel
point ([5]) of triangle ABC. X is the midpoint of arc BC containing A of
w. wq 18 the circle center X and radius X A. From Na draw tangent lines
NaAi, NaAs to circle w, with A1 and As on w,. Define similarly the points
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B1, By, C1, and Cy. Then siz points A1, As, B1, By, C1, and Cy lie on a
circle ), and § is tangent to w.

FIGURE 2. An application with Nagel point

Proof. Let I,, I, and I. be the excenters at the vertices A, B, and C,
respectively. It is not hard to see that I is the orthocenter of triangle 1,11,
and X, Y, Z are midpoints of sides II., I.1,, I,1., respectively. Thus w
is the nine-point circle of triangle I,I,I.. Following [6] (with detailed proof
of Luis Gonzélez in post #2), Na is the radical center of w,, wp, and we.
Therefore,

(8) NaA1:NaAgzNaBl:NaBQ:NaclzNaCQ.

In other words, six points Ay, As, B1, Bo, C1, and C5 lie on circle 2 which
is the radical circle of wg, wp, and w.. Therefore, X, Y, Z are midpoints
of sides Iyl., I.1,, I,1., respectively. By applying Theorem 3, we get € is
tangent to w. This completes the proof. O

5. CONCLUSION

We have extended Feuerbach’s theorem by using the concept of radical cir-
cles. Simple as this extension may be, it is by no means trivial. Note that
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Victor Thébault’s general theorem plays a crucial role in this whole proof,
its application to the pedal triangle in this generalization of Feuerbach’s
theorem is pivotal.
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