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Revisiting linear Weingarten spacelike hypersurfaces
immersed in the de Sitter space

Fabio R. dos Santos, Henrique F. de Lima and Lucas S. Rocha

Abstract. We study closed linear Weingarten spacelike hypersurfaces
immersed in the de Sitter space S?H, which means that these spacelike hy-
persurfaces have mean and scalar curvatures linearly related. Using a mod-
ified Cheng-Yau operator, we obtain a suitable integral inequality involving
the norm of the total umbilicity tensor of these spacelike hypersurfaces and
we apply it to characterize totally umbilical round spheres of S’f“.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let R?"2 be an (n 4 2)-dimensional real vector space endowed with an
inner product of index 1 given by

n+1
(@,y) = > Tyj — Totalnra,
Jj=1
where x = (21,22, ..., Zp+2) is the natural coordinate of R?H.

R = 1"+ is called the (n + 2)-dimensional Lorentz-Minkowski space.
We define the (n + 1)-dimensional de Sitter space S} as the following
hyperquadric of L"*+?2

S’f“ = {(xl,xg, e Tpg2) € R?JFQ; (x,z) = 1} )
The induced metric (,) makes S a Lorentzian manifold with constant
sectional curvature 1.

Let M™ be an n-dimensional hypersurface immersed in S?H. We recall
that M™ is said to be spacelike if the induced metric on M"™ from the metric
of S?H is positive definite. In 1977, Goddard [11] conjectured that every
complete spacelike hypersurface with constant mean curvature H in SZLH
should be totally umbilical. Although the conjecture turned out to be false
in its original statement, it motivated a great deal of work of several au-
thors trying to find a positive answer to the conjecture under appropriate

additional hypotheses.
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For instance, Ramanathan proved Goddard’s conjecture in [15] for S3
and 0 < H < 1. Moreover, if H > 1 he showed that the conjecture is
false as can be seen from an example due to Dajczer and Nomizu in [9].
In [1], Akutagawa proved that Goddard’s conjecture is true when n = 2 and
H? < 1 or when n > 3 and H? < %. He also constructed complete
spacelike rotation surfaces in S with constant H satisfying H > 1 and
which are not totally umbilical. Next, Montiel [14] proved that Goddard’s
conjecture is true provided that M™ is compact. Furthermore, he exhibited
examples of complete spacelike hypersurfaces in S’f“ with constant mean
curvature H satisfying H? > % and being non totally umbilical, the so-
called hyperbolic cylinders, which are isometric to the Riemannian product
H!(r) x S*"1(v/1+ 72) of a hyperbolic line of radius r > 0 and an (n — 1)-
dimensional Euclidean sphere of radius v/1 + r2.

Concerning the study of spacelike hypersurfaces with constant scalar cur-
vature in the de Sitter space, Zheng [16] proved that a compact space-
like hypersurface in S?H with constant normalized scalar curvature R < 1
and nonnegative sectional curvatures is totally umbilical. Later, Cheng and
Ishikawa [7] showed that Zheng’s result in [16] is also true without additional
assumptions on the sectional curvatures of the hypersurface. Later on, an-
swering a question proposed by Li in Section 4 of [13], Camargo, Chaves
and Sousa Jr. [4] proved that a complete spacelike hypersurface in S?H,
n > 3, with constant normalized scalar curvature R satisfying ”T_Q <R<1
and having bounded mean curvature, must be totally umbilical. They also
showed that a complete spacelike hypersurface in S’f“, with constant nor-
malized scalar curvature R < 1 and whose square norm of the second fun-
damental form S satisfies sup S < 2v/n — 1, must be totally umbilical.

Extending the ideas of these previous works, an interesting Goddard type
problem is to obtain characterizations of the so-called linear Weingarten
spacelike hypersurfaces (that is, spacelike hypersurfaces whose mean and
scalar curvatures are linearly related) immersed in S?H. Many authors
have approached investigations into this branch (see, for instance, [5, 6, 10,
12, 13]). More recently, Alias jointly with the first and second authors [2] ob-
tained new characterizations concerning complete linear Weingarten space-
like hypersurfaces immersed in S?H. Under appropriated constrains on the
scalar curvature function, they applied a suitable extension of the general-
ized maximum principle of Omori-Yau giving a sharp estimate of the total
umbilicity tensor of the hypersurface, which allowed them to characterize
hyperbolic cylinders H () x S"~1(v/1 + 72) of ST when n > 3 and totally
umbilic 2-spheres in S} when n = 2.

Proceeding with this picture, here we deal with closed linear Weingarten
spacelike hypersurfaces immersed in the de Sitter space S?H. Using the
technique developed by Alias and Meléndez in [3], we obtain a sharp in-
tegral inequality involving the total umbilicity tensor ® of these spacelike
hypersurfaces and we apply it to characterize totally umbilical round spheres
of S?H. More precisely, we prove the following result.
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Theorem 1.1. Let M™ be a closed linear Weingarten spacelike hypersurface
isometrically immersed in the de Sitter space S?'H, n > 2, such that R =
aH 4+ b with b < 1. In the case where b =1, suppose that a > 0. Then

(1) / 1B[1+2 0, ,(|B[)AM < 0,
M

for every real number q > 2, where the real function @q () is given by

n — n(n — 562 a2
2) Pan(@) = 7= ilﬂ " (na - T(L(n —2)1)$> \/n(n - 1) Ty ol

+n<n—2>ax_n<a2_b)_
n(n—1)2 2
Moreover, assuming in addition that n > 3 and 0 < b < R < "772, the

equality holds in (1) if, and only if, M™ is a totally umbilical round sphere
S*(r) « ST, with r = +>1

Taking into account that when n =2, a > 0 and 0 < b < 1 we have that
@ap(x) > 0 for all x > 0, and noting that R = K is the Gaussian curvature
of M?, it is not difficult to verify that from the integral inequality (1) we
get the following consequence.

Corollary 1.1. Let M? be a closed linear Weingarten spacelike surface
isometrically immersed in the de Sitter space S}, such that K = aH + b.
(i) If0 <b <1 and a > 0, then M? is a totally umbilical round sphere
S2(r) = S}, withr = & > 1.
(ii) If b =1 and a > 0, then M? is a totally geodesic unit round sphere
S? — S3.

The proof of Theorem 1.1 is given in Section 4.

2. PRELIMINARIES

As before, let M™ be a spacelike hypersurface immersed in the de Sitter
space S?H. We choose a local field of semi-Riemannian orthonormal frame
{eat1<a<ny1 in S’f“, with dual coframe {wa}i1<a<n+1, such that, at each
point of M™, ey, ..., e, are tangent to M"™ and e, is normal to M™. We
will use the following convention for the indices:

1<ABC,...<n+1, 1<4jk,...<n.

In this setting, denoting by {wap} the connection forms of S, we have

that the structure equations of S?H are given by:

dwg = E WA N Wi — WAp+1 N\ Wi, waB +wpa =0,

(2
1
dwap =) ecwac Nwop — 3 Y ecepKapepwe Awp,
c C.D

Kapcp = €aep(6acdBp —dapdBC),
where ¢; =1 and ,,41 = —1.
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Next, we restrict all the tensors to M™. First of all, w,11 =0 on M", so
Zi wWnt1; A w; = dwnpe1 = 0 and by Cartan’s Lemma we can write

(3) wWniti = 3 hiwj, hij = hji.
J
This gives the second fundamental form of M", h = Zij hijw; ® wjent1.
Furthermore, the mean curvature H of M™ is defined by H = %ZZ hi;.
The structure equations of M™ are given by
dw; = Zwij ANwj, wij +wj; = 0,
J

1
dwij = Zwik Nwij — B Z Rijklwk N wy.
k

k.l
Using the structure equations we obtain the Gauss equation
(4) Rijki = 0ikbji — 0udjk — hirhji + hithjp,

where R;ji; are the components of the curvature tensor of M™.
The Ricci curvature and the normalized scalar curvature of M™ are given,
respectively, by

(5) Rz‘j = (n — 1)52‘3‘ — thij + Z hz’khkj
k
and

1

From (5) and (6) we obtain
(7) S =n’H* 4+ n(n—1)(R-1),
where S =", j h?j is the square norm of the second fundamental form h of
M™, ’
3. SET UP AND AUXILIARY RESULTS

In what follows, we will consider M™ as being a linear Weingarten space-
like hypersurface immersed in S’f“, that is, a spacelike hypersurface of S’f“
whose mean curvature H and normalized scalar curvature R satisfy

R=aH +b,

for some a,b € R.
Let ¢ = Z” ¢ijwiw; be a symmetric tensor on M™ defined by

¢ij = ’I”LH(SU — h”

According to Cheng and Yau [8], the [J operator associated to ¢ and acting
on a C? function f is given by

(8) Of = ¢ifij = > _(nHbi; — hij) fij.
.3 1,J
Here, we will consider the following Cheng-Yau’s modified operator
—1
(9) L=0+"""aA.

2
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In other words, for any u € C?(M),

(10) L(u) = tr(P o V?u),
with
(11) P:<nH+n;1a>I—h,

where [ is the identity in the algebra of smooth vector fields on M™ and
V2u stands for the self-adjoint linear operator metrically equivalent to the
Hessian of .

Remark 3.1. From equation (7), since R = aH + b, we have that
(12) n*H? =8 —n(n—1)(aH +b—1).

When b < 1, it follows from (12) that H(p) # 0 for every p € M™. In this
case, we can choose the orientation of M"™ such that H > 0. On the other
hand, when b = 1, we will assume that H does not change sign on M"™ and
we will choose the orientation of M™ such that H > 0.

The next lemma gives a sufficient criteria for the ellipticity of the operator
L. For its proof, see Lemma 3 of [2].
Lemma 3.1. Let M" be a linear Weingarten spacelike hypersurface in S’f“
such that R = aH +b. Let pu_ and py be, respectively, the minimum and
the maximum of the eigenvalues of the operator P at every point p € M™.
If b < 1, then the operator L is elliptic, with

p— >0 and py <2nH+ (n—1)a.

In the case where b = 1, assume further that the mean curvature function H
does not change sign and R > 1. Then the operator L is semi-elliptic, with

p— >0 and py <2nH + (n—1)a,
unless M™ 1is totally geodesic.

Remark 3.2. Also related to the ellipticity of operator L, when M™" is
totally geodesic, we observe that the operator L reduces to L = ”T_laA,
which is elliptic if, and only if, @ > 0. For this reason, in order to keep the
validity of Lemma 3.1 when b = 1, even in the totally geodesic case, we will
choose a to be a positive constant.

We will also consider the following symmetric tensor
b = Z@ijwi & wj
i7j
associated to the second fundamental form of a hypersurface M™ in S?H,

whose components are given by ®;; = h;j — Hd;;. Let |®]? = D @?j be

the square of the length of ®. It is not difficult to check that ® is traceless
and, from (6), we get

(13) 8> =S —nH?>=n(n—-1)H*+n(n—-1)(R-1).

In particular, |®|> = 0 at the umbilic points of M™. For that reason ® is
usually called the total umbilicity tensor of M™.
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In order to prove Theorem 1.1, it will be essential the following lower
boundedness for the operator L acting on the square norm of the total
umbilicity tensor. For its proof, see Proposition 6 of [2].

Lemma 3.2. Let M™ be a linear Weingarten spacelike hypersurface im-
mersed in S’f“, n > 2, such that R = aH + b with b < 1. In the case where
b =1, assume that the mean curvature function H does not change sign and
R >1. Then,

LD > 2(n — DI0Pgas((0)y| —2— + & 11y
- n @a,b n(n o 1) 4 )

where the real function ¢, p(x) is defined in (2).

4. PROOF OF THEOREM 1.1

Making u = |®|?, from Lemma 3.2 we have that

2
U a
14 L >2(n—1 —+ —4+1-—0.
(14 () > 2(n m%u¢w¢Mn_n+4+—
Taking into account that v > 0 and b < 1, with b = 1 only for a > 0, from
(14) we get

wha

n—1/4u+n(n—1)(a2 +4(1 - b))L(u)7

for every real number ¢. By the compactness of M"™, we can integrate both
sides of (15) in order to obtain
(16)

q+2 %
w2 @ap(vu)dM < / L(u)dM.
/M PaslVu \/nfl Vau+n(n —1)(a® + 4(1 - b)) (u)

But, from (10) we have

(17) f(u)L(u) = div(f(u) P(Vu)) = f'(u)(P(Vu), Vu),

for every smooth function f € C!(R). Integrating both sides of (17) and
using Stokes’ theorem, we deduce that

(15)  u"F pap(va) <

(18) / f(u)L(uw)dM = / f'(u u), Vu)ydM
M
for every smooth function f. In our case, we choose
1a/2
(19) ft) = for t > 0.

VAt +n(n —1)(a® + 41 - b))’

Hence, since we are supposing b < 1 and that b =1 only for a > 0, we get

A(q — 1)t92 + n(n — 1)(a® + 4(1 — b))gt ™z
2 (4t +n(n — 1)(a2 +4(1 — b)))*/?

for every real number ¢ > 2. Using (19) and (20) into (16), we can estimate

(21) /ug%b dM<—1/n_1/f w), VuydM <0,

(20) fi(t) =

)
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since Lemma 3.1 assures that the operator P is semi-positive definite. There-
fore, we conclude

(22) / u's ap(vu)dM < 0.
M
This proves inequality (1).
Now, let us suppose that n > 3 and 0 < b < R < "772 If the equality
holds in (1), from (21) we get

(23) / F (w){P(Vu), Vu)ydM = 0.
M
But, since ¢ > 2 and assuming that b < 1, from (20) we have

A(q — Dud’? + n(n — 1)(a® + 4(1 — b))qu'z"
2 (4u+n(n — 1)(a2 + 4(1 — b)))>/?

Consequently, taking into account Lemma 3.1, (23) and (24) imply

(25) (P(Vu),Vu) = 0.

Thus, since P is positive definite, from (25) we get that Vu = 0 on M™.

Hence, the function u = |®|? must be constant.

In the case that |®| = 0, we conclude that M™ must be a totally umbilical
round sphere S"(r), with r = & > 1. Otherwise, |®| is a positive constant
and, since we are assuming in addition that n > 3 and 0 <b < R < "7_2, we
can apply Theorem 8 of [2] to conclude that M™ should be isometric to a

hyperbolic cylinder H!(r) x S*~1(v/1 + r2) of radius 7 > 0. Therefore, since
we are supposing that M™ is closed, this last situation which cannot occur.

(24) f(u) = > 0.
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