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CHAINS OF TANGENT CIRCLES
INSCRIBED IN CURVILINEAR TRIANGLES

MIKHAIL N. GUROV and MAKAR A. VOLKOV

Abstract. We find the characteristics (radii and coordinates of centers)
for chains of tangent circles inscribed in some curvilinear triangles. Also we
extend the well-known Pappus’ problem to the curvilinear triangles.

1. INTRODUCTION

The most famous problem of chain of tangent circles inscribed in the
curvilinear triangles is the Pappus’ problem (see [1] — [3]). It states that for
each circle of the Pappus chain {3, }72; (see Figure 1) ratio of the distance
from its centers to the axis of Archimedes arbelos to its radii is double
number of the circle, namely

d d d dy,
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Keywords and phrases: chains of tangent circles, curvilinear triangles,
Pappus’ problem.

(2010)Mathematics Subject Classification: 51M04, 51M15

Received: 27.10.2017. Inrevised form: 26.03.2018. Accepted: 30.03.2018.



106 Mikhail Gurov and Makar Volkov

We study the chains of tangent circles inscribed in the curvilinear tri-
angles, which are obtained by the following modifications of the classical
Archimedes arbelos: a shift of central axis of base circles with respect to
the third circle (see Figure 2 A), or the transition from the inner touch of
base circles to an external touch (see Figure 2 B), wherein one of them may
degenerate into a straight line (see Figure 2 C).

A B C
Figure 2.

The main purpose of the paper is to show that the extension of the Pap-
pus’ problem to the curvilinear triangles is quite possible. To achieve this
aim explicit expressions for radii and coordinates of centers for the systems
of tangent circles inscribed in the curvilinear triangles were obtained.

2. MAIN RESULTS

Below, in each case, the coordinate system is imposed as shown in the
figures.

Let us consider the chain of tangent circles constructed according to the
following principle: there are two circles a((r;0),7) and 8((R;0),R) (R > r)
on the plane that touch internally. We inscribe the chain of pairwise tangent
circles into the region between the circles o and 5. The first one is &. It
has radius rg. The second is & . It is tangent to & and both « and 3, and
so on (see Figure 3). Let x,, y, and 7, denote the abscissa, the ordinate
and the radius of the circle &,,n € Np.

Figure 3.
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Theorem 2.1. (see corollary 3.2 and theorem 3.3) The characteristics of
the chain of tangent circles {&,}, n € Ny are given by the following formulas:

. Rrro(R+ )

" Rr(R—r)+2(R—1)\/Rrro(R—r —ro)n+ (R — r)2ron?’

B 2Rrro(R —r)n+ 2Rr\/Rrro(R —r — 1)
o Rr(R—71) 4 2(R—17)\/Rrro(R —r —ro)n + (R — r)2ron?’
_— Rrro
" Rr+ 2v/Rrro(R — 1 —ro)n + (R — r)ron?’
Yn _ Yo
(1) o + 2n.

Remark 2.1. Equality (1) generalizes the Pappus’ problem for the chain of
tangent circles {&,}, n € Np.

Now, we consider the chain of tangent circles constructed according to
the following principle: there are three circles a((r;0),7), 5((—R;0), R) and
wp on the plane that touch externally. We inscribe the chain of pairwise
tangent circles into the region between the circles o, 5 and wg. The first one
is wy. It is tangent to wp and both o and 8. The second is ws. It is tangent
to w; and both « and /3, and so on (see Figure 4). Let x,, y, and r, denote
the abscissa, the ordinate and the radius of the circle w,,n € Ny.

y

Figure 4.
Theorem 2.2. (see corollary 4.2 and theorem 4.3). The characteristics of
the chain of tangent circles {wy}, n € Ny are given by the following formulas:
Rrro(R — 1)
Rr(R+71)+2(R+7)\/Rrro(R+r +ro)n + (R + r)?ron?’

Ty —

2Rrro(R+1)n + 2Rr\/Rrr0(R +7+710)
Rr(R+7)+2(R+7)\/Rrro(R+r + ro)n + (R + r)%ron?’

Yn =
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Rrrg
Tn = ’
Rr + 2\/R7"1“0(R +7r+ro)n+ (R+r)ron?
2) In — 20 4 o
Tn To

Remark 2.2. Equality (2) generalizes the Pappus’ problem for the chain of
tangent circles {wy}, n € Np.

And now, we consider the chain of tangent circles constructed according to
the following principle: there are two circles a((0; R), R) and ¢y on the plane
that touch externally. This circles have common tangent a. We inscribe the
chain of pairwise tangent circles into the region between the circles «, 5 and
the straight line a. The first one is (7. It is tangent to {y and both « and a.
The second is (a. It is tangent to ¢; and both « and a, and so on (see Figure
5). Let z,, y, and 7, denote the abscissa, the ordinate and the radius of
the circle (,, n € Np.

y
A

- X

ISINY, <0 a
Figure 5.

Theorem 2.3. (see corollary 5.1 and theorem 5.3). The characteristics of
the chain of tangent circles {(,}, n € N are given by the following formulas:

2R\/7o

In = —F7=——,
VR + \/ron
RT’O
T'n = Yn = 35
(VE+/ron)
(3) In _In 20 4 ogp,

Yn T'n To
Remark 2.3. Equality (3) generalizes the Pappus’ problem for the chain of
tangent circles {¢,}, n € Ny.
3. PROOF OF THE THEOREM 2.1

Lemma 3.1. Let R > r. If circle £ externally touches upon the circle
a((r;0),7) and internally touches upon the circle B((R;0), R), then center
of the circle £ lies on the ellipse

(z — Br)? Y’

W @ (v
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Proof. Let the center of the circle € is (x;y). Since the circle £ touches
upon the circles a((r;0),r) and 5((R;0), R), then

(5) p((r;0), (z;9)) —r = R — p((R; 0), (z;9)).
Here p((x1;y1), (x2;y2)) is distance between two points with the coordinates
(z1;y1) and (x2;y2). From (5) we have

V2P + 2+ V(R—2)’ +y* = R+

Double squaring of both parts of the last equahty, after simplifications we
obtain the equation of the ellipse (4).

Remark 3.1. According to the lemma 3.1 coordinates of centers of the chain
of tangent circles {&,},n € Ny is

(m ‘ 2v/Rrazn(R+1 — xn)> .

R+r
Remark 3.2. In case if ro = R — r we have classical Pappus chain.

Let (z — 2,)? + (y — yn)? = 72, n € Ny is the equation of the circle
&n- Bearing in mind elementary geometry reasons we construct the system
of equation for finding characteristics of the chain of tangent circles {,},
n € Ny:

T’n:R—\/(R_xn)z_‘_y%a

2/ Rrx,(R+r — x,

©) g = 2 )
+r

Tn+ Th-1= \/(xn - xn—l)g + (yn - yn—1)27

, n € N.

From system (6) we have the following equality

2y/Rrz,(R+7r— mn)>2_

2R — \| (R — z)?
R (R :U)—i-( Rir

2
2\/Rrxn,1(R+7“ —ZTn1)\
R+r -

- (R_xn—l)2 + (

R+

Selecting the complete squares in the last equality, we have:

= (“R”zziiﬁm”f—¢<“R”"-zi1;§f%—xn-ny:

= \/(xn — ZTp-1)>+ e ALt (\/xn (R4+7r—12,) — V&n 1(R+7 — xn_1)>2.

= \/(xn —Tp-1)%+ (R4f (\/:cn R+r— — \/:cn_l(R+ r— :cn_l))z.

After the elementary transformations of the left side, the last equality takes
the following form:
(R - r)(xn + xn—l) .
r+ R N
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(7)
4Rr

= \/(xn —ZTn_1)?+ e (\/:cn(R +r—xp) — Va1 (R+7— :Cn_l))2.

Double-raising both sides of the equality (7) to square, after simply trans-
formations we obtain the quadratic equation

o (47"2R295n—1(7“ + R —p1) + ((R2 + 18 a1 — Rr(R + r))2> +

+z, (2rR (Rr(R+7) — (R? + 7“2):En,1) (R4+r)zp_1 —

—4r?R%y 1 (r+ R)(r+ R—ny 1)) + R%? (R+7)%22_, =0,
solving it we obtain the formula
(8) @ = Rr(R+1)xn—1
" Rr(R+r)+2R-— 7/ TRTp 1(r + R—2n_1) + (R —7)%xn1
Remark 3.3. Equality (8) specifies the recurrent formula for finding the
abscissa of the center of the circle &, through the abscissa of the center of
the previous circle &,—1, n € N.

Theorem 3.1. The abscissas of the centers of the system {&,}, n € N are
defined by the following sequence:

©) = Rr(R +r)xo

" Rr(R+7)+2(R—7) VrRzo(r + R — z0)n + (R — r)2xon?
Proof. We use the method of mathematical induction. Let a = rR(R +r),
b=R—1r,c=—Rr. We need to prove the formula

axo
10 = )
(10) T 2by/To+\/a + cxon + b2xon?
if we know the following recurrent formula

(11) Ty = dn-1

a+ 2b/Tn_1+/(a+ cxp_1) + b2xH_1 '

Basis. From (10) and (11) we can find z;. These expressions are equal.
Inductive step. Let the formula (10) is true for n = k. According to the
formula (11)

(12) Th41

axiy

- a+ 2by/Tk/ (a + cxy) + b2z,

Substituting zj in the formula (12) from the formula (10), after simplifica-
tion we have:

T = (axo)/ (a + 2by/zova + cxok + b zok+
+ 2b\/:70\/a + 2by/Tov/a + cxok + b2xok? + cxg + b2:p0> :

Selecting the complete square, we have:

Tp41 =
axo

@+ 2b\/T0/a T ok + baok? + 2b/Fo | (by/Tok + v/a T cxo)? + b
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. axo .
a+2by/Tova + cxok + b2xok? + 2by/To(by/Tok + /a + cxo) + b2z
o axo .
a+2by/Tov/a+ cxok + 2by/Tov/a + cxg + b2xok? + 202mok + b2mg

axro

a+2by/Tov/a+ cxo(k + 1) + b2ao(k + 1)2°
Corrolary 3.1. The abscissas of the centers of the system {&,}, n € N are
defined by the following sequence:
i Rr(R+r)xo
" Rr(R+r1)+ (R2 —12)yon + (R — r)2zon?’

Proof. The validity of this statement follows from the remark 3.1.

Theorem 3.2. The ordinates of the centers and the radii of the system
{&n}, n € N are defined by the following sequences:

2rR (\/rRmo(R +r—x9)+ (R— r)nx0>

(13)  yn = Rr(R+r)+2(R—r)\/rRao(r + R — zo)n + (R — r)2won?’

Rr(R — r)xg
Rr(R+71)+2(R—1)\/rRxo(r + R — xo)n + (R — r)2zon?

24/ Rrzo(R+r—x0)

R+r

(14)  r, =

or (taking into account equality yo = , see remark 3.1)

Rr(R+ r)yo + 2Rr(R — r)xon
Rr(R+7)+ (R2—r2)yon + (R —r)2zgn?’
B rR(R —r)xg
 Rr(R+7)+ (R2 —r2)yon + (R — r)2zon?’
Proof. To prove this fact, it is sufficient to substitute formula (9) into the
system (6) and use remark 3.1.

Yn =

Tn

Corrolary 3.2. The characteristics of the chain of tangent circles {&,},
n € Ng obey the following formulas:

Tn R+r

15 _ ,
(15) r, R-—r
9 _
Yn _ VRrzo(R+r xo)—i—Qn:R—'—T@—i—Qn:@—i—Qm
Tn (R —r)xg R—rxg ro

Yn _ Yo 2(R— r)n

Ty To (R+7)
Theorem 3.3. The characteristics of the chain of tangent circles {&,},
n € Ny are given by the following formulas:

Rrro(R+ )
Rr(R—1)+2(R—7)\/Rrro(R —r —ro)n + (R — r)?ron?’

Tp —

2Rrro(R —r)n+ 2Rr\/Rrro(R —r — 1)
Rr(R—r)+2(R—7)\/Rrro(R—71 —ro)n+ (R — r)2ron?’

Yn =
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_ Rrrg
" Rr+ 2v/Rrro(R — 7 —ro)n + (R — r)ron?

r

Proof. To prove this fact, it is sufficient to substitute formula (15) (in case
if n = 0) into the formulas (9), (13) and (14).
4. PROOF OF THE THEOREM 2.2

Lemma 4.1. Let R # r. If circle w externally touches upon the circles
a((r;0),7) and B((—R;0), R), then center of the circle w lies on the hyperbola

16) (m + RQ—T)2 - yz L

2 (Ve

Proof. Let the center of the circle w is (z;y). As the circle w externally
touches on the circles a((r;0),r) and B((R;0), R), then

(17) p((r;0), (z;y)) — = p((—R;0), (z;9)) — R.

From (17) we have

VE+R2+y2—/(z—r)2+y2=R—r.
Double squaring of both parts of the last equality, after simplifications, we
obtain the equation of the hyperbola (16).

Remark 4.1. Assume that R > r, then xg > 0. According to the lemma
4.1 coordinates of centers of the chain of tangent circles {wn},n € Ny is

< 2\/rRxn(xn+R—r)>
Tn; .
R—r

Let (z — 2n)? 4+ (y — yn)? = 12, n € Ny is the equation of the circle wy,.
Bearing in mind elementary geometry reasons we construct the system of
equation for finding the characteristics of the chain of tangent circles {wy,},
n € Ny:

Tn = (r—xn)Q—ky%—r,
T R oo 2.

Tn + Th—1= \/(-’En - xnfl)Q + (yn - yn71)2a

From system (18) we have the following equality

\/(r —zp)? + 4TR:C7E§§”_1;)§ —7) +\/(7“ —xp_1)? + 47’R37n—zgi_;);r R—r) _

- 2r—l—\/(a:n —Zn-1)?+ (R4i]j“)2 <\/xn(a:n +R—r)—ap_1(tn_1+R— T))z.
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Selecting the complete squares in the last equality, we have:

\/<Rxn+r§ij_r)>2+ \/(mn_l iy +R_T)>2 )

2r+\/(mn — 2, 1)+ (R4i]i)2 (\/a:n(xn +R—7)— /Ty 1(n 1 +R— 7"))2.

After the elementary transformations of the left side, the last equality takes
the following form:

(r+ R)(xn +2n-1)
R—r N

(19)

= \/(:cn —Tp_1)2+ (R4iR)2 (\/xn(xn +R—r)— \/xn_l(xn_1 + R - r))z.

r

Double-raising both sides of the equality (19) to square, after simply trans-
formations we obtain the quadratic equation

((rR(R —r)—(r? + R2)$n_1)2 —4r*R%*x,, 1 (zp1 + R — r)) x4

+ (2rR(rR(r — R) + (r* + R*)xp_1)(r — R)xp_1—
—4r2R2(R —1)Zp—1(Tp_1 + R — r)) Tpn +TR(R—71)xn_1 =0,
solving it we achieve the formula
(20)
rR(R —r)xp—1

B rR(R—7)+2(r + R)\/rRxp_1(xn1+R—7)+ (r+ R)2x,_1
Remark 4.2. Fquality (20) specifies the recurrent formula for finding the

abscissa of the center of the circle wy, through the abscissa of the center of
the previous circle wy,—1, n € N.

T,

Theorem 4.1. The abscissas of the centers of the system {wy}, n € N are
defined by the following sequence:

rR(R —r)xg
rR(R —1) +2(r + R)\/rRxo(xo + R —r)n + (r + R)2xgn?
Proof. Let a =rR(R—71),b=r+R, ¢ = rR. We need to prove the formula
= axo
" a4 2by/Tov/a+ cron + b2xgn?’

if we know the following recurrent formula
- ATn—1

a+ 2by/Tn 1/ (a+ cxp_1) + b2z 1

Further it is sufficient to repeat the proof of the theorem 3.1.

(21) =, =

Corrolary 4.1. The abscissas of the centers of the system {w,}, n € N are
defined by the following sequence:

B rR(R — 1)z
~ rR(R—71) + (R? — r2)yon + (r + R)2xon?’

Proof. The validity of this statement follows from remark 4.1.

In
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Theorem 4.2. The ordinates of the centers and the radii of the system
{wn}, n € N are defined by the following sequences:

2rR (\/’I"RZL‘()(.Z‘() +R—7r)+(r+ R)na:0>
rR(R — 1) +2(r + R)\/rRxo(zo + R —r)n + (r + R)2xon?’

rR(r + R)zo
rR(R—1r) +2(r + R)\/rRxo(wo + R —r)n+ (r + R)2xon?

(23) =

2y/rRxo(zo+ R—1)
R—7r
rR(R — r)yo + 2rR(r + R)nx
rR(R—7)+ (R2 —r2)yon + (r + R)2zgn?’
B rR(R+ 1)z
 rR(R—7) + (R2 — r2)yon + (r + R)2xon?’

or (taking into account equality yo = , see remark 4.1)

Yn =

Tn

Proof. To prove this theorem, it is enough to substitute formula (21) into
the system (18) and use remark 4.1.

Corrolary 4.2. The characteristics of the chain of tangent circles {wy},
n € Ng obey by the following formulas:

z, R-—r

24 =
(24) rn  RA47T
2¢/TR R — —
bn _ 2VrBaoleot R=r) o Rovwn ,, W0y,
Tn (r+ R)xo R+rxg ro

n 2(R
Yn _ Yo 2B A+7)

Ty X0 (R—r)

Theorem 4.3. The characteristics of the chain of tangent circles {wy},
n € Ny are given by the following formulas:

Rrro(R — )

(25) xp, = ,
Rr(R+r)+2(R+ T‘)\/RT"I“()(R +7r+ro)n+ (R+ r)ron?
(26) B 2Rrro(R+r)n + 2R7“\/R7“7“0(R +7r+70)
T Rr(R+ 1)+ 2R+ r)\/Rrro(R -1+ ro)n + (R + r)2ron?’
(27) . Rrrg

 Rr+ 2\/RT7”0(R +r+ron+ (R+ r)ron2'

Proof. To prove this assertion, it is sufficient to substitute formula (24) (in
case if n = 0) into the formulas (21), (22) and (23).

Remark 4.3. In case if R = r (see Figure 6) the theorem 4.3 and the
corollary 4.2 for the system {w,}, n € Ny have the the following form:
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y

> X

Figure 6.

Theorem 4.4. Let R = r. The characteristics of the chain of tangent
circles {wp}, n € Ny are given by the following formulas:

(28) Y = R\/Tg + 2rgR + 2Rrgn
" R—I-Q\/r%—1—27"()1%71—1-27“07127

R?“()

B R—I—2\/7“0(2}%—1—7“0)71—|—2r0n27
/12 +2rgR
&_MJF%Z@JF%

(29) Tn

T'n o 7o

Proof. For proving the formulas (28) and (29), it is sufficient to pass to the
limit as » — R in the formulas of theorem 4.3.

5. PROOF OF THE THEOREM 2.3

Remark 5.1. Note that in the introduced coordinate system for the circle
Cnyn € N equity ry, = yy, is performed (see Figure 5).

Lemma 5.1. Let R > 0. If circle ¢ externally touches on circle a((0; R), R)
and the z-axis, then center of the circle  lies on the parabola

_ 2
4R’

Proof. Let the center of the circle ¢ is (z;y). As the circle ¢ externally
touches upon the circles a((0; R), R) and x-axis, then

(31) p((0; R), (z;y)) — R=1y.

From (31) we have

(30) y

Va4 (y—R)2=R+y.

Raising both parts of the last equality to square, after simplifications, we
obtain the equation of the parabola (30).
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Let (z — z,)? + (y — yn)? = 72, n € Ny is the equation of the circle
Cn- According to elementary geometry reasons we construct the system
of equation for finding characteristics of the chain of tangent circles {(,},
n € Ny:

— R R -

32 Zn

Tn +Tn_1= \/(xn - xn—1)2 + (yn - yn—l)Qp

From system (32) we have the following equality

22 2 x2_1 2
le+<4§—}2) + mil—F(ZR —R> —2R =
x2 x2 2
— _ 2 n—1
\/(9“"" o)+ <4R AR ) ‘

Selecting the complete squares in the last equality, we have:

(4R? + 22)? \/4R2+x 2_2R:

16 R? 16R?

_ (:C — )2+ ﬁ_x%_l ’
- no el 4R 4R )

After simplification we have:

2
% =/ (xn — 2n_1)>+ zh — Tt
AR n el 4R 4R )

Double-raising both sides of the last equality to square, after simply trans-
formations we obtain the quadratic equation

(z2_, — 4R?)a? + 8R%w,, 1, — 4R%22_| =0,
solving it we obtain the formula

2R$n,1

(33) Tn = gp T—

Remark 5.2. Equality (33) specifies a recurrent formula for finding the
abscissa of the center of the circle (, through the abscissa of the center of
the previous circle (,—1, n € N.

Theorem 5.1. The abscissas of the centers of the system {(,}, n € N are
defined by the following sequence:
2Rx0

34 =
( ) v 2R+a:0n
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Proof. We apply the method of mathematical induction. It is necessary to
prove the formula (34) knowing the recurrent formula (33).

Basis. From (33) and (34) we can find z;. These expressions are equal.
Inductive step. We need to prove the formula:

- _ 2RZL‘0
MU R ¥ mo(k+ 1)

We have:
2R
S 2Rxp 2R - shyaok _ 4R%x _
MU 9R Y1, 2R+ G2 AR? 4 2Ruwo(k + 1)
2Rx

T 2R+ ao(k+ 1)

Theorem 5.2. The radii and the ordinates of the centers of the system

{¢n}, n € N are defined by the following sequences:
R
35 =Yy = ———

Proof. For proving this assertion, it is sufficient to substitute formula (34)
into the system (32) and use remark 5.1.

Theorem 5.3. The coordinates of the centers and the radii of the system
{¢.}, n € N are defined by the following sequences:

2Ry
(36) wni\/ﬁ—l—\/ﬁn,

Rrg .
(v5§+-vﬁﬁn)2

Proof. To prove this assertion, it is sufficient to substitute formula x¢y =
2V Rrg (see equality (30)) into the equalities (34) and (35).

(37) T = Yn =

Corrolary 5.1. The characteristics of the chain of tangent circles {(,},
n € Ny are given by the following formula:

R
Tn _Tn_g VR T,

Yn Tn \/770 To
Remark 5.3. Formulas (36) and (37) can be obtained from formulas (25) —
(27) by passing to the limit as r — oo and rotating of the coordinate system.
In this case one of three tangent circles degenerates into the straight line.
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