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A NEW WAY FOR OLD LOCI

DANIELE RITELLI and ALDO SCIMONE

Abstract. Quite often is possible to discover alternative way to define a
geometric locus which is totally different from the original one. When this is
possible we obtain new interesting insight on the geometric object analogous
at the improvement achieved when different ways to prove a given theorem
are discovered. The purpose of our article is to describe some well-known
loci using an alternative approach.

1. Introduction

Quite often for certain well known geometric loci, it is possibile, and
very interesting and important, to discover new ways of obtaining them
using a different way from the original methods used to describe them, see
for instance [2] and [4]. Thus is not surprising that different constructions
can be found for a given geometric object, just as different proofs of the
same theorem may be investigated and discovered. One of the beauties of
mathematics is that various methods are capable of leading to the same
result, as by Sir Michael Atiyah declared in a famous interview [3]:

Any good theorem should have several proofs, the more the

better. For two reasons: usually, different proofs have differ-

ent strengths and weaknesses, and they generalise in different

directions: they are not just repetitions of each other.

Moreover, as we know, each locus is always a specific mathematical object
with its properties depending on the method used to determine it. The
purpose of this note is then to indicate how to describe some well-known
loci using an alternative approach. Our strategy is based, as it generally
happens, on the motion of a point, but the originality of the fact is that the
moving point simultaneously belongs to a family of circles and other given
curves such as a line, a circle or a conic. Our method is illustrated by three
cases: the Limaçon of Pascal, section 2, the Maclaurin trisectrix, section 3
and the parabolic trifolium, section 4.
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2. The Limaçon of Étienne Pascal

Let Γ be a given circle in a system of Cartesian coordinates with the
center O = (0, 0) and radius a of equation x2 + y2 = a2. Let y = mx be the
generic line t through O intersecting Γ at points (x, y), given by:

x = ±
a√

1 +m2
, y = ±

ma√
1 +m2

.

Without loss of generality, we can consider the point H lying in the first
quadrant, whose coordinates are

xH =
a√

1 +m2
, yH =

ma√
1 +m2

.

Let C(b, 0) be any point on the x-axis where b > a > 0. Consider the family
of concentric circles centered at C and of variable radius r = CH. Since

CH2 =

(

b
√
m2 + 1− a

)2

+ a2m2

m2 + 1

the equation of the family is:

x2 + y2 − 2bx+
2ab

√
m2 + 1− a2

(

m2 + 1
)

1 +m2
= 0.

Let Γ′ be the generic circle of the family and let P be the second point of
intersection between Γ′ and the line t, whose coordinates are:

xP =
2b− a

√
1 +m2

1 +m2
, yP =

2bm− am
√
1 +m2

1 +m2
.

As the line t changes, varying m, the point P will describe a locus L, whose
equation is:

(1) x4 + y4 + 2x2y2 − 4bx3 − 4bxy2 + (4b2 − a2)x2 − a2y2 = 0.

The computations to arrive at the locus equation (1) are quite laborious:
we used Macaulay resultant matrices, following [1]. Curve (1) is a rational
quartic intersecting the axes at the points:

O = (0, 0), (2b+ a, 0), (2b− a, 0), (0,−a), (0, a)

and it has a double point at the origin O. Now, if b = a then C ≡ A and

Figure 1. The locus L described by the point P equation (1)



88 DANIELE RITELLI and ALDO SCIMONE

the equation (1) describing the locus specialise at:

(2) x4 + y4 + 2x2y2 − 4ax3 − 4axy2 + 3a2x2 − a2y2 = 0.

Thus (2) is the equation of Étienne Pascal’s Limaçon, see for instance [6].
Observe that it intersects the axes at the points:

O = (0, 0), (3a, 0), (a, 0), (0,−a), (0, a)

Figure 2. The Limaçon of Étienne Pascal

Pascal’s Limaçon allows, as it is well known, the trisection of any angle.
We report here a short proof of this property, that to the best of our knowl-
edge is alternative to the classical one, ser for instance [2] pp. 44-51. In
fact, referring to figure 3, let <BCQ be the angle to be trisected. One has
<OHC = 1

2
α, being OH = OC, moreover <QHC = <CHQ from the fact

that CH = CQ. Hence <CHQ = 1
2
α therefore <BCQ = α + <CQH =

3<CQH.

Figure 3. The remarkable property of the Limaçon

If b = a/2, the equation (1) of the locus L becomes:

x4 + y4 + 2x2y2 − 4x3 − 4xy2 − 4y2 = 0
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which is one of a cardioid having a cusp at the origin O. If 0 < b < a/2, the
locus is a convex Limaçon (Figure 5)

Figure 4. The Cardioid

Figure 5. Another form of the Limaçon

3. The Maclaurin Trisectrix

Let there be a given line x = a, where a > 0 and again y = mx be any
line t passing through the origin O(0, 0) which intersects the given line at
the point H(a,ma). Now we consider a family of concentric circles centered
at C(c, 0) with c > a and radius CH, whose equation is (x−c)2+y2 = CH2.
Since CH2 = (c− a)2 +m2a2, the equation of the family will be

x2 + y2 − 2cx+ 2ac− a2(1 +m2) = 0.

Solving the system of both equations of the line and the generic circle Γ of
the family, we get the equation (1 + m2)x2 − 2cx + 2ac − a2(1 + m2) = 0
whose roots are

x1,2 =
c±

(

c− a
(

1 +m2
))

1 +m2
.

So the coordinates of the points of intersection will be x1 = a and y1 = ma,
which are those of the point H, and

x2 =
2c− a(1 +m2)

1 +m2
, y2 =

2mc− am(1 +m2)

1 +m2
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which are those of the point denoted as P. As the line t changes, the point
P will describe a locus L, whose equation is:

x3 + xy2 − (2c− a)x2 + ay2 = 0.

This is a cubic with a double point at the origin O and an asymptote of
equation x = −a.

Figure 6. The locus L

If we put c = 2a into the equation of the cubic we get:

(3) x3 + xy2 + ay2 − 3ax2 = 0,

which represents the Maclaurin Trisectrix, see [5]. For the sake of com-

Figure 7. The Maclaurin Trisectrix

pleteness we show trisection property of the locus (3) following the classical
reference [2] pp. 154-155. Referring to figure 8, where QC = CH = HO,
one has θ = <COQ+<CQO, but from the fact that CQ = CH, moreover
<CHQ = 2α from the fact that OH = HC. Hence θ = <CQO + α that is
θ = 3α. If c = a/2, the equation of the locus L becomes:

x3 + xy2 + ay2 = 0

and it represents a cissoid with a cusp at point O.
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Figure 8. The property of the Maclaurin Trisectrix

Figure 9. The cissoid

4. The Parabolic Trifolium

Consider the parabola y = x2 and the line t through the origin of equation
y = mx. It intersects the conic at the points O(0, 0) and H(m,m2). Let
C be any point on the y-axis: C(0, a) with a > 0 and consider the family
of concentric circles centered at C whose radius is CH. We have CH2 =
m2 + (m− a)2, so the equation of the general circumference Γ of the family
is:

x2 + y2 − 2ay −
(

m4 + (1− 2a)m2
)

.

The line t intersects Γ at a point P other than H. In order to find the
coordinates of P, we put y = mx into the equation of Γ, obtaining: (1 +
m2)x2 − 2amx−

(

m4 + (1− 2a)
)

= 0. So, the point P has coordinates:

x =
(2a− 1)m−m3

1 +m2
, y =

(2a− 1)m2 −m4

1 +m2
.

As the line t changes, the point P will describe a locus L, whose equation
is:

x4 + x2y2 + y3 − (2a− 1)x2y = 0.
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Figure 10. The Parabolic Trifolium

It represents the so-called Parabolic Trifolium. It has a triple point at O
with three tangents: the x-axis and the lines y = ±x

√
2a− 1, from which

one has a > 1/2.

5. Conclusion

In this note we have explained some different approach to obtain three
well known geometric loci obtaining a different point of view for their con-
struction and moreover obtaining them in an elementary and accessible way.
We are confident using again this technique to redefine more interesting loci
in a possible future second article on this topic.
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