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A Note About The Metrics Induced by
Truncated Dodecahedron And Truncated Icosahedron

Ozcan Geliggen, Temel Ermis and Ibrahim Giinaltih

Abstract. Polyhedrons have been studied by mathematicians and ge-
ometers during many years, because of their symmetries. There are only
five regular convex polyhedra known as the Platonic solids. Semi-regular
convex polyhedron which are composed of two or more types of regular
polygons meeting in identical vertices are called Archimedean solids. There
are some relations between metrics and polyhedra. For example, it has been
shown that cube, octahedron, deltoidal icositetrahedron are maximum, taxi-
cab, Chinese Checker’s unit sphere, respectively. In this study, we introduce
two new metrics, and show that the spheres of the 3-dimensional analytical
space furnished by these metrics are truncated dodecahedron and truncated
icosahedron. Also we give some properties about these metrics.

1. INTRODUCTION

What is a polyhedron? This question is interestingly hard to answer
simply! A polyhedron is a three-dimensional figure made up of polygons.
When discussing polyhedra one will use the terms faces, edges and vertices.
Fach polygonal part of the polyhedron is called a face. A line segment along
which two faces come together is called an edge. A point where several
edges and faces come together is called a vertex. Traditional polyhedra
consist of flat faces, straight edges, and vertices. There are many thinkers
that worked on polyhedra among the ancient Greeks. Early civilizations
worked out mathematics as problems and their solutions. Polyhedrons have
been studied by mathematicians, scientists during many years, because of
their symmetries. A polyhedron is called regular if all its faces are equal and
regular polygons. It is called semi-regular if all its faces are regular polygons
and all its vertices are equal. An irregular polyhedron is defined by polygons
that are composed of elements that are not all equal. A regular polyhedron
is called Platonic solid, a semi-regular polyhedron is called Archimedean
solid and an irregular polyhedron is called Catalan solid.
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As it is stated in [4] and [7], polyhedra have been used for explaining
the world around us in philosophical and scientific way. There are only five
regular convex polyhedra. These regular polyhedra were known by the An-
cient Greeks. They are generally known as the ”Platonic” or ” cosmic” solids
because Plato mentioned them in his dialogue Timeous, where each is associ-
ated with one of the five elements - the cube with earth, the icosahedron with
water, the octahedron with air, the tetrahedron with fire and the dodecahe-
dron with universe ( or with ether, the material of the heavens). The story
of the rediscovery of the Archimedean polyhedra during the Renaissance is
not that of the recovery of a ’lost’ classical text. Rather, it concerns the re-
discovery of actual mathematics, and there is a large component of human
muddle in what with hindsight might have been a purely rational process.
The pattern of publication indicates very clearly that we do not have a log-
ical progress in which each subsequent text contains all the Archimedean
solids found by its author’s predecessors. In fact, as far as we know, there
was no classical text recovered by Archimedes. The Archimedean solids
have that name because in his Collection, Pappus stated that Archimedes
had discovered thirteen solids whose faces were regular polygons of more
than one kind. Pappus then listed the numbers and types of faces of each
solid. Some of these polyhedra have been discovered many times. According
to Heron, the third solid on Pappus’ list, the cuboctahedron, was known to
Plato. During the Renaissance, and especially after the introduction of per-
spective into art, painters and craftsmen made pictures of platonic solids.
To vary their designs they sliced off the corners and edges of these solids,
naturally producing some of the Archimedean solids as a result. For more
detailed knowledge, see [4] and [7].

Minkowski geometry is non-Euclidean geometry in a finite number of
dimensions. Here the linear structure is the same as the Euclidean one but
distance is not uniform in all directions. That is, the points, lines and planes
are the same, and the angles are measured in the same way, but the distance
function is different. Instead of the usual sphere in Euclidean space, the
unit ball is a general symmetric convex set [13]. Some mathematicians have
been studied and improved metric space geometry. According to mentioned
researches it is found that unit spheres of these metrics are associated with
convex solids. For example, unit sphere of maximum metric is a cube which
is a Platonic Solid. Taxicab metric’s unit sphere is an octahedron, another
Platonic Solid. In [2, 3, 5, 6, 8, 9, 10, 11, 12] the authors give some metrics
which the spheres of the 3-dimensional analytical space furnished by these
metrics are some of Platonic solids, Archimedian solids and Catalan solids.
So there are some metrics which unit spheres are convex polyhedrons. That
is, convex polyhedrons are associated with some metrics. When a metric is
given, we can find its unit sphere in related space geometry. This enforce
us to the question ”Are there some metrics whose unit sphere is a convex
polyhedron?”. For this goal, firstly, the related polyhedra are placed in the
3-dimensional space in such a way that they are symmetric with respect
to the origin. And then the coordinates of vertices are found. Later one
can obtain metric which always supply plane equation related with solids
surface. In this study, we introduce two new metrics, and show that the
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spheres of the 3-dimensional analytical space furnished by these metrics
are truncated dodecahedron and truncated icosahedron. Also we give some
properties about these metrics.

2. TRUNCATED DODECAHEDRON METRIC AND SOME PROPERTIES

One type of convex polyhedrons is the Archimedean solids. The fifth book
of the “Synagoge” or “Collection” of the Greek mathematician Pappus of
Alexandria, who lived in the beginning of the fourth century AD, gives
the first known mention of the thirteen “Archimedean solids”. Although,
Archimedes makes no mention of these solids in any of his extant works,
Pappus lists this solids and attributes to Archimedes in his book [17].

An Archimedean solid is a symmetric, semiregular convex polyhedron
composed of two or more types of regular polygons meeting in identical ver-
tices. A polyhedron is called semiregular if its faces are all regular polygons
and its corners are alike. And, identical vertices are usually means that
for two taken vertices there must be an isometry of the entire solid that
transforms one vertex to the other.

It has been stated in [1], [4] and [14], seven of the 13 Archimedean solids
(the cuboctahedron, icosidodecahedron, truncated cube, truncated dodeca-
hedron, truncated octahedron, truncated icosahedron, and truncated tetra-
hedron) can be obtained by truncation of a Platonic solid.

Two additional solids (the (small) rhombicosidodecahedron and (small)
rhombicuboctahedron) can be obtained by expansion of a Platonic solid,
and two further solids (the great rhombicosidodecahedron and great rhom-
bicuboctahedron) can be obtained by expansion of one of the previous
9 Archimedean solids. It is sometimes stated that these four solids can
be obtained by truncation of other solids. The confusion originated with
Kepler himself, who used the terms ”truncated icosidodecahedron” and
”truncated cuboctahedron” for the great rhombicosidodecahedron and great
rhombicuboctahedron, respectively. However, truncation alone is not capa-
ble of producing these solids, but must be combined with distorting to turn
the resulting rectangles into squares .

The remaining two solids, the snub cube and snub dodecahedron, can be
obtained by moving the faces of a cube and dodecahedron outward while
giving each face a twist. The resulting spaces are then filled with ribbons of
equilateral triangles.

One of the Archimedean solids is the truncated dodecahedron. A trun-
cated dodecahedron is a polyhedron which has 12 regular decagonal faces,
20 regular triangular faces, 60 vertices and 90 edges. This polyhedron can
be formed from a dodecahedron by truncating (cutting off) the corners so
the pentagon faces become decagons and the corners become triangles. [15].
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Figure 1(a) Truncated dodecahedron  Figure 1(b) Dodecahedron

We describe the metric that unit sphere is truncated dodecahedron as
following;:

Definition 2.1. Let P; = (z1,y1,21) and Py = (x2,y2, 22) be two points in
R3. The distance function drp : R3 x R® — [0,00) truncated dodecahedron
distance between Py and Py is defined by

drp(Pr1, P2) =

X12+ max{go(Y12~l—Z12) 3oLy, + “O+ Y12,X12+Z12},
max { “2Y19 + 8229 max {@(Xn + Z12), <er1Y + “DJF Z12, X12 + Y12}
2212 + 879 max {go(Xm + Yi9), ‘pHZ + “0+ X2, Y12 + Zm}

where X190 = |x1 — x2|, Yio = |y1 — y2|, Z12 = |21 — 22| and ¢ = 1+72\/5 the

golden ratio.

According to truncated dodecahedron distance, there are three different
paths from P; to P». These paths are

i) union of three line segments each of which is parallel to a coordinate
axis.

i1) union of two line segments which one is parallel to a coordinate axis

and other line segment makes arctan(%&ﬁ?hﬁ’) angle with another co-

ordinate axis.

i41) union of two line segments which one is parallel to a coordinate axis
and other line segment makes arctan(w%) angle with another coordinate
axis.

Thus truncated dodecahedron distance between P; and P is for (7) %
times the sum of Euclidean lengths of three line segments, for (i7) %
times the sum of Euclidean lengths of mentioned two line segments, and
for (ii1) 5‘*‘7‘[ times the sum of Euclidean lengths of mentioned two line
segments.

Figure 2 illustrates truncated dodecahedron way from P; to P» if maxi-
mum value is (15572‘/5)(\:61—:1;2]+|y1—y2\+\z1—22\) :
100-3v/5 <|

121 hn

— el + (1OI) 21 — 2a) or S (1 — vl + (8 — V)l — w2
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B=(y)

95030~ 2066145
= arctan(

/ Pl
“D=(%,73.5) B=Ci003)

Figure 2: T D way from P; to P,
Lemma 2.1. Let P; = (x1,y1,21) and Py = (x2,y2,22) be distinct two
points in R3. Xi9, Y12, Z12 denote |w1 — 3|, |y1 — va|, |21 — 22|, respec-
tively. Then

drp(P1, Py) > 22 X15 + 3279 max {cp(Ym + Z1a), 2 X5 + et "Yig, X12 + Zm} )
drp(Pi, Py) > Y12 + 8¢9 max{ (X12 + Z12), SaHY + “DJF Z12, X12 + Y12}
drp(Pi, P2) > = Z12 + 89 max{ (X12 + Y19), S(7+1Z12 + WF X12,Y12 + le}

Proof. Proof is trivial by the definition of mazimum function.

Theorem 2.1. The distance function drp is a metric. Also according to
drp, the unit sphere is an truncated dodecahedron in R3.

Proof. Let drp : R?xR? — [0, 00) be the truncated dodecahedron distance
function and Py=(z1,y1,21) , Po=(x2, Y2, 22) and Ps=(x3,y3, 23) are distinct
three points in R3. X12, Y12, Z12 denote ‘:Bl —.CI?2|, \yl — y2’, |Zl — 22’,
respectively. To show that drp is a metric in R?, the following axioms hold
true for all P;, P, and P3 € R3.
M].) dTD(Pl,PQ) Z 0 and dTD(Pl,PQ) =0 iff P1 = P2
M2) drp(P1, P2) = drp(Ps, Pr)
M3) drp(P1, P3) < drp(Pr, P2) + drp (P, Ps).

Since absolute values is always nonnegative value dpp(P, P2) > 0. If
drp(Pi, P;) = 0 then there are possible three cases. These cases are

1) drp(Pr, Po) = 552 X 15437 maX{ﬂp(Ym + Z1a), 2 X5 + et Y19, X12 + Z12}
2) drp(P1, P2) = 552 V10+ %27 max {SO(X12 + Z12), 225 Y1 + S 715, X1o + le}

3) drp(P1, P») :81_—1“0212—1—%111%{{ (X12 + Yi2), SOHZ + £ X12,Y12+le}

Case I: If
8 — 8p—9 dp+1 +7
dTD(P17P2):711(pX12+ @11 maX{SO(Y12+Z12), 9011 Xip+ %2 Y12,X12+Z12},
then

522 X5 + 2272 max {@(Ym + Z12), 28 X5 + et TYi9, X12 + le} =0
= X12 0 and max{gp(Ym + Zlg) (p—HX + <,0+ Yio, X12 + Zlg} =0

< T1 = T2, Y1 = Y2, 21 = 22
& (21,91, 21) = (72,2, 22)
S =Pk

The other cases can be shown by similar way in Case 1. Thus we get
drp(P1, Py) =0 iff P, = P.
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Since |z1 — x2| = |x2 — 21, |y1 — y2|=|y2 — y1| and |z1 — 22| = |22 — z1],
obviously drp(P1, P2) = drp(Pe, P1). That is, drp is symmetric.

X13, Y13, Z13, Xo3, Yo3, Zoz denote |x1 — x3], [y1 — 3, |21 — 23], |22 — 23],
ly2 — ys|, |22 — 23], respectively. Then by using the property [a —b+ b —¢| <
la —b| + |b—¢| for a,b,c €R.

dTD(Pla(PS)
82 X153 + 2272 max {@(Ym + Z13), 228 X5 + 2T Y5, Xag + le} ;

=max{ 552Vyy+ 370 {cp(X 3+ Z13), “‘{Tliﬁ3+%”Z13,X13+Y13},
Zlg—l— max{ (X13+Y13) g07—’_12 +L+7X13,Y13+Z13}
\
( 809 308 (X1p + Xo3) + EE (Vi + Yas) )
7 (X2 + Xo3) + max o(Yi12 + Y23 + Zwo+ Z13), ¢,

(X12 + Xo3 + Zi2 + Zo3)
(Y12 +Ya3) + Wr (Z12 + Z23) ,
<max{ °5f (Via + Ya3) + %72 max o(X12 + X23 +Zio+ Z13), ¢
(X12 + Xo3 + Yio + Ya3)
(Z12 + Za3) + Wr (X12 + X23),
822 (Z1g + Za3) + 3272 max o(X12 + X23 + Y12 + Ya3),
(Yia + Yoz + Zi2 + Zo3)

=I.

Therefore one can easily find that I < dpp(Pi, P) + drp(Ps, P3) from
Lemma 2.2. So drp(Pi, P3) < drp(P1, P2) + drp(Ps, P3). Consequently,
truncated dodecahedron distance is a metric in 3-dimensional analytical
space.

Finally, the set of all points X = (x,v,2) € R? that truncated dodecahedron
distance is 1 from O = (0,0,0) is Stp =

7
B || + T max Loyl + [20), 67 2]+ STyl 2] + |2
(z,y,2): max 7|y|+ ? max | (|| + |2]), 3“”“ lyl + £50 1] J2] + lyl . ¢ =1
52 2] + M7 max S p(|z] + [y)), 3“"“ |2 + £ [, ly] + |=|

Thus the graph of Stp is as in the figure 3:

Figure 3 The unit sphere in terms of drp: Truncated dodecahedron
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Corrolary 2.1. The equation of the truncated dodecahedron with center
(0, Y0, 20) and radius r is

8<p 9 o(ly —yol + |2 — 20l), |z — wo| + |2 — 20],
== |r — + a
o |7 — ol m X{ o+l ]:r—xo\—&-@;r? ly — wol
8-y 89 ¢(lz —zo| + |2 — 20]), Iw—xo!+|y Yol ,
a = a
max 11 |y y0| + max 3Lp+1 ‘y Yo ‘_'_ o+7 ‘Z _ZO‘

B 809 w(\x—xo\ﬂy yo\) ly — yo|+\z—zo\
o E ol max{ 734§T1’Z—20|+@T+7’35—370’

which is a polyhedron which has 32 faces and 60 vertices. Coordinates
of the wertices are translation to (zo,yo,z20) all posible +/- sign compo-

nents of the points (0, 36“2717”,7"), (r,0, 30‘2717“), (?’a;lr r,0), (3a{1r ar, 2ar),
(2ar, 3“;%, ar), (ar,2ar, 30‘;%), (ar,(1—=a)r, O‘THT), (aJQFIT ar,(1 —a)r)

and (1 — @) r, %Lr, ar) where a = é

Lemma 2.2. Let [ be the line through the points Py = (x1,y1,21) and Py =
(z2,Y2, 22) in the analytical 3-dimensional space and dg denote the FEuclidean
metric. If I has direction vector (p,q,r), then

drp(P1, P2) = p(P1P)dg (P, Ps)
where u(Png) =
55 Ipl + 2472 max < o(lgl +|rl), 255 [pl + £ gl , [p] + |7“\}
max 7| |+ 242 max { o(|p| + |7)), 3‘”1 lal + ‘0” Il 1ol + lal
552 r] + 242 max S o(|p| + [a)), 3“"“ | + “”7 bl lal + |r]
VP2 + g +r?

Proof. Equation of [ gives us z1 — x2 = Ap, y1 — Y2 = Aq, 21 — 22 = A,
r € R. Thus,dTD(Pl, Py) is equal to

S5 [p| + %572 max {p(la] + Irl), 255 p| + £ gl [p] + ITI}
Al | max ¢ 55 ] + %672 max  o(|p| + |r]), 3“’“ lal + “"” Il lpl +lal ¢
S5 [r| + 7% max {@(|p| + lg]), 3“"“ |+ ‘p” ol la] + 7|
and dg(A, B) = |A\| /p? + ¢ + r2 which implies the required result.
The above lemma says that dyp-distance along any line is some positive

constant multiple of Euclidean distance along same line. Thus, one can
immediately state the following corollaries:

Corrolary 2.2. If Pi, P, and X are any three collinear points in R3, then
dE(Pl,X) = dE<P2,X> if and only ideD(Pl,X) = dTD(PQ,X) .

Corrolary 2.3. If P, P> and X are any three distinct collinear points in
the real 3-dimensional space, then
drp(X, P1) [/ drp(X, P) = dp(X, P1) / dp(X, P2) .

That is, the ratios of the Fuclidean and drp—distances along a line are the
same.

H/_/H,_/
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3. TRUNCATED ICOSAHEDRON METRIC AND SOME PROPERTIES

The truncated icosahedron is an Archimedean solid, one of 13 convex
isogonal nonprismatic solids whose faces are two or more types of regular
polygons. It has 12 regular pentagonal faces, 20 regular hexagonal faces,
60 vertices and 90 edges. It is the Goldberg polyhedron GV(1,1), con-
taining pentagonal and hexagonal faces. This geometry is associated with
footballs (soccer balls) typically patterned with white hexagons and black
pentagons. Geodesic domes such as those whose architecture Richard Buck-
minister Fuller pioneered are often based on this structure. It also corre-
sponds to the geometry of the fullerene C60 (”buckyball”) molecule [16] (See
Figure 4(a)-(d)).

Figure 4(a)truncated icosahedron Figure 4(b) Icosahedron

‘ 0

Figure 4(c)tru. icosahedron and soccer balls Figure 4(d) C60 molecule

We describe the metric that unit sphere is truncated dodecahedron as
following:

Definition 3.1. Let P, = (x1,y1,21) and Py = (x9,y2,22) be two points
in R3. The distance function dpy : R3 x R® — [0,00) truncated icosahedron
distance between Py and Py is defined by

dri(P1, ) =

( (2= ) (X2 + Z12) , (¢ — 2) (Y12 + Z12), }
X129 + max z _ ,

(2 =) (X12 +Y12), (¢ — 2) (X212 + Z12), }
—2)max < Yio + max S _
(v ) 12 { 31 1;6¢)Y12 + 12glog QZ12
(2—¢) Y12+ Z12), (¢ — 2) (X12 + Y12), }
Vs

31164 120—9
(F192) Z12 + S5 X2

)

Z12 + max {

where X19 = |x1 — x2|, Yi2 = |y1 — y2|, Z12 = |21 — 22| and ¢ = 1+72\/5 the

golden ratio.

According to truncated icosahedron distance, there are three different
paths from P; to P,. These paths are
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i) union of two line segments which one is parallel to a coordinate axis and

other line segment makes arctan(%) angle with another coordinate

axis.

i1) union of two line segments which one is parallel to a coordinate axis
and other line segment makes arctan(%\(%‘r’o) angle with another coordinate
axis.

i11) union of three line segments which one is parallel to a coordinate
axis and other line segments makes arctan(%) angle with another coordinate
axes.

Thus truncated dodecahedron distance between P; and P is for

times the sum of Euclidean lengths of mentioned two line segments, for (zz)

()BO\f 82

Lg* times the sum of Euclidean lengths of mentioned two line segments,

and for (ii7) @ times the sum of Euclidean lengths of three line segments.
Figure 5 shows that the path between P; and P» in case of the maximum is

50\f 82 (|y1 y2|+72‘3§#|21—122|),3\f%(\y1 yo| + B=11Y5 11f‘x1_x2|>

fl(wl ol + 5L (o1 — ol + |21 - z2)))

Figure 5: T'I way from P; to P»

Lemma 3.1. Let P, = (z1,y1,21) and Po = (x9,y2,22) be distinct two
points in R3. Then

dri(Pr, P2) 2 (¢ —2) <X12 + max{ (2 =) (X2 + 21(23)1’(195@))() (1;12 + 21}2/1 })
19
2 — X Y; X Z
dri(Pr, P2) = (¢ —2) <Y12 -I-Inax{ (2=-¢) (X2 + 12()31(16@)}2 ( +121J; 9122 })
19
(2—¢) Yiz+ Z12), (¢ — 2) (X12 + Y12)
dri(Pr, P2) > (¢ —2) <Z12 +max{ (31 16@)2 N <p Oy, -
where X12=|z1 — z2|, Yi2=|y1 — y2|, Z12=|21 — 22| and ¢ = 71+2\/g the golden

ratio.
Proof. Proof is trivial by the definition of maximum function.

Theorem 3.1. The distance function dry is a metric. Also according to
drr, unit sphere is a truncated icosahedron in R3.

Proof. One can easily show that the truncated icosahedron distance func-
tion satisfies the metric axioms by similar way in Theorem 2.3.
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Consequently, the set of all points X = (x,y,2) € R? that truncated
icosahedron distance is 1 from O = (0,0,0) is Sy =

' 2= lal +1a) (=D (o +a. | ) )
il i) e

@ ¢) (l] + ) (¢ ><\xr+rzr>,} B

20 (ly uii )|>’<+|1|2@\91’f’

Yyl +12|), — x|+ |Y|),

'Z”max{ (BL=toey o) 4 2¢9|r} J

(2.9, 2): (9 — 2)max { |y +max{

\

Thus the graph of Sty is as in the figure 6:

Figure 6 The unit sphere in terms of dr;: Truncated icosahedron

Corrolary 3.1. The equation of the truncated icosahedron with center (zg, yo, 20)
and radius r s

( 2—¢)(|z—z0| + ]2 —20]), (¢ —2) (ly — y0|+|z—z0|) )
‘”“""C“”ma"{ (P12 | — g 4+ 1260 |y yo\}
(¢_2)max ‘y_yoy_’_ma‘x{ (2 )(\:L‘—x0|+\y y?l))ll( )’y) (|z ‘_f01|2j|z‘;i0L)()‘ } —r
ol ] @) (=l 412 = 0] (o ><rx—mo\+ry wol).
| [z Al { (=162) |, — | + 12220 xor}

which is a polyhedron which has 30 faces and 60 vertices. Coordinates of the
vertices are translation to (xg, Yo, 20) all posible +/- sign components of the

points (gr 0, 7’) (7’ é'r’,O ) (0 T, é ) (57‘, éT 35+47‘>7 (%7‘7 pr, %T)a

(% 35+47“ ﬂr) ( ,gr \égr), (i g 37') and <3r ‘égr, gr) , where § =
V61
-

Lemma 3.2. Let [ be the line through the points Py = (x1,y1,21) and Py =
(22, Y2, z2) in the analytical 3-dimensional space and dg denote the Euclidean
metric. If | has direction vector (p,q,r), then

dri(P1, Py) = p(P1Py)dg(Pr, Ps)
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where
it man{ G- A=D1 )
B S R S AT
2—=¢)(al +1r]), (¢ - 2)(Ip|+\q|),
7| + max 2 _
u(PLPy) = { (31 13680 7| + 1290 Ip| }

/p2 _|_q2 +T2

Proof. Equation of [ gives us x1 — xo = Ap, y1 — yo = Aq, 21 — 22 = Ar,

r € R. Thus,
2=e)(pl+Ir]), (¢ )(IQ|+\7’|),}
+ _
| max{ (31 1; ) Ip| + 12¢ lq|
2 — + +1r]),
(PP = N [ (= 2)maed g +max{ G W8 B
19
2 — +1r),(p—2 + ,
N R A IR
\ (=557) Ir]
and dg(A, B) = [A| \/p? + ¢® + r? which implies the required result.

The above lemma says that dgrp-distance along any line is some positive
constant multiple of Euclidean distance along same line. Thus, one can
immediately state the following corollaries:

Corrolary 3.2. If Pi, P, and X are any three collinear points in R3, then
dE(Pl,X) = dE(PQ,X) lf and only Zf dT[(Pl,X) = dT[(PQ,X) .

Corrolary 3.3. If P, P> and X are any three distinct collinear points in
the real 3-dimensional space, then

dr(X, Py) [/ dri(X, Py) =dg(X,P1) / dp(X, P,) .

That is, the ratios of the Euclidean and dr;—distances along a line are the
same.
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