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REGULAR n-GONS IN MINIMUM AREA TRIANGLES

JAMES PARKS

Abstract. The popular puzzle on finding the length of the side of the
largest square which can be enclosed in a given triangle, is thought to have
had its origins in the mathematical studies of Heron in the 1st century A.D.
It is believed by some that he used the ’link’ between geometry and what
would become known as algebra to find a solution to this puzzle.

Many people have since studied this puzzle and its inverse, the puzzle
of finding a minimum area triangle for a given square, but few present the
entire solution set.

We study the inverse puzzle for the general case of a given regular n-gon.
A new geometry method will be presented which will assist in the solution

of this puzzle.

1. Introduction

Neugebauer [2] discusses Heron’s use of the connection between algebra
and geometry in the determination of the side of the largest square enclosed
in a given triangle. We study the inverse puzzle, that of finding the triangle
of minimum area containing a unit square, a regular pentagon and a regular
hexagon. This leads to the generalization of triangles containing regular
n-gons. We will present the complete solution set for each of these cases.

A geometric result by Prasolov [4] has been used previously in the solution
of the square puzzle, Example 3.1. This result gives us a new tool to use
which is more efficient than case by case methods, and can assist in solving
all of these cases.

The full solution sets of the square puzzle and the pentagon puzzle both
have infinitely many solutions of similar types, while the solution set for the
hexagon puzzle is a unique equilateral triangle [3].
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These results lead us to the conjecture and solution of the general regular
n-gon result, which is given in Section 4. MAIN RESULT.

All figures were constructed using GSP [6].

2. Geometry Lemma

The following geometry construction provides us with a geometric tool
we can use to help solve the general puzzle for enclosing regular n-gons in
minimum area triangles [4].

We present here a version similar to the author’s argument for complete-
ness.

Lemma 2.1. Given angle C and a point P interior to the angle, determine
a line through P which makes a triangle of minimum area with angle C.

Figure 1

Proof. To the given ∠C and point P interior to it, Figure 1, reflect
∠C in point P to get ∠C ′ opposite ∠C. This forms a parallelogram with
intersection points A and B, Figure 2.

Then ∆ABC is the desired triangle of minimum area.
Note that P is the midpoint of diagonal AB.
Suppose line A′B′ is another line on P cutting off ∠C, and let B” be

the intersection of A′B′ with BC ′, and A” be the intersection of the line on
A′B′ with AC ′.

Then, assuming B 6= B′ and A 6= A′, we have the triangle areas satisfying:

(ABC) = (ABC) + (BB”P )− (AA′P )
< (ABC) + (BB′P )− (AA′P )

= (A′B′C),

where parentheses denote triangle areas.
Similarly, other cases yield the same result, so ∆ABC is the minimum

area triangle determined by ∠C and point P .

Figure 2
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3. Three Examples

We demonstrate the new technique for finding the smallest triangle(s)
enclosing a regular polygon by applying Lemma 2.1 to a square, a regular
pentagon, and a regular hexagon. The pattern we observe in these three
examples will lead us to a conjecture for the general regular n-gon.

By a result of Sullivan [5], we assume that all polygons have one side on
a base line m.

The application of Lemma 2.1 on a given polygon is best obtained by
setting the polygon on the lower side of the given ∠C placed on base m,
which is facing to the right, as in Figure 1, with the polygon contained in
∠C, and at least one point of the polygon on the upper leg of ∠C. Then
pick a point P on the upper right side of the polygon itself. The choice of
P is restricted by the polygon, the upper leg of ∠C, and the midlevel of the
polygon, since P is the midpoint of side AB of the resulting ∆ABC.

Example 3.1. If S is a unit square, determine the set of all triangles of
minimum area which enclose S.

Proof. We claim that in order for the unit square DEFG to be contained
in a smallest area triangle, ∠ABC, we must have P = F and 45◦ ≤ ∠C ≤
90◦, Figure 3.

Figure 3

To prove this, we first need to compute the area of ∆ABC for these
choices of angle.

Apply Lemma 2.1 for P = F , ∠C = 45◦, and ∠C = 90◦. This determines
two 45◦ − 45◦ − 90◦ right triangles at vertices B and C, respectively, with
areas of 2 units2each.

Let 45◦ < ∠C < 90◦. Since P is always the midpoint of the determined
side AB, the height of ∆ABC is always 2 units for these choices. Because
∆ABC ∼ ∆APG, we also know that the base BC always has length 2 units.
So the area of ∆ABC is always 2 units2,Figure 4.

One might think that a different choice of P would possibly determine a
triangle smaller in area than the choices being proposed, but the following
argument will convince you that this is not possible.

For example, in the picture on the right in Figure 5, where ∠C < 45◦,
we have side AB cutting through ∆ABC at an angle in the DF ’direction’.
But there exists another point for P close to F on side EF such that the
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diagonal AB will be perpendicular to the base m, and the right triangle,
∆ABC, will contain the square DEFG.

Figure 4

This point exists, since if P is lowered on EF towards the midpoint K,
the height of the parallelogram ACBC ′ will be correspondingly lower, and
the new diagonal AB will then cut in the direction of GE. So AB must be
perpendicular to the base for P at some point on EF between F and K.

Figure 5

However, the area of this triangle will be greater than the area of the
triangles when 45◦ ≤∠C ≤ 90◦,and P = F . For although the height y of
∆ABC is now less than 2 units, the base will increase to more than 2 units.

Using the similarity ∆ABC ∼ ∆AFG, we have b/1 = y/(y − 1), so
(ABC) = y2/[2(y − 1)].

But y2/[2(y − 1)] > 2, since this inequality is equivalent to (y − 2)2 > 0,
which holds, since we assumed y < 2.

Similar results are obtained when ∠C > 90◦, for then the base of ∆ABC
increases (extend GF to AC at G′ and use the similarity ∆ABC ∼ ∆AFG′,
then apply the inequality method used above), Figure 5 left.

The important thing to notice is that the minimum triangles found here
are equivalent to making choices of triangles with upper vertex A on the unit
line segment ST determined by the upper vertices of the two right triangles,
when ∠C = 45◦ and ∠C = 90◦, Figure 6.

Therefore, the set of triangles of minimum area which enclose a unit
square S is composed of those triangles on base m which inscribe S, and
have their upper vertex A on the unit line segment ST which is 1 unit above
the top side of S, and thus have area 2 units2,Figure 6.
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Figure 6

Example 3.2. If P is a regular pentagon with unit length sides, deter-
mine the set of triangles of minimum area which enclose P.

Proof We claim that the set of triangles of minimum area which enclose
a regular unit pentagon P is composed of those triangles on base m which
enclose P, have their upper vertex A on a line segment ST which is 2sin72◦

units above the base side DE, and at least 4 vertices of P are on each of
the triangles.

This is equivalent to requiring that 36◦ ≤ ∠C ≤ 72◦, P = F , and vertex
H is on the upper leg of ∠C, Figure 7.

Figure 7

Apply Lemma 2.1, and reflect ∠C about point P , Figure 8.

Figure 8

If ∠C = 72◦, then ∠B = 36◦, and if ∠C = 36◦, then ∠B = 72◦, Figure
9. In both of these cases the resulting minimal isosceles triangles are golden
triangles [1].

Figure 9



REGULAR n-GONS IN MINIMUM AREA TRIANGLES 41

It follows that the diagonal FH of P is midway between the base line m
and vertex A of a minimal ∆ABC.

As in Example 1, the limits on the upper vertex A of a minimal triangle
are on the line segment ST , which is also equal to the reflection of side DE
about diagonal FH, Figure 10, and the points S and T are determined by
vertices A and A′ of the two golden triangles.

This follows from the fact that the height of A above the base is clearly
a constant, and the base is constant by the similarity ∆ABC ∼ ∆AFH.

Figure 10

If ∠C < 36◦, P = F , and we apply Lemma 2.1 to the triangle which has
vertex G on the upper leg, the resulting triangle has base larger than that
of the triangles above, Figure 11.

Figure 11

For if we extend HF to AC at H ′, then we have the base b of ∆ABC
satisfying b/b′ = h/(h/2), where b′ is the length of H ′F .

So b = 2b′ > 2HF , since ∆ABC ∼ ∆AFH ′.
If ∠C > 72◦, then similar results occur.
Thus, the line segment ST determines the set of solution triangles.
For the calculations, the height h of ∆ABC is twice the height k of

∆EBF , Figure 9, and k = sin72◦ =
√

(5 +
√

5)/8 units, so h = 2k =√
(5 +

√
5)/2 units =

√
2 + φ units, where φ is the golden ratio.

The base length b = CB is twice the length of diagonal FH. It can be
computed in terms of the right triangle ∆CBF , since cos72◦ = (

√
5− 1)/4

units = 1/b. So, b =
√

5 + 1 units = 2φ units.
This makes the area of the minimum triangles which enclose P equal to

φ
√

2 + φ units2.

Example 3.3. If H is a regular hexagon with sides of unit length, deter-
mine the set of triangles of minimum area which enclose H.



42 JAMES PARKS

Proof Let ∠C = 60◦, and suppose it contains the regular unit hexagon
DEFGHJ , denote H, shares the base DE of the hexagon H, and side JH
is on the upper leg of ∠C as shown. Let P be the midpoint of side FG, and
apply the Lemma, Figure 12.

We claim the minimum area triangle which contains H is this unique
equilateral triangle.

Figure 12

The area of this triangle is 9
√

3/4units2,as the height is 3
√

3/2units, and
the base is 3 units.

A study of other possible triangles containing H shows that they all have
larger areas.

For example, suppose ∠C < 60◦, H is on A′C, and we extend FG to the
sides of ∠C, at A′ and B′, as indicated in Figure 13.

Choose P to be the midpoint of A′B′, then P is on FG between M and
F , M the midpoint of line segment FG.

For any other choice of P , such that G is on the resulting diagonal A′B′,
when Lemma 2.1 is applied, the triangle area of ∆A′B′C is larger than that
of ∆A′B′C.

Since then ∆A′B′C = ∆A′B′C + ∆B′B”G −∆A′A”G, and (B′B”G) >
(A′A”G), since G is above P . So (A”B”C ′) > (A′B′C), Figure 13.

But (A′B′C) > (ABC), where ∆ABC is the unique equilateral triangle
(use the similarity ∆A′B′C ′ ∼ ∆A′GH).

Thus (A”B”C ′) > (ABC).
Similar problems are encountered when choosing ∠C > 60◦, J on AC,

and P such that F is on A′B′.
Other choices of ∠C and P outside of the equilateral triangle result yield

similar larger areas.
So, the equilateral ∆ABC which contains H is the unique minimum area

triangle about H.
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Figure 13

4. Main Result

Consider the general case of a regular n-gon P enclosed in a triangle.
When talking about an n-gon we need some notation in order to keep track
of the sides, vertices, and angles.

Denote the sides of the n-gon P by #1,#2, ...,#n, and the vertices by
P0, P1, ..., Pn, where P0 = Pn, and #j = P(j−1)Pj , j = 1, ..., n, Figure 14.

Since there are n sides, the internal angles of the n-gon have size 180◦(n−
2)/n = 180◦ − 360◦/n, and the exterior angles equal 360◦/n at each vertex.

The sides are labeled in a counterclockwise manner with side #n on the
base line m, and side #1 = P0P1 at vertex P0 = Pn, making an angle of
360◦/n with m. Side #2 next, making an angle of 720◦/n when extended
to m, and so on, Figure 14.

Figure 14

Theorem 4.1. Let P be a regular n-gon with unit length sides, and n =
rmod3.
a.)ifr = 0, then the minimum area triangle containing P is an equilateral

triangle which shares a side of P with each of the triangles sides;
b.)ifr 6= 0, then there are infinitely many minimum area triangles which

contain P, and each has a side on the base line m, and all have their upper
vertex A on a unit line segment directly above #n at a height twice that of
the height of the diagonal PkP2k above m.

Proof. CASE 1. Let r = 0, so that n = 3k, kεN .
Assume P is sitting on the base line m.
The interior angles of the n-gon P are equal to 180◦ − 120◦/k, so the

exterior angles are equal to 120◦/k at each vertex of P.
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Numbering the sides of P counterclockwise, as above, side #1 makes an
angle of 120◦/k with m, side #2 extended makes an angle of 240◦/k with
m, and so on, Figure 15.

Figure 15

The kth side #k extended to m makes supplementary angles of 120◦ with
base line m.

By symmetry, the 2kth side #2k extended downward will also make sup-
plementary angles of 60◦ and 120◦ with line m.

Let C be the intersection of #2k extended with base line m, then ∠C =
∠P2kCPn = 60◦, Figure 15. Let M,N be the midpoints of sides #k,#2k,
resp., and apply Lemma 2.1 to angle ∠C and point P = M . Note that ∠C
contains sides #k and #2k.

The minimum area triangle determined is an equilateral triangle, ∆ABC
in Figure 15, since P reflects to form a rhombus, Figure 15.

Sides #k, #2k, and #3k = #n are contained in the sides of ∆ABC, by
symmetry.

The midpoints of these sides of P also form an equilateral triangle.
That ∆ABC is the unique minimum triangle containing P follows from

the observation that if ∠C ′ ≥ 60◦, where C ′ is on m, then for any P on
#k the triangle ∆A′B′C ′ determined by Lemma 2.1 will either not contain
P, or its area will be greater than that of ∆ABC (Figure 16 is the case for
n = 9).
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Figure 16

Similarly, for the case C ′ ≤ 60◦.
In each of these cases there is a choice of P which will make the triangle

∆A′B′C ′ contain the n-gon P, as outlined in Example 3.3. above. A quick
inspection will confirm that the area of ∆A′B′C ′ is always larger than that
of ∆ABC. The argument is analogous to that for Example 3.3., Figure 13.

The area of the unique minimum equilateral triangle ∆ABC can be com-
puted in terms of the distance a between the base and the main diagonal
MN using the unit sides #1, ... , #k-1, plus half of side #k.

For we have a = sin(120◦/k)+sin(240◦/k)+...+sin((k−1)120◦/k)+
√

3/4
units.

The height h of ∆ABC is twice this distance, h = 2a, so the area of
∆ABC is: (ABC) = (

√
3/3)h2 = 4(

√
3/3)[sin(120◦/k) + sin(240◦/k) + ...+

sin((k − 1)120◦/k) +
√

3/4]2 units2.

CASE 2. Let r 6= 0. Suppose r = 1, so that n = 3k + 1.
This argument works for n even or odd.
Assume the n-gon P is placed on a base line m as in CASE 1.
Since n 6= 3k, there is a vertex L of P where the side which ends at vertex

L, when extended to m, makes an exterior angle with m less than 120◦, and
the side which starts at vertex L, when extended to m, makes an exterior
angle with m greater than 120◦.

The sides we seek which have this property are #k and #k + 1, since
we have k360◦/n = 120◦ − 120◦/(3k + 1) < 120◦, and (k + 1)360◦/n =
120◦ + 240◦/(3k + 1) > 120◦.

So we let L = Pk, Figure 17.
Let ∠C = ∠P2kCPn, where C is the intersection of side #(n − k) =

#(2k+ 1) extended to m, and let P = L. Apply Lemma 2.1 to get diagonal
AB of the parallelogram ADBC, Figure 17. Then ∆ABC is the minimum
area triangle containing P for this choice of ∠C and point P .

Now let P ′ = P2k and ∠C ′ = PkC
′Pn, where C ′ is the intersection of side

#k extended to line m. Apply Lemma 2.1 to get ∆A′B′C ′, the minimum
area triangle for ∠C ′ and P ′.

Then the triangle areas are equal, (ABC) = (A′B′C ′), since, by sym-
metry, ∆A′B′C ′ is the reflection of ∆ABC about the vertical line on the
midpoint of #n, Figure 17.
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Note that CB′, C ′B, and AA′ all have length 1, by construction, for
P, P ′ are the midpoints of sides AB,A′B′, resp., so ∆PBC ′ = ∆PAA′,
and ∆P ′B′C =∆P ′A′A.

Also, P0 is the midpoint of CB by rotational symmetry, and similarly
P3k is the midpoint of B′C ′. So AA′ is the reflection of #n about diagonal
d = P ′P , Figure 17.

Let G be an arbitrary point of AA′, and ∠GFE the angle formed by
GPk extended to m at E, and GP2k extended to m at F . Then, by Lemma
2.1 applied to ∠GFE and P = Pk, the diagonal determined is GE, and
the minimum triangle is ∆GFE. This means that all points G on the line
segment AA′ determine minimum area triangles of the same area about
n-gon P.

Figure 17

For the distance t from diagonal d to #n equals the distance from diagonal
d to line segment AA′, since P = Pk is the midpoint of the diagonal GE
determined by Lemma 2.1.

Then (GFE) = 2tb/2 = tb, where b is the length of EF .
But b = 2d, since ∆GFE ∆GPkP2k.
Therefore (ABC) = (A′B′C ′) = (GFE) = 2td = hd, for all G on line

segment AA′.
The limit points A and A′ on point G correspond to the limit angles

120◦ − 120◦/(3k + 1) and 120◦ + 240◦/(3k + 1) on ∠E.
The area of these triangles can be computed in terms of the unit sides

#1,#2, ...,#k, as in Case 1.
Since the exterior angles at the vertices of P are 360◦/n = 120◦/(k+1/3),

we know that the height t satisfies:
t = sin(120◦/(k+ 1/3)) +sin(240◦/(k+ 1/3)) + ...+sin(120◦k/(k+ 1/3))

units.
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So, we have: (ABC) = hb/2 = 4
√

3t2/3 = (4
√

3/3)[sin(120◦/(k+1/3))+
...+ sin(120◦k/(k + 1/3)]2 units2.

If we let ∠C” be less than 120◦ − 120◦/(3k + 1), or greater than 120◦ +
240◦/(3k+ 1), and contain P , we will always get a triangle of larger area for
the corresponding minimum ∆A′B′C ′.

For example, suppose ∠C” < 120◦ − 120◦/(3k + 1) such that the entire
n-gon P is contained in the angle with some vertex on the upper leg of ∠C”,
Figure 18.

Then there is a point P”, possibly not on P, such that the triangle
∆A′B′C ′ contains the n-gon P with some vertex on A”B” after applica-
tion of Lemma 2.1.

However the area of ∆A”B”C” is larger than that of ∆ABC, by an
argument similar to what we saw in Example 3.1., and Example 3.2.

Assume the height h of ∆A”B”C” is less than 2t, say h = t + y, where
y < t. Extend the diagonal PkP2k to sides A”B” and A”C”, if necessary.

This makes the length of the diagonal d+ e, where e ≥ 0.
The area of ∆A”B”C” is then (t+ y)2(d+ e)/2y, where all terms except

y are constant.
But notice that (t+ y)2(d+ e)/2y ≥ (t+ y)2d/2y.
Also, (t+ y)2d/2y > 4

√
3t2/3iff2

√
3t(y− t)2 > 0, recall we are assuming

0 < y < t.
So we have proved the statement: (A”B”C”) = (t + y)2(d + e)/2y >

4
√

3t2/3.
Similar arguments hold for h ≥ 2t, and ∠C” > 120◦ + 240◦/(3k + 1).

Figure 18

So the minimum area triangles which contain n-gon P have an upper
vertex on AA′, contain the points Pk, P2k of P on their sides, and have their
base on line m. All other choices run into the same problems as discussed
in CASE1.

For r = 2, the argument is very much like the case for r = 1 above.
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For example, apply Lemma 2.1 to ∠C = ∠P2k+1CPn and P = Pk, to
obtain ∆ABC, and then to ∠C ′ = ∠PkC

′Pn and P ′ = P2k+1, to obtain
∆A′B′C ′ as above. The line segment AA′ then determines infinitely many
minimum area triangles of equal area about P, just as in the case for r = 1,
Figure 17.
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