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SLANT PSEUDO-LINES IN
THE HYPERBOLIC PLANE

SHYUICHI IZUMIYA

1. INTRODUCTION

We consider the Poincaré disk model D of the hyperbolic plane which
is conformally equivalent to the Euclidean plane, so that a circle or a line
in the Poincaré disk is also a circle or a line in the Euclidean plane. A
geodesic in the Poincaré disk is a Euclidean circle or a line perpendicular
to the ideal boundary (i.e., the unit circle). If we adopt geodesics as lines
in the Poincaré disk, we have the model of the hyperbolic geometry. We
have another class of curves in the Poincaré disk which have an analogous
property with lines in the Euclidean plane. A horocycle is an Euclidean
circle which is tangent to the ideal boundary. We remark that a line in the
Euclidean plane can be considered as a limit of circles when the radii tend
to infinity. A horocycle is also a curve as a limit of circles when the radii
tend to infinity in the Poincaré disk. If we adopt horocycles as lines, what
kind of geometry do we obtain? We say that two horocycles are parallel
if they have the common tangent point at the ideal boundary. Under this
definition, the axiom of parallel is satisfied. However, for any two points
in the disk, there are always two horocycles passing through the points,
so that the axiom 1 of Euclidean Geometry is not satisfied. We call this
geometry a horocyclic geometry (a horospherical geometry for the higher
dimensional case [2, 3, 4]). However, we have another kind of curves with
the properties similar to those of Euclidean lines. A curve in the Poincar e
disk is called an equidistant curve if it is a Euclidean circle or a Euclidean
line whose intersection with the ideal boundary consists of two points. We
define a one parameter family of Euclidean circles (or lines) depending on
¢ € [0,7/2]. A geodesic is the special case with ¢ = 7/2 and a horocycle is
the case with ¢ = 0. In this paper a geodesic is called a vertical pseudo-line
and a horocycle is called a horizontal pseudo-line. For ¢ € (0,7/2], the
corresponding pseudo-line is an equidistant curve, which we call a ¢-slant
pseudo-line.
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If we consider a ¢-slant pseudo-line as a line, we have a family of geom-
etry in the hyperbolic plane connecting the hyperbolic geometry and the
horocyclic geometry which is called a slant geometry(cf., [1]). Here we have
the natural question what ¢ is. In this paper we give an answer to this
question. Actually, ¢ is the angle between a ¢-slant pseudo-line and the
ideal boundary (cf., Theorem 4.1) at an intersection point.

2. BASIC CONCEPTS

We use the model of the hyperbolic plane in the Lorentz-Minkowski 3-
space. We prepare basic notions on the Lorentz-Minkowski 3-space. Let
R3 be a 3-dimensional vector space. For any vectors & = (xg,21,%2), ¥y =
(Y0, v1,%2) € R3 a pseudo scalar product of x and y is defined by (z,y) =
—oyo + T1y1 + Tay2. The space (R3,(,)) is called a Lorentz-Minkowski 3-
space which is denoted by R$. We assume that R} is time-oriented and
choose eg = (1,0,0) as the future timelike vector. We say that a non-zero
vector x in R} is spacelike, lightlike or timelike if (z,z) > 0,= 0 or < 0
respectively. The norm of the vector & € R} is defined by ||z|| = /|(z, z)].
Given a non-zero vector n € R} and a real number ¢, a plane with pseudo
normal n is defined by

P(n,c) = {z € R} | (x,n) = ¢}
We say that P(n,c) is spacelike , timelike or lightlike if m is timelike,

spacelike or lightlike respectively. For any vectors & = (xg,x1,22) , y =
(Y0, v1,%2) € R3, pseudo exterior product of  and y is defined to be

—€y €1 e
xANy=|z0 x1 2| = (—(T1y2 — T2Y1), T2Yo — ToY2, ToY1 — T1Y0),
Yo Y1 Y2

where {eg, e1, e2} is the canonical basis of R3. We also define a hyperbolic
plane by

H2(-1) = {z € R}[(z,z) = —1,209 > 0}.
We remark that H2 (—1) is a Riemannian manifold if we consider the induced
metric from R3.

We now consider a plane defined by R2 = {(zg, x1,72) € R} | 29 = 0}.
Since (, ) |gz is the canonical Euclidean scaler product, we call RZ a Euclidean
plane. We adopt coordinates (z1,72) of R2 instead of (0,z1,22). On the
Euclidean plane R%, we have the Poincaré disc model of the hyperbolic
plane. We consider a unit open disc D = {x € RZ | ||z| < 1} and consider

a Riemannian metric ) )
gs? — A(dxy + dx3)
1— a2 — 23

Define a mapping W : Hf_ — D by
I xTo
LG = .
(20,1, 22) <x0+ 1" 20 + 1)

It is known that ¥ is an isometry. Moreover, the Poincaré disc model is
conformal equivalent to the Euclidean plane.
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3. PSEUDO-LINES IN THE HYPERBOLIC PLANE

We consider a curve defined by the intersection of Hyperbolic plane with
a plane in the Lorentz-Minkowski 3-space. The image of such a curve by
the isometry W is a part of a Euclidean circle or a Euclidean line in the
Poincaré disc D. Let P(n,c) a plane with a unit pseudo-normal n. We
call H2(—1) N P(n,c) a circle, an equidistant curve and a horocycle if n
is timelike, spacelike or lightlike respectively. Moreover, if n is spacelike
and ¢ = 0, then we call it a hyperbolic line (or, a geodesic). We consider a
hyperbolic line

HL(n) = {z € H2(-1) | (z,n) = 0}
and a horocycle
HO(l,-1)={z € H2(-1) | (=, 1) = —1}.

In general, a horocycle is defined by (z,l) = ¢ for a lightlike vector I and
¢ # 0. However, if we choose —l/c instead of I, then we have the above
equation. For any ag € HC(l,—1), let a; be a unit tangent vector of
HC(l,—1) at ag, so that (a;,l) = 0. We define az = ag A a;. Then we have
a pseudo orthonormal basis {ag, a1, az} of R} such that (ag, ag) = —1. Since
(Il — ap,a0) = (l,a1) = 0, we have £ay = I — ag. We choose the direction
of a1 such that ay = I — ag. It follows that A = (Yag a1 taz) € SOy(1,2),
where

ay ap ag
500(1,2) = A= CL(I) CL% a% | tAILQA = ILQ, a8 2 1
ay a3 a3

is the Lorentz group, where

-1.0 0
La=[0 10
0 01

For any A = (*ag ta; tas) € SOy(1,2), {ap, a1, as} is a pseudo orthonormal
basis of R$. Then I = ag+as is lightlike. It follows that we have HC (I, —1) =
HC(ap + a2,—1) such that ag € HC(ap + a2,—1) and a; is tangent to
HC(ap+ az,—1) at ag. Moreover, we have ag € HL(az) and a; is tangent
to HL(a2) at ag. It is known that a horocycle W(HC(ay + az,—1)) in
the Poincaré disc D is a Euclidean circle tangent to the ideal boundary
St ={z € R | ||z| = 1}. It is also known that a hyperbolic line ¥(H L(as))
is a Euclidean circle or a Euclidean line orthogonal to the ideal boundary
(cf., [5]). By these reasons, a horocycle is called a horizontal pseudo-line
and a pseudo-line is called an orthogonal pseudo-line respectively. We now
define a ¢-slant pseudo-line by

EC(ngy,—cos¢) = {z € H3 | (z,ng) = —cosg},

where ng = cosgag + a2, ¢ € [0, 7/2]. Since (ng, ny) = sin?¢ > 0,
EC(ng,—cos¢) is an equidistant curve. Moreover, ag € EC(ng, —cos )
and a; is tangent to EC(ng, —cos @) at ag. Then EC(n, 9, — cos(m/2)) =
HL(az) and EC(ngy, —cos0) = HC(ap + az,—1).
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4. SLANT PSEUDO-LINES
In this section we consider what ¢ is for the ¢-slant line EC(m, — cos ¢).

Theorem 4.1. For ¢ € [0,7/2], the angle between ¥(EC(ngy, —cos¢)) and
the ideal boundary S* at an intersection point is equal to ¢.

Proof. Firstly, we consider the special case when ag = (1,0,0), a; = (0,1,0)
and az = (0,0,—1). By definition, we have ng = (cos¢,0,—1). We now
define ¥ : R3 \ {29 = —1} — R3 by

~ I xI9
‘I’(wo,xl,ﬂfz) = <x0+1,x0+1>>

so that \T’|Hi(—1) = W. Then we have

B (ao) = (0,0), F(ay) = (1,0), F(az) = (0, 1), F(ny) = (o, ‘1) .

cosp+1
We now consider ag + cos¢pas = (1,0, —cos¢). Then we have (ny, ag +
cos paz) = 0. Since (ag, ny) = —cos ¢, ag € EC(ngy, —cos¢). We remark

s¢)/2) We now con31der the inversion & :

that W(ag + cos paz) = (0, zo
(1/2) = {(5617332) | 22 + 22 = 1/4} defined by

RZ — R2 with respect to 52

%)
a:l 372 .
’ 4(x? —l— 23)’ 4(a? 4 23)

cosg -1
(I)<O’_ 2 >_(0’2cos¢>'

We consider a circle whose center is b = (0, —1/(2cos¢)) and tangent to
xr1-axis, which is defined by

Then we have

) r 1\ 1
5°(b,¢) ; w1+<x2+2c08¢) "~ 4cos? ¢’

The intersection of S(b, ¢) with S! are (4 sin ¢, — cos ¢). The tangent vector
t; of St at v; = (sin ¢, —cos¢) € St is orthogonal to vy, so that we have
t1 = (cos ¢, sin ¢). We also consider the vector

-1 1 — 9 cos?
o= (s —eoss) = (0,50 ) = (smen I5EE)

This is a normal vector of S1(b,¢) at vy. Therefore, the tangent vector of

S1(b,¢) at vy is
2cos? ¢ — 1
to = | ———,si .
2 ( 2 cos ¢ ,smqb)
Thus || t2]| = ||ve|| = 1/2(cos ¢). Let 0 be the angle between ¢; and t3. Then

cos 6.

1
tr, t2) = |[t1]||[t2]| cos 6 = || 2| cos 6 =
(t1, t2) = | ta][[[t2]| cos I£2]] cos 2 cos ¢

Moreover,

1 1
(1, ty) = cos® ¢ — 3 +sin?¢ = 3
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It follows that cos€ = cos ¢, so that § = ¢. On the other hand, the inverse
mapping ¥~ : D — H2(—1) of U is given by

_ 1+ u?+0? 2u 20
. = :
(u,v) <1u202’1u2v2’1u202)
Moreover, the circle S'(b, ¢) is parametrized by v(¢) = (;32;@5, Sg;f;;) :
We remark that v(¢) € D if and only if 1 — 2cos?¢ < sint. With this
condition, =1 o y(v) is equal to

2cos? ¢ + 1 —siny 2cos ¢ cos 2cos p(sinyp — 1)
2cos2¢p —1+sint’ 2cos?2¢p —1+siney’ 2cos?2¢p —1+siny )

Since ng = (cos ¢,0,—1), we have (ng, ¥~ o(1))) = — cos ¢. This means
that U=1(S1(b,¢) N D) C EC(ngs, — cos ). Direct computation shows the
reverse inclusion U(EC(ng4, —cos@)) C S'(b,¢) N D. This completes the
proof for the special case.

We remark that the action of SOp(1,2) on H2(—1) is transitive and it
induces an isometry. Let {ag, a1, as} be a pseudo orthonormal basis of R:{'
with a9 € H2(—1). For a ¢-slant pseudo-line EC(ng4, — cos ¢), we consider
a point v € S' N W(EC(ng, —cos¢)), where X denotes the closure of X.
We also consider the family of parallel horocycles in D tangent to v. Since
two circles in the Euclidean plane have the same angle at the intersection
points, the angle between EC(ng, — cos ¢) and each member of the above
family of parallel horocycles at the intersection point is constant. The angle
between EC (ng, — cos ¢) and the ideal boundary S is the limit of the above
angle. Since an isometry sends parallel horocycles to parallel horocycles and
preserve the angle between two curves at the intersection, the assertion holds
for any pseudo orthonormal basis {ag, a1, a2} of R$ with ag € Hi(—l). O
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