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On the Wittenbauer Type Parallelograms

SÁNDOR NAGYDOBAI KISS

Abstract. Dividing all sides of a quadrilateral into n equal parts and
connecting this points of division in a certain mode, we obtain parallel-
ograms, which we will name Wittenbauer type parallelograms. In this
paper we calculate their perimeter, area and we examine some properties
of these parallelograms.

1. Introduction

If the convex quadrilateral PQRS is given, let A,B,C,D be the mid-
points of the sides PQ,QR,RS, SP . The quadrilateral ABCD is a par-
allelogram, which is called the Varignon parallelogram of PQRS [1]. We
obtain this parallelogram by dividing all sides of the quadrilateral PQRS
into two equal parts and connecting the points of division. Divide the sides
of the quadrilateral PQRS into three equal parts. The figure formed by
connecting and extending adjacent points on either side of a polygon vertex
is a parallelogram known as Wittenbauer’s parallelogram. Dividing all sides
of the quadrilateral PQRS into n equal parts, where n is natural number
(n ≥ 2), and connecting this points of division in a certain mode, we obtain
further parallelograms, which we will name Wittenbauer type parallelograms.
In this paper we will calculate their perimeter, area and we will also examine
some properties of these parallelograms.

2. The Wittenbauer’s parallelogram

Note with θ the angle ABC and let AB = 2q and BC = 2p, where
p > 0, q > 0. Let O be the intersection of diagonals AC and BD of the
parallelogram ABCD. We attach to the quadrilateral PQRS an oblique
coordinate system xOy so that its origin let be the point O, the x-axis
parallel with the line BC and the y-axis with the line AB (Figure 1). In
this oblique coordinate system xOy, the coordinate of the points A,B,C,D
are:

A = (−p, q), B = (−p,−q), C = (p,−q), D = (p, q).
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Let X = (α, β) be the midpoint of the diagonal PR. It is well known
that if the point Y is the midpoint of the other diagonal QS, then it is the
symmetric of X with respect to O. Consequently, Y = (−α,−β). Now
we determine the coordinates of the vertices of quadrilateral PQRS. The
side PQ passes through the point A and is parallel with the line BX. Its
equation is

−(β + q)x+ (α+ p)y = (β + q)p+ (α+ p)q.

We obtain the ordinate of the point P for x = α, i.e. y = β + 2q. So the
coordinates of the points P,Q,R, S are:

P = (α, β + 2q), Q = (−α− 2p,−β), R = (α, β − 2q), S = (−α+ 2p,−β).
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Figure 1

We suppose that the points E1
3 and E2

3 divide the side [PQ], the points F 1
3

and F 2
3 divide the side [QR], the points G1

3 and G2
3 divide the side [RS] and

the points H1
3 and H2

3 divide the side [SP ] into three equal parts (Figure
1). The order between this points let the following:

(P,E1
3 , E

2
3 , Q), (Q,F 1

3 , F
2
3 , R), (R,G1

3, G
2
3, S), (S,H

1
3 ,H

2
3 , P ).

We determine the coordinates of the points E1
3 and E2

3 :

PE1
3

E1
3Q

=
1

2
⇒ xE1

3
=
xP+

1
2 xQ

1+ 1
2

=
α− 2p

3
and yE1

3
=
yP+

1
2 yQ

1+ 1
2

=
β+4q

3
,

PE2
3

E2
3Q

=2 ⇒ xE2
3
=
xP+2xQ
1+2

=
−α−4p

3
and yE2

3
=
yP+2yQ
1 + 2

=
−β+2q

3
.
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Similarly, we can determine the coordinates of the points F 1
3 and F 2

3 , G
1
3

and G2
3, H

1
3 and H2

3 :

E1
3 =

(
α− 2p

3
,
β + 4p

3

)
, E2

3 =

(
−α− 4p

3
,
−β + 2q

3

)
,

F 1
3 =

(
−α− 4p

3
,
−β − 2q

3

)
, F 2

3 =

(
α− 2p

3
,
β − 4q

3

)
,

G1
3 =

(
α+ 2p

3
,
β − 4q

3

)
, G2

3 =

(
−α+ 4p

3
,
−β − 2q

3

)
,

H1
3 =

(
−α+ 4p

3
,
−β + 2q

3

)
, H2

3 =

(
α+ 2p

3
,
β + 4q

3

)
.

Let K1
3 = E1

3H
2
3 ∩ F 1

3E
2
3 , L1

3 = F 1
3E

2
3 ∩ G1

3F
2
3 , M1

3 = G1
3F

2
3 ∩ H1

3G
2
3,

N1
3 = H1

3G
2
3 ∩ E1

3H
2
3 .

Note with the symbol u[·] the perimeter of a polygon and with σ[·] its area.
Since AB = 2q and BC = 2p, it is evident that u[ABCD] = 4(p + q) =
PR+QS.

Theorem 2.1. The quadrilateral K1
3L

1
3M

1
3N

1
3 is a parallelogram. Its perime-

ter respectively area is

u[K1
3L

1
3M

1
3N

1
3 ] =

16

3
(p+ q) =

4

3
u[ABCD] =

4

3
(PR+QS), (2.1)

respectively

σ[K1
3L

1
3M

1
3N

1
3 ] =

8

9
σ[PQRS]. (2.2)

Proof. The sides opposite of the quadrilateral K1
3L

1
3M

1
3N

1
3 are parallel.

Indeed,

E1
3F

2
3 ∥PR∥F 1

3E
2
3 , G

1
3H

2
3∥PR∥H1

3G
2
3, E

1
3H

2
3∥QS∥H1

3E
2
3 , F

1
3G

2
3∥QS∥G1

3F
2
3 .

This parallelogram K1
3L

1
3M

1
3N

1
3 is called the Wittenbauer’s parallelogram.

Note this parallelogram with the symbol W (3, 1). The sides of the W (3, 1)

are: K1
3N

1
3 = H1

3E
2
3 = F 1

3G
2
3 =

− α+ 4p

3
−

− α− 4p

3
=

8p

3
and K1

3L
1
3 =

E1
3F

2
3 = G1

3H
2
3 =

β + 4q

3
−

β − 4q

3
=

8q

3
. The perimeter of the Wittenbauer

parallelogram is

u[K1
3L

1
3M

1
3N

1
3 ] = u[W (3, 1)] =

16

3
(p+ q) =

4

3
u[ABCD] =

4

3
(PR+QS).

The area of Varignon parallelogram is σ[ABCD] = 4pq sin θ. The area of
quadrilateral PQRS is σ[PQRS] = 2σ[ABCD] = 8pq sin θ. The area of
Wittenbauer’s parallelogram is

σ[K1
3L

1
3M

1
3N

1
3 ] = σ[W (3, 1)] =

8p

3
· 8q
3

sin θ =
8

9
σ[PQRS].

�
Remark 2.1. In [2] I find the following: ”3. The centroid of equal masses
at the vertices of a quadrangle is the center of the Varignon parallelogram.
4. The centroid of a quadrangular lamina is the center of the Wittenbauer



30 Sándor Nagydobai Kiss

parallelogram, whose sides join adjacent points of trisection of the sides.
This theorem, due to F. Wittenbauer (1857-1922) [Blaschke 2, p. 13], was
rediscovered by J. J. Welch and V. W. Foss.” (see [3] and [4]).

3. The Wittenbauer type parallelograms

We suppose that the points E1
n, E

2
n, . . . , E

n−1
n divide the side [PQ], the

points F 1
n , F

2
n , . . . , F

n−1
n divide the side [QR], the points G1

n, G
2
n, . . . , G

n−1
n

divide the side [RS] and the points H1
n,H

2
n, . . . ,H

n−1
n divide the side [SP ]

into n equal parts (Figure 2). The order between this points let the following:
(P,E1

n, E
2
n, . . . , E

n−1
n , Q), (Q,F 1

n , F
2
n , . . . , F

n−1
n , R), (R,G1

n, G
2
n, . . . , G

n−1
n , S),

(S,H1
n,H

2
n, . . . , H

n−1
n , P ).

We determine the coordinates of the points Ei
n, where i ∈ {1, 2, . . . , n−1}:

PEi
n

Ei
nQ

=
i

n− i
⇒ xEi

n
=

xP + i
n−i xQ

1 + i
n−i

=
(n− 2i)α− 2ip

n

and

yEi
n
=

yP + i
n−i yQ

1 + i
n−i

=
(n− 2i)β + 2(n− i)q

n
.

.

.

.

.

.

.

.

.

.
.

.

.
.

.
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Similarly, we can determine the coordinates of the points F i
n, G

i
n,H

i
n:

Ei
n =

(
(n− 2i)α− 2ip

n
,
(n− 2i)β + 2(n− i)q

n

)
,

F i
n =

(
−(n− 2i)α− 2(n− i)p

n
,
−(n− 2i)β − 2iq

n

)
,
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Gi
n =

(
(n− 2i)α+ 2ip

n
,
(n− 2i)β − 2(n− i)q

n

)
,

H i
n =

(
−(n− 2i)α+ 2(n− i)p

n
,
−(n− 2i)β + 2iq

n

)
.

Remark 3.1. It is easy to verify that xEn−i
n

= xF i
n
, xFn−i

n
= xEi

n
, xGn−i

n
=

xHi
n
, xHn−i

n
= xGi

n
and yEn−i

n
= yHi

n
, yFn−i

n
= yGi

n
, yGn−i

n
= yF i

n
, yHn−i

n
=

yEi
n
.

Let Ki
n = Ei

nH
n−i
n ∩ F i

nE
n−i
n , Li

n = F i
nE

n−i
n ∩ Gi

nF
n−i
n , M i

n = Gi
nF

n−i
n ∩

H i
nG

n−i
n , N i

n = H i
nG

n−i
n ∩ Ei

nH
n−i
n where i ∈

{
1, 2, . . . ,

[
n
2

]}
and [·] is the

integer part.

Theorem 3.1. The quadrilateral Ki
nL

i
nM

i
nN

i
n is a parallelogram and its

perimeter is

u[Ki
nL

i
nM

i
nN

i
n] = 8

n− i

n
(p+ q) = 2

n− i

n
u[ABCD] (3.1)

= 2
n− i

n
(PR+QS),

where n is natural, n ≥ 2 and i ∈
{
1, 2, . . . ,

[
n
2

]}
.

Proof. The sides opposite of the quadrilateral Ki
nL

i
nM

i
nN

i
n are parallel. In-

deed, Ei
nF

n−i
n ∥PR∥F i

nE
n−i
n , Gi

nH
n−i
n ∥PR∥H i

nG
n−i
n , Ei

nH
n−i
n ∥QS∥H i

nE
n−i
n ,

F i
nG

n−i
n ∥QS∥Gi

nF
n−i
n (Figure 2). Note this parallelograms with the symbol

W (n, i) and call it the Wittenbauer type parallelograms. The sides of the
W (n, i) are:

Ki
nN

i
n = H i

nE
n−i
n = F i

nG
n−i
n

=
−(n− 2i)α+ 2(n− i)p

n
− −(n− 2i)α− 2(n− i)p

n
=

4(n− i)p

n

and

Ki
nL

i
n = Ei

nF
n−i
n = Gi

nH
n−i
n

=
(n− 2i)β + 2(n− i)q

n
− (n− 2i)β − 2(n− i)q

n
=

4(n− i)q

n
.

Consequently, the perimeter of the parallelogram W (n, i) is equal to

u[W (n, i)] = 8
n− i

n
(p+ q) = 2

n− i

n
u[W (2, 1)] = 2

n− i

n
(PR+QS),

where u[W (2, 1)] = 4(p+ q) is the perimeter of the Varignon parallelogram
ABCD. �

In the following, we calculate the perimeter of Wittenbauer type parallel-
ograms for n ∈ {2, 3, . . . , 6}. Note the perimeter of Varignon parallelogram
ABCD briefly with u.

I. n = 2 ⇒ u[W (2, 1)] = u[K1
2L

1
2M

1
2N

1
2 ] = u[ABCD] = u,

II. n = 3 ⇒ u[W (3, 1)] = u[K1
3L

1
3M

1
3N

1
3 ] = 2

3− 1

3
u =

4

3
u,

III. n = 4 ⇒ u[W (4, 1)] = u[K1
4L

1
4M

1
4N

1
4 ] = 2

4− 1

4
u =

3

2
u
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u[W (4, 2)] = u[K2
4L

2
4M

2
4N

2
4 ] = 2

4− 2

4
u = u,

IV. n = 5 ⇒ u[W (5, 1)] = u[K1
5L

1
5M

1
5N

1
5 ] = 2

5− 1

5
u =

8

5
u,

u[W (5, 2)] = u[K2
5L

2
5M

2
5N

2
5 ] = 2

5− 2

5
u =

6

5
u,

V. n = 6 ⇒ u[W (6, 1)] = u[K1
6L

1
6M

1
6N

1
6 ] = 2

6− 1

6
u =

5

3
u,

u[W (6, 2)] = u[K2
6L

2
6M

2
6N

2
6 ] = 2

6− 2

6
u =

4

3
u,

u[W (6, 3)] = u[K3
6L

3
6M

3
6N

3
6 ] = 2

6− 3

6
u = u.

Theorem 3.2. The area of the parallelogram Ki
nL

i
nM

i
nN

i
n is

σ[Ki
nL

i
nM

i
nN

i
n] = 2

(
n− i

n

)2

· σ[PQRS], (3.2)

where n is natural, n ≥ 2 and i ∈
{
1, 2, . . . ,

[
n
2

]}
.

Proof. The area of Wittenbauer type parallelograms is

σ[Ki
nL

i
nM

i
nN

i
n] = Ki

nN
i
n ·Ki

nL
i
n sin θ =

4(n− i)p

n
· 4(n− i)q

n
sin θ

= 2

(
n− i

n

)2

· σ[PQRS].

�

In the following we calculate the area of Wittenbauer type parallelograms
for n ∈ {2, 3, . . . , 6}. Note the area of quadrilateral PQRS briefly with σ.

I. n=2 ⇒ σ[W (2, 1)]=σ[K1
2L

1
2M

1
2N

1
2 ]=σ[ABCD]=2

(
2−1

2

)2

σ=
1

2
σ,

II. n = 3 ⇒ σ[W (3, 1)] = σ[K1
3L

1
3M

1
3N

1
3 ] = 2

(
3− 1

3

)2

σ =
8

9
σ,

III. n = 4 ⇒ σ[W (4, 1)] = σ[K1
4L

1
4M

1
4N

1
4 ] = 2

(
4− 1

4

)2

σ =
9

8
σ,

σ[W (4, 2)] = σ[K2
4L

2
4M

2
4N

2
4 ] = 2

(
4− 2

4

)2

σ =
1

2
σ,

IV. n = 5 ⇒ σ[W (5, 1)] = σ[K1
5L

1
5M

1
5N

1
5 ] = 2

(
5− 1

5

)2

σ =
32

25
σ,

σ[W (5, 2)] = σ[K2
5L

2
5M

2
5N

2
5 ] = 2

(
5− 2

5

)2

σ =
18

25
σ,

V. n = 6 ⇒ σ[W (6, 1)] = σ[K1
6L

1
6M

1
6N

1
6 ] = 2

(
6− 1

6

)2

σ =
25

18
σ,

σ[W (6, 2)] = σ[K2
6L

2
6M

2
6N

2
6 ] = 2

(
6− 2

6

)2

σ =
8

9
σ,
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σ[W (6, 3)] = σ[K3
6L

3
6M

3
6N

3
6 ] = 2

(
6− 3

6

)2

σ =
1

2
σ.

4. Some properties of the Wittenbauer type parallelograms

Let Oi
n = Ki

nM
i
n ∩ Li

nN
i
n, i.e. the center point of symmetry of the paral-

lelogram Ki
nL

i
nM

i
nN

i
n and T the intersection of diagonals PR and QS. The

coordinates of the point T are (α,−β) (see Figure 3, where n = 6).

Theorem 4.1. All point Oi
n are situated on the line OT , consequently the

points Oi
n are collinear, for all natural n, n ≥ 2 and i ∈

{
1, 2, . . . ,

[
n
2

]}
.

Proof. The coordinates of the points Ki
n,M

i
n, L

i
n, N

i
n are

Ki
n = (xEn−i

n
, yEi

n
) = (xF i

n
, yEi

n
)

=

(
−(n− 2i)α− 2(n− i)p

n
,
(n− 2i)β + 2(n− i)q

n

)
,

. .

..

.
..

.
.
.

.

.

C G36

D H36

E16

E6E6
2

E6
4

E6
5

E6
3
=A_

6
K1

6K
2

OO26

O1
6

6H
1

6H
2

6H
5

6
N1

6
N2

F16
F26

F56

F46

F36 B

L16

6G
1

6
G2

6G
4

6
G5

R

S

Q T x

y

P

M2
6
M1
6

.
..
.

.

..
.. .

.
.

.

.

.

.

.
.

L26

. .

.

.
.

H46

Figure 3

Li
n = (xF i

n
, yFn−i

n
) = (xF i

n
, yGi

n
)

=

(
−(n− 2i)α− 2(n− i)p

n
,
(n− 2i)β − 2(n− i)q

n

)
,

M i
n = (xGn−i

n
, yGi

n
) = (xHi

n
, yGi

n
)

=

(
−(n− 2i)α+ 2(n− i)p

n
,
(n− 2i)β − 2(n− i)q

n

)
,
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N i
n = (xHi

n
, yHn−i

n
) = (xHi

n
, yEi

n
)

=

(
−(n− 2i)α+ 2(n− i)p

n
,
(n− 2i)β + 2(n− i)q

n

)
.

So, Oi
n =

(
−

(n− 2i)α

n
,
(n− 2i)β

n

)
=

n− 2i

n
(−α, β). The equation of the

line OT is βx+ αy = 0. It is evident that Oi
n ∈ OT . �

We will write the coordinates of points Ki
n,M

i
n, L

i
n, N

i
n for n = 6 and

i ∈ {1, 2, 3} (Figure 3):

K1
6 =

(
−2α− 5p

3
,
2β + 5q

3

)
, L1

6 =

(
−2α− 5p

3
,
2β − 5q

3

)
M1

6 =

(
−2α+ 5p

3
,
2β − 5q

3

)
, N1

6 =

(
−2α+ 5p

3
,
2β + 5q

3

)
K2

6 =

(
−α− 4p

3
,
β + 4q

3

)
, L2

6 =

(
−α− 4p

3
,
β − 4q

3

)
M2

6 =

(
−α+ 4p

3
,
β − 4q

3

)
, N2

6 =

(
−α+ 4p

3
,
β + 4q

3

)
K3

6 = (−p, q) = A, L3
6 = (−p,−q) = B, M3

6 = (p,−q) = C, N3
6 = (p, q) = D.

Remark 4.1. The parallelograms W (2n, 2i) and W (n, i) coincide for n ≥ 2
and i ∈

{
1, 2, . . . ,

[
n
2

]}
.

Theorem 4.2. a) All points Ki
n are situated on the line AT , so the points

Ki
n are collinear.
b) All points Li

n are situated on the line BT , so the points Li
n are collinear.

c) All points M i
n are situated on the line CT , so the points M i

n are
collinear.

d) All points N i
n are situated on the line DT , so the points N i

n are
collinear, for all natural n, n ≥ 2, and i ∈

{
1, 2, . . . ,

[
n
2

]}
.

Proof. The equation of the line AT is∣∣∣∣∣∣
x y 1
−p q 1
α −β 1

∣∣∣∣∣∣ = 0 ⇔ (β + q)x+ (α+ p)y + βp− αq = 0.

We will verify that Ki
n ∈ AT (Figure 3):

(β+q)[−(n−2i)α−2(n− i)p]+(α+p)[(n−2i)β+2(n− i)q]+n(βp−αq) =
0 ⇔ (n−2i)(βp−αq)−2(n−i)(βp−αq)+n(βp−αq) = 0 ⇔ (βp−αq)·0 = 0,
which is true. Similarly, we obtain the equations of the lines BT,CT and
DT :

BT :

∣∣∣∣∣∣
x y 1
−p −q 1
α −β 1

∣∣∣∣∣∣ = 0 ⇔ (β − q)x+ (α+ p)y + βp+ αq = 0,

CT :

∣∣∣∣∣∣
x y 1
p −q 1
α −β 1

∣∣∣∣∣∣ = 0 ⇔ (β − q)x+ (α− p)y − βp+ αq = 0,
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DT :

∣∣∣∣∣∣
x y 1
p q 1
α −β 1

∣∣∣∣∣∣ = 0 ⇔ (β + q)x+ (α− p)y − βp− αq = 0.

It is easy to verify that Li
n ∈ BT , M i

n ∈ CT and N i
n ∈ DT . �

Theorem 4.3. The following relations hold:

a) σ[W (2i+ 1, i)]σ[W (2i+ 2, 1)] = σ2, (4.1)

b) σ[W (3i+ 3, i+ 1)]σ[W (4i, i)] = σ2, (4.2)

c) σ[W (5i, i)] =
32

25
σ, (4.3)

d) σ[W (5i, 2i)] =
18

25
σ, (4.4)

where i ∈
{
1, 2, . . . ,

[
n
2

]}
.

Proof. We will demonstrate the premier two relations:

a) σ[W (2i+1, i)]σ[W (2i+2, 1)]=4

(
2i+ 1− i

2i+ 1

)2(2i+ 2− 1

2i+ 2

)2

σ2=σ2,

b) σ[W (3i+ 3, i+ 1)]σ[W (4i, i)] =
8

9
σ · 9

8
σ = σ2.

�
In [2] Coxeter pose the following question: ”5. For what kind of quadran-

gle will the centroids described in the two preceding exercises coincide?” The

center of the Wittenbauer parallelogram is O1
3 =

1

3
(−α, β). Consequently,

O1
3 ≡ O ⇔ α = 0 = β. In this case

P = (0, 2q), Q = (−2p, 0), R = (0,−2q), S = (−2p, 0),

so the quadrilateral PQRS is a parallelogram (Figure 4).
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Figure 4
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We can say better: in this case all centers Oi
n =

n− 2i

n
(−α, β) of the

Wittenbauer type parallelograms coincide with O, the center of Varignon
parallelogram. Since T ≡ O, results that for all natural n, n ≥ 2 and
i ∈

{
1, 2, . . . ,

[
n
2

]}
we have: Ki

n,M
i
n ∈ AC and Li

n, N
i
n ∈ BD.

In this paper I supposed that the quadrilateral PQRS is convex. Whether
this theorems and properties remain valuable, does the quadrilateral PQRS
turn into concave or another type of quadrilateral?
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