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On the Wittenbauer Type Parallelograms

SANDOR NAGYDOBAI KISS

ABSTRACT. Dividing all sides of a quadrilateral into n equal parts and
connecting this points of division in a certain mode, we obtain parallel-
ograms, which we will name Wittenbauer type parallelograms. In this
paper we calculate their perimeter, area and we examine some properties
of these parallelograms.

1. INTRODUCTION

If the convex quadrilateral PQRS is given, let A, B,C, D be the mid-
points of the sides PQ,QR,RS,SP. The quadrilateral ABCD is a par-
allelogram, which is called the Varignon parallelogram of PQRS [1]. We
obtain this parallelogram by dividing all sides of the quadrilateral PQRS
into two equal parts and connecting the points of division. Divide the sides
of the quadrilateral PQR.S into three equal parts. The figure formed by
connecting and extending adjacent points on either side of a polygon vertex
is a parallelogram known as Wittenbauer’s parallelogram. Dividing all sides
of the quadrilateral PQR.S into n equal parts, where n is natural number
(n > 2), and connecting this points of division in a certain mode, we obtain
further parallelograms, which we will name Wittenbauer type parallelograms.
In this paper we will calculate their perimeter, area and we will also examine
some properties of these parallelograms.

2. THE WITTENBAUER'S PARALLELOGRAM

Note with € the angle ABC and let AB = 2q and BC = 2p, where
p >0, g > 0. Let O be the intersection of diagonals AC and BD of the
parallelogram ABCD. We attach to the quadrilateral PQRS an oblique
coordinate system xOy so that its origin let be the point O, the z-axis
parallel with the line BC' and the y-axis with the line AB (Figure 1). In
this oblique coordinate system xQy, the coordinate of the points A, B, C, D
are:

A= (-p,q), B=(-p,—q), C=(p,—q), D= (p,q).
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Let X = («,3) be the midpoint of the diagonal PR. Tt is well known
that if the point Y is the midpoint of the other diagonal Q.S, then it is the
symmetric of X with respect to O. Consequently, Y = (—a,—/3). Now
we determine the coordinates of the vertices of quadrilateral PQRS. The
side P(@ passes through the point A and is parallel with the line BX. Its
equation is

~(B+q@r+ (a+ply=(B+qp+ (a+p).

We obtain the ordinate of the point P for x = a, i.e. y = 8+ 2¢. So the
coordinates of the points P, Q, R, S are:

P = (Oé,ﬁ+2Q), Q = (—Oé— 2p7 _6)7 R = (aaﬁ_ QQ)7 S = (—Oé+2p, _6)

y

We suppose that the points Fi and E2 divide the side [PQ], the points F}
and F? divide the side [QR], the points G} and G% divide the side [RS] and
the points Hi and HZ divide the side [SP] into three equal parts (Figure
1). The order between this points let the following:

(P7E§7E?2)7Q)7 (Q7F?:)I-7F327R)7 (R’G%NGQ?S)? (S7H§7H§7P>

We determine the coordinates of the points E} and E3:

PE} 1 rptizg a—2p yrt 3Uq _ Btdq

FlQ 2 BT 14l 3 IR 3

PE2 rp+2xg —a—4p yp+2yo —B+2q
=2 = = d =

B2 BT 42 3 OUET T4 3
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Similarly, we can determine the coordinates of the points Fy and F%, G}
and G2, Hi and H3:

a—2p B+4p —a—4p —F+2¢q
By = (2522 pp o (TR T,

Pl = —Oé—4p’—5—2q R - a—2p7ﬁ—4q 7
3 3 3 3

1 (a+2p B—4q o (—a+4p —B-2¢
G3_< 3 9 3 ) G3_ 3 ) 3 )
HY = —a+4p’—6+2q HE - a+2p,5+4q .

3 3 3 3

Let Ki = EIH2 N FiE3, L = F}E2NGIF?, M} = GAF? N HiG3,
Ni= HIG3n EIH3.
Note with the symbol u[-] the perimeter of a polygon and with o[-] its area.
Since AB = 2q and BC = 2p, it is evident that u[ABCD] = 4(p + q) =
PR+ QS.

Theorem 2.1. The quadrilateral K%L%M%Ng 1s a parallelogram. Its perime-
ter respectively area s

16 4 4
ull LM N3] = == (p+q) = g u[ABCD] = o (PR+QS),  (21)

respectively

o[K3LiM;N3| = SJ[PQRS]. (2.2)
Proof. The sides opposite of the quadrilateral KiLiM3NJ are parallel.
Indeed,
EsF3|PR|F5 B3, GyHE | PR|H3GS, E3H3||QS||Hs ES, F3G3|QS|G3Fs.

This parallelogram K§L§M§N§ is called the Wittenbauer’s parallelogram.
Note this parallelogram with the symbol W (3,1). The sides of the W (3,1)

—a+dp —a—4p 8
are: KiNi = HYE} = FiG} = ——— - ————F = =% and K}L} =
+4g B-4q 8
E31}732 = G%Hg = b 3 7_ g 3 7_ gq The perimeter of the Wittenbauer

parallelogram is

u[KILAMENG] = W (3,1)] = 5 0+ q) = 5 u[ABCD] = £ (PR+QS).

The area of Varignon parallelogram is c[ABCD] = 4pqsinf. The area of
quadrilateral PQRS is ¢[PQRS] = 20[ABCD] = 8pgsinf. The area of
Wittenbauer’s parallelogram is
o[KMLIMIND = o[W(3,1)] = %p - %‘1 §inf — SU[PQRS}.
O

Remark 2.1. In [2] I find the following: ”3. The centroid of equal masses
at the vertices of a quadrangle is the center of the Varignon parallelogram.
4. The centroid of a quadrangular lamina is the center of the Wittenbauer
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parallelogram, whose sides join adjacent points of trisection of the sides.
This theorem, due to F. Wittenbauer (1857-1922) [Blaschke 2, p. 13|, was
rediscovered by J. J. Welch and V. W. Foss.” (see [3] and [4]).

3. THE WITTENBAUER TYPE PARALLELOGRAMS

We suppose that the points E}, E2, ... E" ! divide the side [PQ], the
points F}, F2 ... F"~1 divide the side [QR], the points GL,G?,...,G"1
divide the side [RS] and the points H! HZ2, ... H* ! divide the side [SP]
into n equal parts (Figure 2). The order between this points let the following;:
(P,E}E2 ... E"YQ),(Q,FELF? ..., F'"L R), (R,GL,G2,....G"19),
(S,H!, H2,... H 1 P).

We determine the coordinates of the points EY, wherei € {1,2,...,n—1}:

PE! i P+ =g (n—20)a— 2ip
= = - = Xp = L~ =
ELQ n—i n 1+ n

and
_yptamYe  (n—20)B+2(n —i)g
e, = 1+ -2 n '

Figure 2

Similarly, we can determine the coordinates of the points F?, G% H}:

g ((n - 217)104 ~2ip (- Qi)ﬁzz(n - z')q) |

Fi— <—(n —2)a—2(n—i)p —(n—2i)p— 2iq> |

n ’ n
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o <(n— %) or + 2ip | (n—2i)8 — 2(n—i)q> |

n n
i <—(n—2i)a+2(n—z’)p —(n—2i)ﬁ+2iq>
H = , .
n n
Remark 3.1. It is easy to verify that Tpn—i = Tpi, Tpn—i = Tgi, Ton—i =

Tpi, Tyn-i = Tgi and Ypn—i = Ygi, Ypn—i = Ygi, Ygn—i = Yri, Ygn-i =
YE;i -

Let K! = BELH' "N EFLEY LL = FLE NGLFY M = GLFi N
H.G'' N} = H:Gr "N E H" where i € {1,2,...,[2]} and [] is the
integer part.

Theorem 3.1. The quadrilateral K! L), MiN! is a parallelogram and its
perimeter 1s

—1 n—1

u[KELMING] = 87" (p+q) = 22— w[ABCOD] (3.1)
- 2”; “(PR+QS5),
where n is natural, n > 2 and ¢ € {1,2,..., [%}}

Proof. The sides opposite of the quadrilateral K¢ L} M’ N! are parallel. In-
deed, B4 FP—|PRIFLER, GiHE | PR HLGR -, ExHA~|QS| HLED—,
FiGn=|QS||GL Fr—t (Figure 2). Note this parallelograms with the symbol
W(n,i) and call it the Wittenbauer type parallelograms. The sides of the
W (n,i) are:

KN, = L = PGy

—(n—2i)a+2(n—dip —(n—-2i)a—2(n—4p 4n—1ip

n n n
and

KiLl = BRI = Gy

(n—20)B+2(n—i)g (n—2i)B—2(n—ig _ 4(n —1i)q .

n n n
Consequently, the perimeter of the parallelogram W (n, i) is equal to

n—1 n—1 n—1

uWn, i) =8" " (pq) =2" w2 1] =2" " (PR +QS),
where u[W(2,1)] = 4(p + q) is the perimeter of the Varignon parallelogram
ABCD. (]

In the following, we calculate the perimeter of Wittenbauer type parallel-
ograms for n € {2,3,...,6}. Note the perimeter of Varignon parallelogram
ABCD briefly with u.

I. n=2=uW(2,1)] =u[KiLiM]N}] = u[ABCD] = u,

3—-1 4

. n=3=uW(3,1)] =u[KiLIMINi] =2 u=gu,
1r1las1n71 4-1 3

L. n=4= u[W(4,1)] =u[K}LIM}N}] =2 u=—u

4 2
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4 —2
u[W(4,2)] = u[KZ2LAM3INZ] = 2 u=u
5—1 8
IV. n=5= u[W(5,1)] = u[KILLMIN}] = U= EU
272012 n2 5—2 6
u[W(5,2)] = u[KsLsMZN;| = 5 U= 5Ua
171as1n71 6-1 5
6—2 4
u[W(6,2)] = u[KgL%MgNg] = G = 3u,
313173073 6-3
u[W(6,3)] = u[KgLg Mg Ng| = = u.

Theorem 3.2. The area of the parallelogram K¢ L: M. N} is

n—1

2
o[K.LEMINE] =2 ( > -o[PQRS], (3.2)

where n is natural, n > 2 and 1 € {1,2,..., [%}}

Proof. The area of Wittenbauer type parallelograms is

A(n —i)p 4(n—i)q

oK} L, M N}] = KN,y - K, L, sin ) =

_9 <n;i>2-o—[PQRS].

sin 6

O
In the following we calculate the area of Wittenbauer type parallelograms
for n € {2,3,...,6}. Note the area of quadrilateral PQRS briefly with o.
2-1\? 1

L. n=2=o[W(2, 1)]:a[K21L5M21N21]:a[ABCD]:2<2) 0=50,

3-1 28

4-1 9
OI. n=4= o[W(4,1)] = o[K}LIM}N}] = 2< 1 ) 0=30,
4—2\? L
o[W(4,2)] = o[K?LIMINZ] = 2( 1 ) 0=30
5—1\2
IV. n=5= o[W(5,1)] = o[ K:L:MINI] =2 )=
2n72 5-2 ?
oW (5,2)] = o[K2L2M2ZN?2] = 2 —— o=
. 6-1\?

o[W(6,2)] = o[ K2LZMZNZ] = 2<6 _ 2> o=



On the Wittenbauer Type Parallelograms 33
313273 N3 6-3 ? 1

4. SOME PROPERTIES OF THE WITTENBAUER TYPE PARALLELOGRAMS

Let O = K! M! N L! Ni i.e. the center point of symmetry of the paral-

n-'n’

lelogram K’ L: M N} and T the intersection of diagonals PR and QS. The
coordinates of the point T are («, —3) (see Figure 3, where n = 6).

Theorem 4.1. All point O are situated on the line OT, consequently the
points O}, are collinear, for all natural n, n > 2 and i € {1, 2,0, [%] }

Proof. The coordinates of the points K, M L N{ are

Kfm = (CUE;;*M?/E;;) = (JJF;‘L,?/E;;L)

_ <—(n —2i)a—2(n—i)p (n—2i)B+2(n— i)q) |

n ’ n

Y

=

Figure 3

sz = (eTF;;ayF;;—i) = (QTF;'L,?JG%)

_ <—(n —2)a—2n—di)p (n—2i)8—2n— i)q) |

)
n n

Mfl = (xGZ*iuyG%) = (CL‘Hﬁny%)

_ <—(n—2i)a+2(n—z’)p (n—2¢)6—2(n—i)q>’

’
n n
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Nf{ = (foL73/H;}—i) = (QCH;'L;?JE;;)
_ <—(n —2)a+2n—140)p (n—29)B+2(n— z)q) .

)

n n

no n n
line OT is Bz + ay = 0. It is evident that O € OT. O

4 — 2 — 2 — 2
So, Of, = (— (n=Zi)a (n Z)/B> _na (—a, B). The equation of the

We will write the coordinates of points K}, M L N for n = 6 and
i €{1,2,3} (Figure 3):

“2a—5p 2 “2a—5p 28—
Ké:( a—5p B+5q> L= < a—5p 20 5q>

3 ’ 3 ’ 3
Ml — —2a+5p 28 —bq 2a+5p 26 + 5q
6= 3 7 3 ’ 3
K2 _ —a—4p B+4q [ p B— 4q
6 — ) 6
3 3
9 <—a+4p 6—4q> ( a+4p B+4q>
M6: 3 9 3 )

Kg = (_pvq) :A> Lg = (_p7_Q) :Bv Mﬁ = (p7_Q) :C> Nﬁ = (p;Q) =D.

Remark 4.1. The parallelograms W (2n, 2i) and W (n, i) coincide for n > 2
and i € {1,2,..., [%]}

Theorem 4.2. a) All points K' are situated on the line AT, so the points
K! are collinear.

b) All points LY, are situated on the line BT, so the points L, are collinear.

c) All points M} are situated on the line CT, so the points M! are
collinear.

d) All points N are situated on the line DT, so the points N} are
collinear, for all natural n, n > 2, and i € {1, 2,..., [%] }

Proof. The equation of the line AT is

T y 1
-p q¢ 1=0&B+qgz+(a+p)y+pp—ag=0.
a -0 1

We will verify that K! € AT (Figure 3):
(B+a)[—(n—20)a—2(n—i)p]+ (a+p)[(n—2i)8+2(n—1i)g| +n(Bp—aq) =
0 & (n—2i)(Bp—aq)—2(n—i)(Bp—aq)+n(Bp—aq) = 0 & (Bp—aq)-0 =0,
which is true. Similarly, we obtain the equations of the lines BT, CT and
DT:

T y 1

BT:|-p —q 1|=0& ((—qz+ (a+p)y+PBp+ag=0,
a -8 1
z y 1

CT:|p —q 1=0&(B—-qz+(a—py—PLp+ag=0,
a —p 1
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z y 1
DT:|p q 1l=0&B+q¢z+ (a—p)y—pFp—ag=0.
a —p 1
It is easy to verify that L{, € BT, M} € CT and N{ € DT. i

Theorem 4.3. The following relations hold:

a)  o[W(2i+1,i)]o[W(2i +2,1)] = o2, (4.1)
b) oW (3i+3,i+1)|o[W(4i,i)] = o2, (4.2)
o o[W(5ii)] = % . (4.3)
A o[W(5i,2)] = % . (4.4)

where 1 € {1,2,..., [%]}

Proof. We will demonstrate the premier two relations:

a) o[W(2i+1,1)]o[W(2i4+2,1)]=4 (2” - Z'>2 (2i+ 2 1>202:02,

2i+1 21+ 2
L 8.9 ,
b) o[W(3i+3,i+ 1)]o[W(4i,7)] = 97 59=07"
(]

In [2] Coxeter pose the following question: ”5. For what kind of quadran-
gle will the centroids described in the two preceding exercises coincide?” The

center of the Wittenbauer parallelogram is O} =
01 =0 & a=0=p. In this case

P = (072Q)1 Q = (_2pa 0)7 R= (O’ _2Q)7 S = (_2]97 0)>
so the quadrilateral PQRS is a parallelogram (Figure 4).

3 (—a, 8). Consequently,

y

y =

Figure 4
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. n—2i
We can say better: in this case all centers O} = (—a, B) of the

Wittenbauer type parallelograms coincide with O, the center of Varignon
parallelogram. Since T' = O, results that for all natural n, n > 2 and
i€{L,2,...,[5]} we have: K}, M} € AC and L}, N}, € BD.

In this paper I supposed that the quadrilateral PQR.S is convex. Whether
this theorems and properties remain valuable, does the quadrilateral PQR.S
turn into concave or another type of quadrilateral?
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