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MATRIX THEORY OVER THE SPLIT QUATERNIONS

MEHDI JAFARI and YUSUF YAYLI

Abstract: Split quaternions have been expressed in terms of 4�4 matri-
ces by means of Hamilton operators. These matrices can be used to describe
rotations in 4-dimensional space E42 . In this paper, by De Moivre�s formula,
we obtain any powers of these matrices. Also, the relation between the
powers of matrices of split quaternions is given.

1. Introduction

Split quaternions;H 0; or coquaternions are elements of a 4-dimensional as-
sociative algebra introduced by James Cockle in 1849. Like the quaternions
introduced by Hamilton in 1843, they form a four dimensional real vector
space equipped with a multiplicative operation. Unlike the quaternion al-
gebra, the split quaternions contain zero divisors, nilpotent elements, and
nontrivial idempotents. Manifolds endowed with coquaternion structures
are studied in di¤erential geometry and superstring theory. Rotations in
Minkowski 3-space can be stated with split quaternions, such as expressing
Euclidean rotations using quaternions [3, 11, 12].
Some algebraic properties of Hamilton operators are considered in [2]

where real quaternions have been expressed in terms of 4 � 4 matrices
by means of these operators. These matrices have applications in many
�elds, such as mechanics, quantum physics and computer-aided geometric
design [1]. In addition to, Yayl¬has considered homothetic motions with
aid of the Hamilton operators in four-dimensional Euclidean space E4 [17].
The eigenvalues, eigenvectors and the others algebraic properties of these
matrices are studied by several authors [4, 6, 8]. The Euler�s and De-Moivre�s
formulas for the complex numbers are generalized for quaternions [5]. These
formulas are also investigated for the case of dual quaternions in [7, 10].
� � � � � � � � � � � � �
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Recently, we have derived the De-Moivre�s and Euler�s formulas for ma-
trices associated with real quaternion and every power of these matrices are
immediately obtained [9]. Euler and De Moivre�s formulas for split quater-
nions are expressed in [13] and the roots of a split quaternion with respect to
the causal character of the split quaternion are given. Here, after a review
of some properties of split quaternions, De Moivre�s and Euler�s formulas
for the matrices associated with these quaternions are studied. In special
cases, De Moivre�s formula implies that there are uncountably many matri-
ces of unit split quaternions satisfying An = I4 for n > 3: Furthermore, the
n-th roots of these matrices are derived. We give some examples for more
clari�cation.

2. Preliminaries

In this section, we give a brief summary of the split quaternions. For
detailed information about these concepts, we refer the reader to Ref. [3,
11, 12, 13].

De�nition 2.1. The Minkowski space E31 is the Euclidean space E
3 provided

with the Lorentzian inner product

h�!u ;�!v il = �u1v1 + u2v2 + u3v3
where �!u = (u1; u2; u3) ;

�!v = (v1; v2; v3) 2 E3: We say that a vector �!u
in E31 is spacelike, lightlike or timelike if h�!u ;�!u il > 0; h�!u ;�!u il = 0 or
h�!u ;�!u il < 0 respectively. The norm of the vector �!u 2 E31 is de�ned by
k�!u k =

p
jh�!u ;�!u ilj:

The Lorentzian vector product �!u ^l�!v of �!u and �!v is de�ned as follows:

�!u ^l �!v =

������
�i j k
u1 u2 u3
v1 v2 v3

������ :
The hyperbolic and Lorentzian unit spheres are

H2
� = f�!a 2 E31 : h�!a ;�!a il = �1g

and
S21 = f�!a 2 E31 : h�!a ;�!a il = 1g;

respectively.

De�nition 2.2. The semi-Euclidean 4-space with 2-index is represented
with E42 : The inner product of this semi-Euclidean space

h�!u ;�!v iE42 = �u1v1 � u2v2 + u3v3 + u4v4:

We say that �!u is timelike, spacelike or lightlike if h�!u ;�!u iE42 < 0;
h�!u ;�!u iE42 > 0 and h�!u ;�!u iE42 = 0 for the vector

�!u in E42 respectively:

De�nition 2.3. A split quaternion is de�ned as

q = a� + a1i+ a2j + a3k;
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where a0; a1; a2 and a3 are real numbers and 1; i; j; k of q may be inter-
preted as the four basic vectors of cartesian set of coordinates; and they sat-
isfy the non-commutative multiplication rules

i2 = �1; j2 = k2 = +1

ij = k = �ji; jk = �i = �kj;

ki = j = �ik

and hence ijk = +1: A split quaternion may be de�ned as a pair
�
Sq;
�!
V q

�
;

where Sq = a� 2 R is scalar part and
�!
V q = a1i+a2j+a3k is the vector part

of q: Vector parts of the split quaternions are identi�ed with the Minkowski
3-space. The split quaternion product of two quaternions q and p is de�ned
as

qp = SqSp + h
�!
V q;

�!
V pil + Sq

�!
V p + Sp

�!
V q +

�!
V q ^l

�!
V p;

here�h; il�and �̂ l�are Lorentzian inner and vector product, respectively.
The quaternion product may be written as

qp =

2664
a� �a1 a2 a3
a1 a� a3 �a2
a2 a3 a� � a1
a3 �a2 a1 a�

3775
2664
b�
b1
b2
b3

3775 :
Thus, the space H 0 correspondence with semi-Euclidean four-space E42 : The
conjugate of a split quaternion, denoted Kq; is de�ned as Kq = Sq �

�!
V q:

Theorem 2.1. The algebra H 0 is isomorphic to the algebra R2:

Proof. The real (2�2)-matrices are linear combination of the basis matrices

�
1 0
0 1

�
;

�
0 1
�1 0

�
;

�
0 1
1 0

�
;

�
1 0
0 �1

�
;

whose multiplication rules coincide with the multiplication rules of the
basis elements 1; i; j; k in the algebra H 0: Hence the subalgebra consisting of
these matrices and the algebra H 0 are isomorphism [13].

Theorem 2.2. The algebra H 0 is isomorphic to the subalgebra of the algebra
C2 consisting of the (2� 2)-matrices

Â =

�
A B
B A

�
;

and to the subalgebra of the algebra C02 cosisting of the (2� 2)-matrices

�A =

�
A B
�B A

�
:

Proof. The proof can be found in [13].
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De�nition 2.4. We say that a split quaternion q is spacelike, lightlike (null)
or timelike if Iq < 0; Iq = 0 or Iq > 0 respectively where;

Iq = �hq; qi
E42

= a2� + a
2
1 � a22 � a23:

The set of spacelike quaternions is not a group since it is not closed under
multiplication. That is, the product of two spacelike quaternions is timelike.
Whereas, the set of timelike quaternions denoted by

H 0
T = fq = (a�; a1; a2; a3) : a�; a1; a2; a3 2 R; Iq > 0 g;

forms a group under the split quaternion product. Also, the set of unit
timelike quaternions identi�ed with semi-Euclidean sphere

S32 = f�!u 2 E42 : h�!u ;�!u iE42 = 1g

is subgroup of H 0
T : The vector part of any spacelike quaternion is spacelike,

but vector part of any timelike quaternion can be spacelike, timelike and
null.

De�nition 2.5. The norm of split quaternion q = a� + a1i+ a2j + a3k is

Nq =
q��a2� + a21 � a22 � a23��:

If Nq = 1 then q is called unit split quaternion and q� =
q
Nq

is a unit
split quaternion for Nq 6= 0: Also, spacelike and timelike quaternions have
multiplicative inverse and they hold the property qq�1 = q�1q = 1: Lighelike
quaternions have no inverses.

De�nition 2.6. A matrix A is called a semi-orthogonal matrix if A"At" =
At"A" = I4; detA = 1 where I4 is an identity matrix and

" =

�
�I2 0
0 I2

�
[11]:

3. De Moivre�s formula for split qauternions

Now, let�s express any split quaternion q = a� + a1i+ a2j + a3k in polar
form similar to quaternions and complex numbers. Polar forms of the split
quaternions are as follows:

3.1. Spacelike quaternions

Every spacelike quaternion can be written in the form

q = Nq(sinh � +
�!v cosh �)

where

sinh � =
a0
Nq
; cosh � =

p
�a21 + a22 + a23

Nq



MATRIX THEORY OVER THE SPLIT QUATERNIONS 61

and

�!v = a1i+ a2j + a3kp
�a21 + a22 + a23

2 S21

is a spacelike unit vector in E31 :
The product of two spacelike quaternions is timelike. That is, for a unit

spacelike quaternion q = sinh � +�!v cosh �; q2 = cosh � +�!v sinh �:

Theorem 3.1. (De Moivre formula) Let q = sinh � + �!v cosh � be a unit
spacelike quaternion. Then,

qn = sinhn� +�!v coshn�; n is odd
qn = coshn� +�!v sinhn�; n is even:

3.2. Timelike quaternion with spacelike vector part

Every timelike quaternion with spacelike vector part can be written in
the form

q = Nq(cosh � +
�!w sinh �)

where

cosh � =
a0
Nq
; sinh � =

p
�a21 + a22 + a23

Nq
and

�!w =
a1i+ a2j + a3kp
�a21 + a22 + a23

2 S21

is a spacelike unit vector in E31 and
�!w 2 = 1: A unit timelike quaternion

q with spacelike vector part (abbreviated UTS) represents a rotation of a
three-dimensional non-lightlike Lorentzian vector by a hyperbolic angle 2�
about the axis of q [13].

For example, the polar form of timelike quaternion q =
p
2+(

p
2;
p
2;�1)

is q = cosh � +�!w sinh � where � = ln(1 +
p
2) and �!w = (

p
2;
p
2;�1):

Euler�s formula for a UTS quaternion holds. Since �!w 2 = 1; we have

e
�!w� = 1 +�!w� + �

2

2!
+�!w �

3

3!
+
�4

4!
+ :::(� +

�3

3!
+
�5

5!
+ :::)

= cosh � +�!w sinh �:
The di¤erential of e

�!w� is
d

d�
e
�!w� = sinh � +�!w cosh � = �!we

�!w� = e
�!w��!w :

Theorem 3.2. (De Moivre formula) Let q = e
�!w� = cosh � +�!w sinh � be a

UTS quaternion. Then,

qn = coshn� +�!w sinhn�
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for n 2 Z:
Proof. The proof follows immediately from the induction (see [13]).

3.3. Timelike quaternion with timelike vector part

Every timelike quaternion with timelike vector part can be written in the
form

q = Nq(cos � +
�!u sin �)

where cos � = a0
Nq
; sin � =

p
a21�a22�a23
Nq

and �!u = a1i+a2j+a3kp
a21�a22�a23

2 H2
� is a

timelike unit vector in E31 and
�!u 2 = �1: Also, a unit timelike quaternion

q with timelike vector part (abbreviated UTT) represents a rotation of a
three-dimensional non-lightlike Lorentzian vector by an angle 2� about the
axis of q.

For example, the polar form of timelike quaternion q = 1 + (2; 1; 1) is
q =

p
3(cos � +�!u sin �) =

p
3( 1p

3
+ (2;1;1)p

2

p
2p
3
):

Euler�s formula for a UTT quaternion also holds. Since �!u 2 = �1; we
have

e
�!u � = 1 +�!u � � �

2

2!
��!u �

3

3!
+
�4

4!
+ :::

= (1� �
2

2!
+
�4

4!
� :::) +�!u (� � �

3

3!
+
�5

5!
� :::)

= cos � +�!u sin �:
The di¤erential of e

�!u � is
d

d�
e
�!u � = � sin � +�!u cos � = �!u e

�!u � = e
�!u ��!u [11]:

Theorem 3.3. (De Moivre formula) Let q = e
�!u � = cos � + �!u sin � be a

UTT quaternion. Then,

qn = cosn� +�!u sinn�

for n 2 Z:
Proof. The proof follows immediately from the induction (see [13]).

Corrolary 3.1. There are uncountably many unit timelike quaternion with
timelike vector part satisfying qn = 1 for every integer n � 3:

Proof. For every �!u 2 H2
� ; the quaternion q = cos

2�
n +

�!u sin 2�n is of order
n. For n = 1 or n = 2; the quaternion q is independent of �!u .

Note that the corollary 3.1. do not hold for the spacelike quaternions and
timelike quaternions with spacelike vector part(TS).
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Example: q =
p
2
2 + (1; 0;

p
2
2 ) = cos �4 +

�!u sin �4 is of order 8 and
q = �

p
2
2 + (1;

p
2
2 ; 0) = cos

3�
4 +

�!u sin 3�4 is of order 8, q =
p
3
2 + (

1
2 ; 0; 0) =

cos �6 +
�!u sin �6 is of order 12.

3.4. Timelike quaternion with lightlike vector part

Every unit timelike quaternion with null vector part can be written in the
form q = 1 + �!" where �!" is a null vector. If q = 1 + �!" is a unit timelike
quaternion with null vector part, then qn = 1 + n" and only root of the
equation wn = q is 1 +

�!"
n [13]:

4. De Moivre�s Formula for Matrices of Split Qauternions

In this section, we introduce the R-linear transformations representing
left multiplication in H 0 and look for also the De-Moiver�s formula for
corresponding matrix representation. Let q be a split quaternion, then
'l : H

0 ! H 0 de�ned as follows:

'l(x) = qx; x 2 H 0:

The Hamilton�s operator 'l, could be represented as the matrices;

A'l =

2664
a� �a1 a2 a3
a1 a� a3 �a2
a2 a3 a� �a1
a3 �a2 a1 a�

3775 :
If q be a unit split quaternion, then 'l is semi-orthogonal linear transforma-
tion. Properties of these matrices are found in [11].

Theorem 4.1. The � map de�ned as

� : (H 0;+; :)! (M(4;R);�;
)

�(a0 + a1i+ a2j + a3k)!

2664
a� �a1 a2 a3
a1 a� a3 �a2
a2 a3 a� �a1
a3 �a2 a1 a�

3775
is an isomorphism of algebras.

Proof. See [15] for a similar proof.

We can express the matrix A'l in polar form. Let q be a UTT quaternion.
Since

q = a0 + a1i+ a2j + a3k

= cos � +�!u sin �
= cos � + (u1; u2; u3) sin �

= cos � + (u1 sin �; u2 sin �; u3 sin �)
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we have2664
a0 �a1 a2 a3
a1 a0 a3 �a2
a2 a3 a0 �a1
a3 �a2 a1 a0

3775 =
2664

cos � �u1 sin � u2 sin � u3 sin �
u1 sin � cos � u3 sin � �u2 sin �
u2 sin � u3 sin � cos � �u1 sin �
u3 sin � �u2 sin � u1 sin � cos �

3775 :

Theorem 4.2. (De-Moivre�s formula) Let q = e
�!u � = cos � + �!u sin � be a

UTT quaternion. For an integer n

A =

2664
cos � �u1 sin � u2 sin � u3 sin �
u1 sin � cos � u3 sin � �u2 sin �
u2 sin � u3 sin � cos � �u1 sin �
u3 sin � �u2 sin � u1 sin � cos �

3775 (3.1)

the n-th power of the matrix reads

An =

2664
cosn� �u1 sinn� u2 sinn� u3 sinn�
u1 sinn� cosn� u3 sinn� �u2 sinn�
u2 sinn� u3 sinn� cosn� �u1 sinn�
u3 sinn� �u2 sinn� u1 sinn� cosn�

3775 :
Proof. The proof follows immediately from the induction.

Note that theorem 4.2. holds for spacelike quaternions and timelike
quaternions with spacelike vector part (TS).

Corrolary 4.1. There are uncountably many matrices associated with UTT
quaternions satisfying An = 1 for every integer n � 3:

Example: Let q =
p
2
2 + (1; 0;

p
2
2 ) be a UTT quaternion. The matrix

corresponding to this quaternion is

A =

2664
cos �4 �u1 sin �4 u2 sin

�
4 u3 sin

�
4

u1 sin
�
4 cos �4 u3 sin

�
4 �u2 sin �4

u2 sin
�
4 u3 sin

�
4 cos �4 �u1 sin �4

u3 sin
�
4 �u2 sin �4 u1 sin

�
4 cos �4

3775 =
26664

p
2
2 �1 0

p
2
2

1
p
2
2

p
2
2 0

0
p
2
2

p
2
2 �1p

2
2 0 1

p
2
2

37775
every powers of this matix are found to be with the aid of Theorem 4.2. ,
for example, 15- th power is

A15 =

2664
cos 15�4 �u1 sin 15�4 u2 sin

15�
4 u3 sin

15�
4

u1 sin
15�
4 cos 15�4 u3 sin

15�
4 �u2 sin 15�4

u2 sin
15�
4 u3 sin

15�
4 cos 15�4 �u1 sin 15�4

u3 sin
15�
4 �u2 sin 15�4 u1 sin

15�
4 cos 15�4

3775

=

26664
p
2
2 1 0 �

p
2
2

�1
p
2
2 �

p
2
2 0

0 �
p
2
2

p
2
2 1

�
p
2
2 0 �1

p
2
2

37775 :
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Example: Let q = 3
p
2
4 + (12 ;

1
2 ;�

p
2
4 ) = cosh � + �!w sinh � be a UTS

quaternion. The matrix corresponding to this quaternion is

A =

2664
cosh � �w1 sinh � w2 sinh � w3 sinh �
w1 sinh � cosh � w3 sinh � �w2 sinh �
w2 sinh � w3 sinh � cosh � �w1 sinh �
w3 sinh � �w2 sinh � w1 sinh � cosh �

3775

=

26664
3
p
2
4 �1

2
1
2 �

p
2
4

1
2

3
p
2
4 �

p
2
4 �1

2
1
2 �

p
2
4

3
p
2
4 �1

2

�
p
2
4 �1

2
1
2

3
p
2
4

37775
where � = ln

p
2 and �!w = (

p
2;
p
2;�1): Every powers of this matix are

found to be with the aid of De Moivre�s theorem, for example, 5- th power
is

A5 =

2664
cosh 5� �w1 sinh 5� w2 sinh 5� w3 sinh 5�
w1 sinh 5� cosh 5� w3 sinh 5� �w2 sinh 5�
w2 sinh 5� w3 sinh 5� cosh 5� �w1 sinh 5�
w3 sinh 5� �w2 sinh 5� w1 sinh 5� cosh 5�

3775

=

26664
33
8
p
2
�31
8

31
8

31
8
p
2

31
8

33
8
p
2

31
8
p
2
�31
8

31
8

31
8
p
2

33
8
p
2
�31
8

31
8
p
2
�31
8

31
8

33
8
p
2

37775

5. Euler�s Formula for Matrices of Split Quaternions

Let A be a matrix. We choose

A =

2664
0 �u1 u2 u3
u1 0 u3 �u2
u2 u3 0 u1
u3 �u2 u1 0

3775
then one immediately �nds A2 = �I4: We have a netural generalization of
Euler�s formula for matrix A;

eA� = I4 +A� +
(A�)2

2!
+
(A�)3

3!
+
(A�)4

4!
+ :::

= I4(1�
�2

2!
+
�4

4!
�):::+A(� � �

3

3!
+
�5

5!
� :::)

= cos � +A sin �;

=

2664
cos � �u1 sin � u2 sin � u3 sin �
u1 sin � cos � u3 sin � �u2 sin �
u2 sin � u3 sin � cos � �u1 sin �
u3 sin � �u2 sin � u1 sin � cos �

3775 :
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For detalied information about Euler�s formula, see [16].

6. n� th Roots of Matrices of Split Quaternions

6.1. The matrix accossiated with the UTT quaternion q is of the form
(3.1). In a more general case we assume for the matrix of (3.1)

A =

2664
cos(� + 2k�) �u1 sin(� + 2k�) �u2 sin(� + 2k�) �u3 sin(� + 2k�)
u1 sin(� + 2k�) cos(� + 2k�) �u3 sin(� + 2k�) u2 sin(� + 2k�)
u2 sin(� + 2k�) �u3 sin(� + 2k�) cos(� + 2k�) �u1 sin(� + 2k�)
u3 sin(� + 2k�) �u2 sin(� + 2k�) u1 sin(� + 2k�) cos(� + 2k�)

3775
here k 2 Z: The equation xn = A has n roots. Thus

A
1
n
k =

2664
cos( �+2k�n ) �u1 sin( �+2k�n ) �u2 sin( �+2k�n ) �u3 sin( �+2k�n )

u1 sin(
�+2k�
n ) cos( �+2k�n ) �u3 sin( �+2k�n ) u2 sin(

�+2k�
n )

u2 sin(
�+2k�
n ) �u3 sin( �+2k�n ) cos( �+2k�n ) �u1 sin( �+2k�n )

u3 sin(
�+2k�
n ) �u2 sin( �+2k�n ) u1 sin(

�+2k�
n ) cos( �+2k�n )

3775 ;
for k = 0; the �rst root is

A
1
n
0 =

2664
cos( �n ) �u1 sin( �n ) �u2 sin( �n ) �u3 sin( �n)
u1 sin(

�
n) cos( �n) �u3 sin( �n) �u2 sin(

�
n)

u2 sin(
�
n) �u3 sin( �n) cos( �n) �u1 sin( �n)

u3 sin(
�
n) �u2 sin( �n) u1 sin(

�
n) cos( �n)

3775

for k = 1; the second root is

A
1
n
1 =

2664
cos( �+2�n ) �u1 sin( �+2�n ) �u2 sin( �+2�n ) �u3 sin( �+2�n )

u1 sin(
�+2�
n ) cos( �+2�n ) �u3 sin( �+2�n ) u2 sin(

�+2�
n )

u2 sin(
�+2�
n ) �u3 sin( �+2�n ) cos( �+2�n ) �u1 sin( �+2�n )

u3 sin(
�+2�
n ) �u2 sin( �+2�n ) u1 sin(

�+2�
n ) cos( �+2�n )

3775
Similarly, for k = n� 1, the n th root could be achieved.

6.2. The matrix accossiated with the UTS quaternion q is of the form

A =

2664
cosh � �w1 sinh � w2 sinh � w3 sinh �
w1 sinh � cosh � w3 sinh � �w2 sinh �
w2 sinh � w3 sinh � cosh � �w1 sinh �
w3 sinh � �w2 sinh � w1 sinh � cosh �

3775 ;
the equation xn = A has only one root. Thus

A
1
n =

2664
cosh �

n �w1 sinh �
n w2 sinh

�
n w3 sinh

�
n

w1 sinh
�
n cosh �

n w3 sinh
�
n �w2 sinh �

n
w2 sinh

�
n w3 sinh

�
n cosh �

n �w1 sinh �
n

w3 sinh
�
n �w2 sinh �

n w1 sinh
�
n cosh �

n

3775 :
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6.3. The matrix accossiated with the unit spacelike quaternion q is of the
form

A =

2664
sinh � �v1 cosh � v2 cosh � v3 cosh �
v1 cosh � sinh � v3 cosh � �v2 cosh �
v2 cosh � v3 cosh � sinh � �v1 cosh �
v3 cosh � �v2 cosh � v1 cosh � sinh �

3775 ;
the equation xn = A has only one root if n is an odd number. Thus

A
1
n =

2664
sinh �

n �v1 cosh �
n v2 cosh

�
n v3 cosh

�
n

v1 cosh
�
n sinh �

n v3 cosh
�
n �v2 cosh �

n
v2 cosh

�
n v3 cosh

�
n sinh �

n �v1 cosh �
n

v3 cosh
�
n �v2 cosh �

n v1 cosh
�
n sinh �

n

3775 :

7. Relations Between the Arbitrary Powers of Matrice

The relations between the powers of matrices accossiated with a split
quaternion can be realized by the following Theorem.

Theorem 7.1. q is the UTT quaternion with the polar form q = cos' +
u sin': If m = 2�

' 2 Z+ � f1g; then n � p (mod m) is possible if and only
if qn = qp:

Proof. Let n � p (mod m): Then we have n = a:m+ p; where a 2 Z:

qn = cosn'+�!u sinn'
= cos(am+ p)'+�!u sin(am+ p)'

= cos(a
2�

'
+ p)'+�!u sin(a2�

'
+ p)'

= cos(p'+ a2�) +�!u sin(p'+ a2�)
= cos(p') +�!u sin(p')
= qp:

Now suppose qn = cosn'+�!u sinn' and qp = cos p'+�!u sin p' . Since
qn = qp; we have cosn' = cos p' and sinn' = sin p'; which means n' =
p'+ 2�a; a 2 Z. Thus n = a2�' + p; n � p (mod m):

Theorem 7.2. Let q be a timelike quaternion with timelike vector part with
the polar form q =

p
Nq(cos'+ u sin'): If m = 2�

' 2 Z
+ �f1g; then n � p

(mod m) is possible if and only if qn = (
p
Nq)

n�pqp:

Theorem 7.3. q is the UTT quaternion with the polar form q = cos' +
u sin': Let m = 2�

' 2 Z+ � f1g and the matrix A corresponds to q: Then
n � p (mod m) is possible if and only if An = Ap:

Proof. Proof is same as above.
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Example: Let q =
p
2
2 + (1; 0;

p
2
2 ) be a UTT quaternion. From the

Theorem 4.6, m = 2�
�=4 = 8; we have

A = A9 = A17 = A25 = :::

A2 = A10 = A18 = A26 = :::

A3 = A11 = A19 = A27 = ::: = �I4
:::

A8 = A16 = A24 = ::: = I4:

The square roots of the matrix A can be achieved too

A
1
2
k =

2664
cos

�
2k�+45

2

�
�u1 sin

�
2k�+45

2

�
u2 sin

�
2k�+45

2

�
u3 sin

�
2k�+45

2

�
u1 sin

�
2k�+45

2

�
cos

�
2k�+45

2

�
u3 sin

�
2k�+45

2

�
�u2 sin

�
2k�+60

2

�
u2 sin

�
2k�+45

2

�
u3 sin

�
2k�+45

2

�
cos

�
2k�+45

2

�
�u1 sin

�
2k�+45

2

�
u3 sin

�
2k�+45

2

�
�u2 sin

�
2k�+45

2

�
u1 sin

�
2k�+45

2

�
cos

�
2k�+45

2

�
3775

The �rst root for k = 0 reads

A
1
2
0 =

2664
cos �8 �u1 sin �8 u2 sin

�
8 u3 sin

�
8

u1 sin
�
8 cos �8 u3 sin

�
8 �u2 sin �8

u2 sin
�
8 u3 sin

�
8 cos �8 �u1 sin �8

u3 sin
�
8 �u2 sin �8 u1 sin

�
8 cos �8

3775
and the second one for k = 1 becomes

A
1
2
1 =

2664
cos 9�8 �u1 sin 9�8 u2 sin

9�
8 u3 sin

9�
8

u1 sin
9�
8 cos �8 u3 sin

�
8 �u2 sin 9�8

u2 sin
9�
8 u3 sin

9�
8 cos 9�8 �u1 sin 9�8

u3 sin
9�
8 �u2 sin 9�8 u1 sin

9�
8 cos 9�8

3775 :
Also, A

1
2
0 +A

1
2
1 = 0:

Example: Let q =
p
2
4 + 3

2(1; 1;�
p
2
2 ) = sinh � + �!v cosh � be a unit

spacelike quaternion. The matrix corresponding to this quaternion is

A =

2664
sinh � �v1 cosh � v2 cosh � v3 cosh �
v1 cosh � sinh � v3 cosh � �v2 cosh �
v2 cosh � v3 cosh � sinh � �v1 cosh �
v3 cosh � �v2 cosh � v1 cosh � sinh �

3775

=

26664
p
2
4 �3

2
3
2 �3

p
2
4

3
2

p
2
4 �3

p
2
4 �3

2
3
2 �3

p
2
4

p
2
4 �3

2

�3
p
2
4 �3

2
3
2

p
2
4

37775
where � = ln

p
2 and �!v = (

p
2;
p
2;�1): The cube roots of the matrix A

can be achieved

A
1
3 =

2664
sinh �3 �v1 cosh �3 v2 cosh

�
3 v3 cosh

�
3

v1 cosh
�
3 sinh �3 v3 cosh

�
3 �v2 cosh �3

v2 cosh
�
3 v3 cosh

�
3 sinh �3 �v1 cosh �3

v3 cosh
�
3 �v2 cosh �3 v1 cosh

�
3 sinh �3

3775
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'

2664
0:12 �

p
2

p
2 �1p

2 0:12 �1 �
p
2p

2 �1 0:12 �
p
2

�1 �
p
2

p
2 0:12

3775
here sinh �3 = 0:1153 and cosh

�
3 = 1:0066:
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