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THE EXTREMUM OF A FUNCTION DEFINED
ON THE EUCLIDEAN PLANE

DORIN ANDRICA

Abstract. The main purpose of the note is to present three di¤erent
solutions to a geometric extremal problem proposed to the 2012 Balkan
Mathematical Olympiad.

1. INTRODUCTION

There are many well-known geometric situations involving extremal prop-
erties of various functions de�ned on the Euclidean plane. Considering a
triangle ABC, then the minimum of the function P 7! PA + PB + PC is
attained in the famous Fermat-Toricelli point, and the value of the minimum
can be e¤ectively computed only in terms of the elements of triangle (see [5]).
Another interesting function is given by Sq(P ) = xq + yq + zq, where x; y; z
denote the distances of the point P to the sides of triangle ABC, and q is a
�xed real number. The minimum of Sq(P ) is attained at a point depending
on q, and the locus of these points is the so-called "powers curve" (see [7]).
According to notations in the open encyclopedia of the triangle centers [8],
the following points situated on this curve give the above extremal property
: X6 (the Lemoine point of triangle) for S2, X365 for S3, X31 for S3=2, X32
for S4=3, X75 for S1=2, X76 for S2=3, X366 for S�1, etc. (see [7]).
The geometric extremal problems is a very popular topic in many math-

ematical olympiad and competitions (see the reference [1]). In this short
note we discuss three di¤erent solutions to a such problem proposed by the
author to the 2012 Balkan Mathematical Olympiad (see [3] and [4]). In this
case the geometric extremum is given by a rational function in the distances
from a point P to the vertices of a square.

� � � � � � � � � � � � �
Keywords and phrases: Ptolemy inequality; Ptolemy theorem; polar

coordinates
(2010)Mathematics Subject Classi�cation: 97G40, 51M04.
Received: 10.04.2014 In revised form: 20.05.2014 Accepted: 15.06.2014



The extremum of a function de�ned on the Euclidean plane 21

2. MAIN RESULTS

We will present and discuss three di¤erent solutions to the following ex-
tremal problem proposed by the author in [3] and [4] :

Let ABCD be a square situated in the plane P. Find the minimum and
the maximum of the function f : P ! R de�ned by

f(P ) =
PA+ PB

PC + PD
:

Solution 1.(Dorin Andrica [3]) We have f(A) = a
a
p
2+a

= 1p
2+1

=
p
2�1,

and let us prove that this value is the minimum of function f , i.e. for every
P 2 P we have f(P ) �

p
2� 1. The last inequality is equivalent to

(1) PA+ PB � (
p
2� 1)(PC + PD):

Figure 1

Applying Ptolemey�s inequality for the points P;A;B;C we have aPA+
a
p
2PB � aPC, that is

PA+
p
2PB � PC:

Applying Ptolemey�s inequality for the points P;A;B;D we have a
p
2PA+

aPB � aPD, that is p
2PA+ PB � PD:

Adding the above two inequalities we get

(
p
2 + 1)(PA+ PB) � PC + PD;

hence we obtain the inequality (1).
Using Ptolemey�s Theorem it follows that the minimum is attained if and

only if the point P belongs to the arc AB of the circumcircle of the square.
To �nd the maximum, it is enough to determine the minimum of the

function g : P ! R, where

g(P ) =
PC + PD

PA+ PB
:
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Taking in to account the �rst part of the solution, this is
p
2 � 1 and the

function g takes this value if and only if P belongs to the arc CD of the
circumcircle of the square.
Finally, we have minP2P f =

p
2� 1 and maxP2P f =

p
2 + 1:

Solution 2.(Daniel Lasaosa [4]) Let P be any point in the plane such that
f(P ) is maximum, and let, for this point P; PA+PB = u and PC+PD = v.
The respective loci of points in P such that PA+PB = u and PC+PD = v
are two ellipses with foci A;B and foci C;D, hence both symmetric around
the common perpendicular bisector of AB and CD. Assume that there is
one point Q on the ellipse with foci A;B which is inside the ellipse with foci
C;D. Then, the ellipse with foci C;D through Q is such that QC +QD <
PC + PD, while QA+QB = PA+ PB, or f(P ) is not maximum because
f(Q) > f(P ). It follows that the ellipse with foci A;B cannot have any
point inside the ellipse with foci C;D, or since P is on both ellipses, they
must touch externally at P , which is clearly on the common symmetry axis
of both ellipses. Similarly, if a point on the ellipse with foci A;B is outside
the ellipse with foci C;D; f(P ) cannot be minimum, or again any point P
such that f(P ) is minimum must be the point where the ellipse with foci
A;B is internally tangent to the ellipse with foci C;D, hence on the common
perpendicular bisector of AB and CD.

Figure 2

Since the problem is invariant under scalings, consider a coordinate system
such that A(�1; 1); B(�1;�1); C(1;�1) and D(1; 1). By the previous argu-
ment, it su¢ ces to �nd the maximum and minimum of f over the horizontal
axis, for which PA2 = PB2 = (x+1)2+1, and PC2 = PD2 = (x� 1)2+1,
or for both extrema, we would have

g(x) = (f(P ))2 =
PA2

PC2
=
(x+ 1)2 + 1

(x� 1)2 + 1 ;

and it su¢ ces to �nd the extrema of this function. Note �rst that the limit
when x! �1 is 1, that the expression is continuous and di¤erentiable, or
it su¢ ces to check the values of g(x) when its �rst derivative is zero, which
clearly satisfy 2(x+1)((x� 1)2+1) = 2(x� 1)((x+1)2+1); x2 = 2. Taking
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x =
p
2, we �nd

f(P ) =

q
g(
p
2) =

s
(
p
2 + 1)2 + 1

(
p
2� 1)2 + 1

=

sp
2 + 1p
2� 1

=
p
2 + 1 > 1;

while for x = �
p
2, we have

f(P ) =

q
g(�

p
2) =

s
(�
p
2 + 1)2 + 1

(�
p
2� 1)2 + 1

=

sp
2� 1p
2 + 1

=
p
2� 1 < 1:

It follows that the maximum and minimum of f(P ) are respectively
p
2+1

and
p
2 � 1, and occur for points P+; P�, which are the intersections of

the circumcircle of the square and the common perpendicular bisector of
AB;CD, such that P+ is the one closest to side AB, and P� is the one
closest to side CD.

Solution 3. (by the Jury of 2012 Balkan Mathematical Olympiad [3])
Place the square in the Cartesian plane with the vertices at (1; 0); (0; 1);
(�1; 0); (0;�1): Use the polar coordinates to obtain

f(P ) =

p
r2 + 1� 2r cos � +

p
r2 + 1� 2r sin �p

r2 + 1 + 2r cos � +
p
r2 + 1 + 2r sin �

:

The change of variables

u =
2r cos �

1 + r2
; v =

2r sin �

1 + r2

reduces the problem to showing that

p
2� 1 �

p
1� u+

p
1� vp

1 + u+
p
1 + v

�
p
2 + 1

for u2 + v2 � 1.
Note that this expression is decreasing in u for constant v, and decreasing

in v for constant u. On the unit circle u2 + v2 = 1, the tangent half-angle
substitutions

u =
2t

1 + t2
; v =

1� t2
1 + t2

give
p
1� u+

p
1� vp

1 + u+
p
1 + v

=
j1� tj+

p
2jtj

j1 + tj+
p
2

which reduces to
p
2 � 1 in the �rst quadrand (that is, for 0 � t � 1) and

to
p
2 + 1 in the third quadrand (that is, for t � �1) �nishing the proof.
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