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MORE ON THE PEDAL PROPERTY

OF THE ELLIPSE

I. GONZÁLEZ-GARCÍA and J. JERÓNIMO-CASTRO

Abstract. In this note we prove that if a convex body in the three
dimensional Euclidean space has the pedal property of the ellipse, then it
is an ellipsoid of revolution. We also give a family of curves in the plane
with exactly one point which behaves, in some sense, like a focus on an
ellipse. Finally, we study another property of the ellipse which we name the
harmonic property and prove that a convex curve with this property must
be an ellipse.

1. Introduction

The following property of the circle is known for every one that has certain
knowledge in elementary geometry: if P is a point in the plane and a line
through P intersects a given circle  in the points A and B, the value of
PA�PB, where XY denotes the length of the segment XY , does not depend
on the choice of the line. Another way to cite this property is to say that
P has constant power with respect to  or that P is an equipower point.
We may think on the converse question, that is, if we have a convex and
closed curve  (in the plane) with the property that every point has constant
power with respect to , is it  a circle? It is not di¢ cult to prove that the
answer is yes, the interested reader could try to prove it by himself or could
read a proof in the articles by Kelly [4], Kelly and Straus [5], Yanagihara
[11], or Rademacher and Toeplitz [7]. However, it is possible to reduce the
number of known points with the constant power property in order to ensure
that  is a circle, for instance, J.B. Kelly [4] proved that two interior points
with constant power are su¢ cient for proving that a smooth convex body
K � R2 is a disc. Moreover, there are many examples showing convex bodies
di¤erent of discs with one interior point with constant power (for example,
J. Rosenbaum [8], K. Yanagihara [11], L. Zuccheri [13]).
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Now we will consider a related property. Given a convex body K in
Rn we say that a point P 2 intK has constant pedal-power if for any two
parallel supporting hyperplanes of K, the product of the distances from P
to both hyperplanes is a constant non depending on the pair of supporting
hyperplanes. In other words, P has constant power with respect to the
pedal surface of K from P . In the plane, we know that every focus of an
ellipse has the constant pedal-power property and since the ellipse has a
center of symmetry the constant is the same for the two foci. It follows that
the product of the distances from the two foci of an ellipse to any tangent
line is constant, and this property is usually known as the pedal property
of the ellipse. It is easy to prove the converse statement (proved in section
3), indeed, for the 3-dimensional Euclidean space it is possible to prove the
following.

Theorem 1.1. Let K be a convex body in R3 and let P;Q 2 intK be two
points with constant pedal-power. Then K is an ellipsoid of revolution with
axis PQ.

However, what can be said about convex curves and surfaces with exactly
one point with the constant pedal-power property? For example, the center
of a Euclidean ball has the property of constant pedal power and it is the
unique point with this property. In section 2 we prove the existence of
convex curves in the plane, besides the Euclidean circle, with exactly one
point with constant pedal-power. This is done by a construction of a family
of curves with the desired property. Finally, in section 4 we study another
property of the ellipse which we name the harmonic property and prove that
a convex curve possessing this property must be an ellipse.

2. Planar curves with one constant pedal-power point

In the next section we will prove that a convex three dimensional body
with two points with constant-pedal power is an ellipsoid of revolution, how-
ever, what can be said about a body with just one point with constant pedal-
power, is it a circle? As we shall see in this section, there are an in�nity
of convex bodies, di¤erent of circles, with exactly one point with constant
pedal-power. An example of a curve of this type is obtained from a curve de-
scribed by Yanagihara in [11]. LetK be the convex body bounded by the seg-
ments AB;CD and EF belonging to a regular hexagonH = ABCDEF; and
by the three arcs of the circles circumscribed to triangles 4OBC;4ODE
and 4OFA as shown in Figure 1.

Figure 1. The Yanagihara�s curve.
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Using elementary geometry it is easy to see that O is an equipower point
for K; i.e., the product of the length of the segments determined by O for
every chord of K through O is constant. The antipedal curve of @K, i.e.
the curve which have @K as its pedal curve, is convex and consists of arcs
of parabolas. Now, we will describe with more details how to construct a
family of such curves in the plane. Convex bodies in three dimensional space
with this property are obtained by rotating the curves constructed in the
plane around one of it axes of symmetry.
Let n = 4k+2 be a natural number for a given integer k � 1. Consider a

regular n-gon, V1V2 : : : Vn, with center O. For every odd i construct the arc
of the circle circumscribed to 4OViVi+1 from Vi to Vi+1 (as shown in Figure
2). With these 2k + 1 pieces of arcs and the segments Vi+1Vi+2; where
Vn+r = Vr; we construct a convex curve  which has O as an equipower
point. The antipedal of this curve consist of 2k + 1 arcs of parabolas, each
one passing through the midpoints of two neighbor circular arcs \ViVi+1 and
\Vi+2Vi+3, the midpoint of the segment Vi+1Vi+2, and having O as focus.

Figure 2. A curve with a constant pedal-power point.

To see this, consider the midpoints X1; X3, of the arcs [V1V2 and [V3V4;
respectively, and the midpoint Y of the segment V2V3: Let V 02 and V

0
3 be

the points such that V2 and V3 are the midpoints of the segments OV 02 and
OV 03 , respectively, and let ` be the line through them. Since the pedal of a
parabola (from the focus) is the tangent line through its vertex, we have that
` is the directrix of a parabola � with focus O and vertex Y . Now, let O1 and
O3 be the midpoints of the segments OX1 and OX3, respectively. Since the
line V2V3 is a common tangent line to the circles circumscribed to 4OV1V2
and 4OV3V4 we have that O1V2 and O3V3 are perpendicular to V2V3: It
follows, by similarity of triangles, that X1V 02 and X3V

0
3 are perpendicular to

` and OX1 = X1V 02 = OX3 = X3V
0
3 ; hence the points X1 and X3 belong to

�: Notice that OX1 and OX3 are diameters of the circumscribed circles to
4OV1V2 and 4OV3V4, then for every two points Z1 2 [X1V2 and Z3 2 [V3X3
we have that ]X1Z1O = ]X3Z3O = �=2, hence the pedal curve of the arc
\X1X3 of �, with respect to O, consists of the circular arcs [X1V2;[V3X3, and
the segment V2V3 (see Figure 3):
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Figure 3. Construction of the curve.

3. Three dimensional bodies with the pedal property

First we prove the following lemma.

Lemma 3.1. Let K be a convex body in the plane and let P;Q 2 intK be
two points with constant pedal-power. Then K is an ellipse with foci P and
Q.

Proof of lemma 3.1. We �rst note the following.

Claim 1. The constant of the pedal-power for P and Q is the same.
Proof. Let L be the line passing through P and Q and let L1; and L2 be

the supporting lines of K parallel to L. As shown in Figure 4, let A;A0; B;
and B0 be the projections of P and Q over L1 and L2, respectively. We
have that PA = QA0 and PB = QB0, then PA � PB = QA0 �QB0. �

Figure 4. Equal pedal-power constant for P and Q.

Now we will prove that the product of the distances from P and Q to any
line supporting K is constant. From this we will have that K is an ellipse
since it is known that this property characterizes an ellipse with foci P and
Q (to see, for instance, [3] ). Suppose that L1, and L2 are parallel lines
supporting K. As in the proof of Claim 1, suppose that A;A0; B; and B0 are
the projections from P and Q over L1 and L2, respectively. By Claim 1 we
know that PA �PB = QA0 �QB0, i.e., both points have the same pedal-power
constant and since AB = A0B0, we have (after some simple computations)
that either PA = QA0 or PA = QB0. The �rst case is only possible if L;L1,
and L2 are parallel, so in any other case we have that PA = QB0. This



More on the pedal property of the ellipse 9

implies that PA �QA0 is constant, and by continuity this is also true for the
case when L1 is parallel to L.

Proof of theorem 1.1. Let u 2 S2 be any vector not parallel to L (the
line through P and Q), and let �u : R3 �! u? be the orthogonal projection
onto u?: By the hypothesis we have that �u(P ) and �u(Q) have constant-
pedal power and so by Lemma 1 we have that �u(K) is an ellipse with foci
�u(P ) and �u(Q). Since this is true for every u 2 S2, non parallel to L, we
have by a theorem due to Blaschke and Hessenberg [2] that K is an ellipsoid.
Now we will prove that K is a solid of revolution with axis L. In order

to do this we shall prove that the chord of K cut o¤ by L is an a¢ ne
diameter of K, that is, it is a chord such that through its extreme points
there passes parallel planes supporting K. De�ne fA;Bg := L \ @K; and
suppose that AB is not an a¢ ne diameter of K. Let CD be the a¢ ne
diameter of K parallel to L. Consider the plane 
 which contains AB
and CD; and let � 2 S2 be a vector not parallel to 
 and parallel to the
supporting planes of K through C and D: We have that ��(K) is an ellipse
with an a¢ ne diameter ��(CD) and with foci ��(P ) and ��(Q): By the
choice of � we have that ��(P ) and ��(Q) determine a line parallel to
line ��(CD), however this happen only if line ��(P )��(Q) coincides with
��(CD): Hence, ��(P )��(Q) is the main axis of the ellipse ��(K) for every
such �, it follows that AB = CD and that the supporting planes of K
through A and B are orthogonal to AB.
Let ! 2 S2 be a vector parallel to L. Since �!(P ) = �!(Q) we have

that �!(K) is a circle with center �!(P ). It is well known that every pair
of parallel sections of an ellipsoid are homothetic, then we have that every
section of K orthogonal to L is a circle centered at L. We conclude that K
is an ellipsoid of revolution with axis L. �

4. Harmonic mean

Let E be an ellipse with foci P and Q. Consider a line ` tangent to E at
a point X, and let A and B be the projections of P and Q on `. Now, let
R be the point where the line orthogonal to ` at X intersects the segment
PQ: It is known that 2

XR
= 1

BQ
+ 1
AP

for every tangent line ` and we name
this property as the harmonic property of the ellipse. In this section we will
prove a strictly convex curve with the harmonic property is an ellipse.

Figure 5. Harmonic property of the ellipse.
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Theorem 4.1. Let K be a strictly convex body in the plane and let P;Q 2
intK be two points. For every point X 2 @K, and for every line ` supporting
K at X, let A;B be the projections of P;Q on `. If the line perpendicular
to ` at X cuts in the quadrilateral ABQP a segment XR such that

2

XR
=

1

AP
+

1

BQ
;

then K is an ellipse with foci P and Q.

Before proving theorem 4.1 we will prove the following lemmas, but �rst
a piece of notation.
Given four collinear points A;B;C, and D, it is de�ned the cross ratio

(A;C;B;D) as the real number

r =

��!
AB
��!
BC

�
��!
DC
��!
AD

;

where
��!
XY denotes the directed segment from X to Y .

Lemma 4.1. Let T be the intersection point between the lines AB and PQ
then (P;Q;R; T ) = �1. Moreover, since \RXT = 90� then \PXR =
\RXQ.

Proof. We know XR
BQ

+ XR
AP

= 2; then, by similarity of triangles we have

that XT
BT
+ XT
AT

= 2; hence 1
BT
+ 1
AT

= 2
XT
; which implies that (A;B;X;T ) =

�1 (see for instance [10]), and since the lines AP;BQ; and RX are parallel,
we have that (P;Q;R; T ) = �1. For the second assertion of the lemma we
proceed as follows: since (P;Q;R; T ) = �1 and the \RXT = 90�, then by
a well known result in geometry we have that \PXR = \RXQ. �

Figure 6. Equality of angles \PXR = \RXQ.

Proof of theorem 4.1. First we prove that @K is a di¤erentiable convex
curve, that is, for every point X 2 @K there is a unique supporting line of
K (indeed, it is the tangent line). To prove this, suppose there is a point
X 2 @K such that there are two lines ` and `0 through X which support K.
We may suppose that none of the lines ` and `0 are parallel to PQ; otherwise,
we choose a pair of lines non intersecting the interior of K and contained in
the region enclosed by ` and `0 such that none of them is parallel to PQ: Let
A and B be the projections of P and Q over the line `, and let A0 and B0 be
the projections over `0. Now, let R; and R0 be the intersections of the lines
perpendicular to `, and `0; respectively, through the point X with the line
PQ. By the conditions of the theorem, we have that R and R0 must be in the
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interior of the segment PQ: By lemma 4.1 we have that \PXR = \RXQ
and \PXR0 = \R0XQ, which clearly is not possible, then there is a unique
line supporting K at the point X, that is, @K is a di¤erentiable curve.
Now, since for every pointX 2 @K we have the optical property \PXR =

\RXQ, then because it is well known that a di¤erentiable convex and closed
curve having the optical property is an ellipse (see for instance [12]) we have
�nished the proof of the theorem. �

Figure 7. Uniqueness of the support line.
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