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SPLIT QUATERNIONS AND

SPACELIKE CONSTANT SLOPE SURFACES

IN MINKOWSKI 3-SPACE

MURAT BABAARSLAN AND YUSUF YAYLI

Abstract. A spacelike surface in the Minkowski 3-space is called a con-
stant slope surface if its position vector makes a constant angle with the
normal at each point on the surface. These surfaces were completely clas-
si�ed in [J. Math. Anal. Appl., 385(2012), 208-220]. In this study, we
give some relations between split quaternions and spacelike constant slope
surfaces in Minkowski 3-space. We show that spacelike constant slope sur-
faces can be reparametrized by using rotation matrices corresponding to unit
timelike quaternions with the spacelike vector parts and homothetic motions.
Subsequently we give some examples to illustrate our main results.

1. Introduction

Quaternions were discovered by Sir William Rowan Hamilton as an ex-
tension to the complex numbers in 1843. The most important property
of quaternions is that every unit quaternion represents a rotation and this
plays a special role in the study of rotations in three-dimensional spaces.
Also quaternions are an e¢ cient way understanding many aspects of physics
and kinematics. Many physical laws in classical, relativistic and quantum
mechanics can be written nicely using them.
Today quaternions are used especially in the area of computer vision, com-

puter graphics, animations, aerospace applications, �ight simulators, navi-
gation systems and to solve optimization problems involving the estimation
of rigid body transformations.
Ozdemir and Ergin [9] showed that a unit timelike quaternion represents

a rotation in Minkowski 3-space.
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Also they expressed Lorentzian rotation matrix generated with a timelike
quaternion. Tosun et al. [10] investigated some properties of one-parameter
homothetic motion in Minkowski 3-space. Furthermore, they expressed the
relations between velocity and acceleration vectors of a point in moving
space with respect to �xed and moving space.
Kula and Yayli [6] showed that the algebra of split quaternions H0 has

a scalar product that allows us to identify it with semi-Euclidean space
E42. They demonstrated that a pair q and p of unit split quaternions in H

0

determines a rotation Rqp : H0 ! H0. Moreover they proved that Rqp is a
product of rotations in a pair of orthogonal planes in E42.
In the last few years, the study of the geometry of surfaces in 3-dimensional

spaces, in particular of product typeM2�R was developed by a large num-
ber of mathematicians. For instance, constant angle surfaces:
A constant angle surface in E3 is a surface whose tangent planes make a

constant angle with a �xed vector �eld of ambient space. These surfaces are
the generalizations of the concept of helix. These kinds of surfaces are models
to describe some phenomena in physics of interfaces in liquid crystals and
of layered �uids. Constant angle surfaces were studied in di¤erent ambient
spaces, e.g. S2�R and H2�R [2, 3]. Moreover these surfaces were studied
in Minkowski 3-space and classi�ed in [7].
Another paper in this direction is [4], where Fu and Yang studied spacelike

constant slope surfaces in Minkowski 3-space and classi�ed these surfaces in
the same space. They showed that M � E31 is a spacelike constant slope
surface lying in the timelike cone if and only if it can be parametrized by

(1) x(u; v) = u sinh �
�
cosh �1(u)f(v) + sinh �1(u)f(v) ^ f 0(v)

�
;

where, � is a positive constant angle function, �1(u) = coth � ln(u) and f is
a unit speed spacelike curve on H2.
Also, M � E31 is a spacelike constant slope surface lying in the spacelike

cone if and only if it can be parametrized by

(2) x(u; v) = u cosh �
�
cosh �2(u)g(v) + sinh �2(u)g(v) ^ g0(v)

�
;

where, � is a positive constant angle function, �2(u) = tanh � ln(u) and g is
a unit speed spacelike curve on S21.
In our previous paper [1], we showed a new method to construct constant

slope surfaces with quaternions in Euclidean 3-space. In light of recent
studies, the purpose of this paper is to give some relations between split
quaternions and spacelike constant slope surfaces in Minkowski 3-space. We
will show that spacelike constant slope surfaces can be reparametrized by
using rotation matrices corresponding to unit timelike quaternions with the
spacelike vector parts and homothetic motions. Subsequently we will give
some examples to illustrate our main results.

2. Basics Notations, Definitions and Formulas

In this section, we give some basic concepts and formulas on split quater-
nions and semi-Euclidean spaces. A split quaternion p is an expression of



Split quaternions and spacelike constant slope surfaces in Minkowski 3-space 25

the form
p = p11 + p2i+ p3j+ p4k;

where p1; p2; p3 and p4 are real numbers and i; j;k are split quaternion units
which satisfy the non-commutative multiplication rules

i2 = �1; j2 = k2 = 1; i� j = �j� i = k; j� k = �k� j = �i;
and

k� i = �i� k = j:
Let us denote the algebra of split quaternions by H0 and its natural basis

by f1; i; j;kg. An element of H0 is called a split quaternion. For a split
quaternion p = p11 + p2i+ p3j+ p4k, the conjugate p of p is de�ned by

p = p11� p2i� p3j� p4k:
Scalar and vector parts of a split quaternion p are denoted by Sp = p1

and Vp = p2i+ p3j+ p4k, respectively. The split quaternion product of two
quaternions p = (p1; p2; p3; p4) and q = (q1; q2; q3; q4) is de�ned as

(3) p� q = p1q1 + hVp;Vqi+ p1Vq + q1Vp +Vp ^Vq;
where

hVp;Vqi = �p2q2 + p3q3 + p4q4;
and

Vp ^Vq =

������
�i j k
p2 p3 p4
q2 q3 q4

������ = (p4q3� p3q4)i+(p4q2� p2q4)j+(p2q3� p3q2)k:
If Sp = 0, then p is called as a pure split quaternion.

De�nition 2.1. En with the metric tensor

hu; vi = �
vX
i=1

uivi +
nX

i=v+1

uivi; u; v 2 Rn; 0 � v � n

is called semi-Euclidean space and denoted by Env , where v is called the index
of the metric. If v = 0, semi-Euclidean space Env is reduced to E

n. For
n � 2, En1 is called Minkowski n-space; if n = 4, it is the simplest example
of a relativistic space time [8].

De�nition 2.2. Let Env be a semi-Euclidean space furnished with a metric
tensor h; i. A vector w 2 Env is called
- spacelike if hw;wi > 0 or w = 0,
- timelike if hw;wi < 0,
- null if hw;wi = 0 and w 6= 0. The norm of a vector w 2 Env is

p
jhw;wij.

Two vectors w1 and w2 in Env are said to be orthogonal if hw1;w2i = 0 [8].

We can de�ne pseudo-sphere and pseudo-hyperbolic space as follows:

Sn�1v =

(
(v1; :::; vn) 2 Env

��� vX
i=1

v2i +

nX
i=v+1

v2i = 1

)
;

and

Hn�1
v�1 =

(
(v1; :::; vn) 2 Env

��� vX
i=1

v2i +
nX

i=v+1

v2i = �1
)
:
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Also, for v = 1 and v1 > 0, Hn�1 = Hn�1
0 is called a hyperbolic space of

En1 .
We can easily check that �p � p = �p21 � p22 + p23 + p24. Therefore we

identify H0 with semi-Euclidean space E42.
Let G =

�
p 2 H0

�� p� p = 1	 be the multiplicative group of timelike unit
split quaternions. The Lie algebra g of G is the imaginary part of H0, that
is,

g = Im H0 =
�
p2i+ p3j+ p4k

�� p2; p3; p4 2 R	 :
The Lie bracket of g is simply the commutator of split quaternion product.
Note that the commutation relation of g is given by

[i; j] = 2k; [j;k] = �2i; [k; i] = 2j:
The Lie algebra g is naturally identi�ed with E31 as a metric linear space.
Besides, the Lie group G is identi�ed with H3

1 of constant curvature �1 (see
[5]).
Thus we can de�ne spacelike, timelike and lightlike quaternions as follows:

De�nition 2.3. We say that a split quaternion p is spacelike, timelike or
lightlike, if Ip < 0, Ip > 0 or Ip = 0, respectively, where Ip = p21+p

2
2�p23�p24

[9].

De�nition 2.4. The norm of p = (p1; p2; p3; p4) is de�ned as

Np =
q��p21 + p22 � p23 � p24��:

If Np = 1, then p is called a unit split quaternion and p0 = p=Np is a unit
split quaternion for Np 6= 0. Also spacelike and timelike quaternions have
multiplicative inverses having the property p � p�1 = p�1 � p = 1 and they
are constructed by p�1 = p=Ip. Lightlike quaternions have no inverses [9].

The vector part of any spacelike quaternions is spacelike but the vector
part of any timelike quaternion can be spacelike or timelike. Polar forms of
the split quaternions are as below:
(i) Every spacelike quaternion can be written in the form

p = Np(sinh � + v cosh �);

where v is a unit spacelike vector in E31.
(ii) Every timelike quaternion with the spacelike vector part can be writ-

ten in the form
p = Np(cosh � + v sinh �);

where v is a unit spacelike vector in E31.
(iii) Every timelike quaternion with the timelike vector part can be written

in the form
p = Np(cos � + v sin �);

where v is a unit timelike vector in E31 [6, 9].
Unit timelike quaternions are used to perform rotations in the Minkowski

3-space: If p = (p1; p2; p3; p4) is a unit timelike quaternion, using the trans-
formation law

(p�V � p�1)i =
3X
j=1

RijVj ;
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the corresponding rotation matrix can be found as

(4) Rp =

"
p21 + p

2
2 + p

2
3 + p

2
4 2p1p4 � 2p2p3 �2p1p3 � 2p2p4

2p2p3 + 2p4p1 p21 � p22 � p23 + p24 �2p3p4 � 2p2p1
2p2p4 � 2p3p1 2p2p1 � 2p3p4 p21 � p22 + p23 � p24

#
;

whereV is a pure split quaternion. This is possible with unit timelike quater-
nions. Also causal character of vector part of the unit timelike quaternion p
is important. If the vector part of p is timelike or spacelike then the rotation
angle is spherical or hyperbolic, respectively [9].
In Minkowski 3-space, one-parameter homothetic motion of a body is

generated by the transformation�
Y
1

�
=

�
hA C
0 1

� �
X
1

�
;

where X and C are real matrices of 3� 1 type and h is a homothetic scale
and A 2 SO1(3). A, h and C are di¤erentiable functions of C1 class of a
parameter t [10].

3. Split Quaternions and Spacelike Constant Slope Surfaces
Lying in the Timelike Cone

In this section, we study unit timelike quaternions with the spacelike
vector parts and spacelike constant slope surfaces lying in the timelike cone.
Firstly, we obtain the following equation for later use.
A unit timelike quaternion with the spacelike vector part

Q(u; v) = cosh(�1(u)=2)� sinh(�1(u)=2)f 0(v)

de�nes a 2-dimensional surface on H3
1, where �1(u) = coth � lnu, � is a

positive constant angle function, f 0 = (f 01; f
0
2; f

0
3) and f is a unit speed

spacelike curve on H2. Thus, using the transformation law

(Q�V �Q�1)i =
3X
j=1

RijVj ;

the corresponding rotation matrix can be found as

RQ =

" cosh2 �12 + sinh2 �12 (f 021 + f 022 + f 023 ) �2 sinh2 �12 f
0
1f
0
2 � sinh �1f 03

2 sinh2 �12 f
0
1f
0
2 � sinh �1f 03 cosh2 �12 + sinh

2 �1
2 (�f

02
1 � f 022 + f 023 )

2 sinh2 �12 f
0
1f
0
3 + sinh �1f

0
2 �2 sinh2 �12 f

0
2f
0
3 � sinh �1f 01

(5)
�2 sinh2 �12 f

0
1f
0
3 + sinh �1f

0
2

�2 sinh2 �12 f
0
2f
0
3 + sinh �1f

0
1

cosh2 �12 + sinh
2 �1
2 (�f

02
1 + f

02
2 � f 023 )

#
:

We now give the relation between unit timelike quaternions with the
spacelike vector parts and spacelike constant slope surfaces lying in the time-
like cone.
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Theorem 3.1. Let x : M ! E31 be a spacelike surface immersed in
Minkowski 3-space E31 and x lies in the timelike cone. Then the constant
slope surface M can be reparametrized by

x(u; v) = Q1(u; v)�Q2(u; v);

where Q1(u; v) = cosh �1(u) � sinh �1(u)f 0(v) is a unit timelike quaternion
with the spacelike vector part, Q2(u; v) = u sinh �f(v) is a surface and a pure
split quaternion in E31 and f is a unit speed spacelike curve on H

2.

Proof Since Q1(u; v) = cosh �1(u)� sinh �1(u)f 0(v) and
Q2(u; v) = u sinh �f(v), we obtain

Q1(u; v)�Q2(u; v) =

=
�
cosh �1(u)� sinh �1(u)f 0(v)

�
� (u sinh �f(v))

= u sinh �
�
cosh �1(u)� sinh �1(u)f 0(v)

�
�f(v)(6)

= u sinh �
�
cosh �1(u)f(v)� sinh �1(u)f 0(v)� f(v)

�
Using Eq. (3), we have

f 0 � f = hf 0; fi+ f 0 ^ f:

Since f is a unit speed spacelike curve on H2, we have

(7) �f 0 � f = f ^ f 0:

If we substitute Eq. (7) into Eq. (6), we get

Q1(u; v)�Q2(u; v) = u sinh �
�
cosh �1(u)f(v) + sinh �1(u)f(v) ^ f 0(v)

�
:

Therefore applying Eq. (1), we conclude

Q1(u; v)�Q2(u; v) = x(u; v):

This completes the proof.

From Theorem 3.1, we can see that the spacelike constant slope surface
M lying in the timelike cone is the split quaternion product of 2-dimensional
surfaces Q1(u; v) on H3

1 and Q2(u; v) in E
3
1.

Let us consider the relations among rotation matrices RQ, homothetic
motions and spacelike constant slope surfaces lying in the timelike cone. We
have the following results of Theorem 3.1.

Corollary 3.2. Let RQ be the rotation matrix corresponding to the unit
timelike quaternion with the spacelike vector part Q(u; v). Then the spacelike
constant slope surface M can be written as

x(u; v) = RQQ2(u; v):

Corollary 3.3. For the homothetic motion eQ(u; v) = u sinh �Q1(u; v),
the constant slope surface M can be reparametrized by x(u; v) = eQ(u; v) �
f(v). Therefore, we have

(8) x(u; v) = u sinh �RQf(v):

We can give the following remarks regarding Theorem 3.1 and Corollary
3.3.
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Remark 3.4. Theorem 3.1 says that both the points and the position
vectors on the surface Q2(u; v) are rotated by Q1(u; v) through the hyperbolic
angle �1(u) about the spacelike axis Spff 0(v)g.

Remark 3.5. Corollary 3.3 says that the position vector of the curve f(v)
is rotated by eQ(u; v) through the hyperbolic angle �1(u) about the spacelike
axis Spff 0(v)g and extended through the homothetic scale u sinh �.

4. Split Quaternions and Spacelike Constant Slope Surfaces
Lying in the Spacelike Cone

In this section, as in Section 3, we study unit timelike quaternions with
the spacelike vector parts and spacelike constant slope surfaces lying in the
spacelike cone. Similarly, we obtain the following equation for later use.
A unit timelike quaternion with the spacelike vector part

Q(u; v) = cosh(�2(u)=2)� sinh(�2(u)=2)g0(v)

de�nes a 2-dimensional surface on H3
1, where �2(u) = tanh � lnu, � is a pos-

itive constant angle function, g0 = (g01; g
0
2; g

0
3) and g is a unit speed spacelike

curve on S21. Thus, using the transformation law

(Q�V �Q�1)i =
3X
j=1

RijVj ;

the corresponding rotation matrix can be found as

RQ =

" cosh2 �22 + sinh2 �22 (g021 + g022 + g023 ) �2 sinh2 �22 g
0
1g
0
2 � sinh �2g03

2 sinh2 �22 g
0
1g
0
2 � sinh �2g03 cosh2 �22 + sinh

2 �2
2 (�g

02
1 � g022 + g023 )

2 sinh2 �22 g
0
1g
0
3 + sinh �2g

0
2 �2 sinh2 �22 g

0
2g
0
3 � sinh �2g01

(9)
�2 sinh2 �22 g

0
1g
0
3 + sinh �2g

0
2

�2 sinh2 �22 g
0
2g
0
3 + sinh �2g

0
1

cosh2 �22 + sinh
2 �2
2 (�g

02
1 + g

02
2 � g023 )

#
:

We now give the relation between unit timelike quaternions with the
spacelike vector parts and spacelike constant slope surfaces lying in the
spacelike cone.

Theorem 4.1. Let x : M ! E31 be a spacelike surface immersed in
Minkowski 3-space E31 and x lies in the spacelike cone. Then the constant
slope surface M can be reparametrized by

x(u; v) = Q1(u; v)�Q2(u; v);

where Q1(u; v) = cosh �2(u) � sinh �2(u)g0(v) is a unit timelike quaternion
with the spacelike vector part, Q2(u; v) = u cosh �g(v) is a surface and a pure
split quaternion in E31 and g is a unit speed spacelike curve on S

2
1.
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Proof Since Q1(u; v) = cosh �2(u)� sinh �2(u)g0(v) and
Q2(u; v) = u cosh �g(v), we obtain

Q1(u; v)�Q2(u; v) =

=
�
cosh �2(u)� sinh �2(u)g0(v)

�
� (u cosh �g(v))

= u cosh �
�
cosh �2(u)� sinh �2(u)g0(v)

�
� g(v)(10)

= u cosh �
�
cosh �2(u)g(v)� sinh �2(u)g0(v)� g(v)

�
:

By using Eq. (3), we have

g0 � g = hg0; gi+ g0 ^ g:
Since g is a unit speed spacelike curve on S21, we have

(11) �g0 � g = g ^ g0:
Substituting Eq. (11) into Eq. (10) gives

Q1(u; v)�Q2(u; v) = u cosh �
�
cosh �2(u)g(v) + sinh �2(u)g(v) ^ g0(v)

�
:

Therefore applying Eq. (2), we conclude

Q1(u; v)�Q2(u; v) = x(u; v):
This completes the proof.

Similarly, from Theorem 4.1, we can see that the spacelike constant slope
surface M lying in the spacelike cone is the split quaternion product of
2-dimensional surfaces Q1(u; v) on H3

1 and Q2(u; v) in E
3
1.

Let us consider the relations among rotation matrices RQ, homothetic
motions and spacelike constant slope surfaces lying in the spacelike cone.
We have the following results of Theorem 4.1.

Corollary 4.2. Let RQ be the rotation matrix corresponding to the unit
timelike quaternion with the spacelike vector part Q(u; v). Then the spacelike
constant slope surface M can be written as

x(u; v) = RQQ2(u; v):

Corollary 4.3. For the homothetic motion eQ(u; v) = u cosh �Q1(u; v),
the constant slope surface M can be reparametrized by x(u; v) = eQ(u; v) �
g(v). Therefore, we have

(12) x(u; v) = u cosh �RQg(v):

We can give the following remarks regarding Theorem 4.1 and Corollary
4.3.

Remark 4.4. Theorem 4.1 says that both the points and the position
vectors on the surface Q2(u; v) are rotated by Q1(u; v) through the hyperbolic
angle �2(u) about the spacelike axis Spfg0(v)g.

Remark 4.5. Corollary 4.3 says that the position vector of the curve g(v)
is rotated by eQ(u; v) through the hyperbolic angle �2(u) about the spacelike
axis Spfg0(v)g and extended through the homothetic scale u cosh �.



Split quaternions and spacelike constant slope surfaces in Minkowski 3-space 31

5. Examples and Their Pictures

We now give some examples of spacelike constant slope surfaces and draw
their pictures by using Mathematica computer program.

Example 5.1. Let us consider a unit spacelike curve on H2 de�ned by

f(v) = (cosh v; 0; sinh v):

Taking � = 7 and coth 7 �= 1, the homothetic motion is equal toeQ(u; v) = u sinh 7 (cosh(lnu) + (� sinh(lnu) sinh v; 0;� sinh(lnu) cosh v)) :
By using Eq. (8), we have the following spacelike constant slope surface
lying in the timelike cone:

x(u; v) = u sinh 7

"
cosh2

�
lnu
2

�
+ sinh2

�
lnu
2

�
cosh 2v � sinh(lnu) cosh v

� sinh(lnu) cosh v cosh(lnu)

sinh2
�
lnu
2

�
sinh 2v � sinh(lnu) sinh v

� sinh2
�
lnu
2

�
sinh 2v

sinh(lnu) sinh v

cosh2
�
lnu
2

�
� sinh2

�
lnu
2

�
cosh 2v

#" cosh v
0

sinh v

#
:

and then

x(u; v) =

" u sinh 7 cosh(lnu) cosh v
�u sinh 7 sinh(lnu)

u sinh 7 cosh(lnu) sinh v

#
:

Hence, we can draw the picture of x(u; v) = u sinh �RQf(v) as follows:

20 00

40 00

50 0 0

50 00

0

50 00

Figure 1: Spacelike constant slope surface lying in the timelike cone
x(u; v) = u sinh �RQf(v), f(v) = (cosh v; 0; sinh v), � = 7.
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Example 5.2. Let us consider a unit spacelike curve on S21 de�ned by

g(v) = (0; cos v; sin v):

Taking � = 7 and tanh 7 �= 1, the homothetic motion is equal toeQ(u; v) = u cosh 7 (cosh(lnu) + (0; sinh(lnu) sin v;� sinh(lnu) cos v)) :
By using Eq. (12), we have the following spacelike constant slope surface
lying in the spacelike cone:

x(u; v) = u cosh 7

"
cosh(lnu) � sinh(lnu) cos v

� sinh(lnu) cos v cosh2
�
lnu
2

�
+ sinh2

�
lnu
2

�
cos 2v

� sinh(lnu) sin v sinh2
�
lnu
2

�
sin 2v

� sinh(lnu) sin v
sinh2

�
lnu
2

�
sin 2v

cosh2
�
lnu
2

�
� sinh2

�
lnu
2

�
cos 2v

#"
0

cos v
sin v

#
:

and then

x(u; v) =

" �u cosh 7 sinh(lnu)
u cosh 7 cosh(lnu) cos v
u cosh 7 cosh(lnu) sin v

#
:

Hence, we can draw the picture of x(u; v) = u cosh �RQg(v) as follows:

500

0

1000

0

1000
1000

0

1000

Figure 2: Spacelike constant slope surface lying in the spacelike cone
x(u; v) = u cosh �RQg(v), g(v) = (0; cos v; sin v), � = 7.
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