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BIHARMONIC HYPERSURFACES IN E°
WITH CONSTANT SCALAR CURVATURE

RAM SHANKAR GUPTA

Abstract. In this paper, we study biharmonic hypersurfaces in E® with
constant scalar curvature. We prove that every such biharmonic hypersur-
face in Euclidean space E® with at most four distinct principal curvatures
must be minimal.

1. INTRODUCTION

The study of biharmonic submanifolds in Euclidean spaces was initiated
by B. Y. Chen in mid 1980s. In particular, he proved that biharmonic
surfaces in Euclidean 3-spaces are minimal. Based on the results of Dimitric
in [10, 11], Chen [2] posed the following well-known conjecture in 1991:

The only biharmonic submanifolds of Fuclidean spaces are the minimal
ones.

The conjecture was later proved for hypersurfaces in Euclidean 4-spaces
by Hasanis and Vlachos [15] and also for hypersurfaces with three distinct
principal curvatures in E® by Fu [16]. It was proved that the Chen’s con-
jecture is true for hypersurfaces with three distinct principal curvatures in
Euclidean space of arbitrary dimension and also for §(2)-ideal and 6(3)-ideal
hypersurfaces of a Euclidean space of arbitrary dimension [13, 7]. Also, it
was proved that every biharmonic hypersurface with zero scalar curvature
in E° must be minimal [8]. Recently, it was proved that every biharmonic
hypersurface in E® must be minimal [14]. For more results on this topic see
[3].

Chen’s conjecture is not always true for submanifolds of semi-Euclidean
spaces (see [4, 5, 6]). However, for hypersurfaces in semi-Euclidean spaces,
Chen’s conjecture is also right (see [5, 6, 9]). A. Arvanitoyeorgos et al. [1]
proved that biharmonic Lorentzian hypersurfaces in Minkowski 4-spaces are
minimal. It was proved that biharmonic hypersurface in semi-Euclidean
5-spaces with three distinct principal curvatures must be minimal [12].

In this paper, we study biharmonic hypersurfaces in E® with constant
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scalar curvature and prove that:

Theorem 1.1. Every biharmonic hypersurface of constant scalar curvature
in the Fuclidean space B with at most four distinct principal curvatures is
minimal.

2. PRELIMINARIES

Let (M,g) be a hypersurface isometrically immersed in a 6-dimensional
Euclidean space (ES,g) and g = 9m-

Let V and V denote linear connections on E® and M, respectively. Then,
the Gauss and Weingarten formulae are given by

(1) VxY =VxY +h(X,Y), ¥V X,Y € (TM),

where £ is the unit normal vector to M, h is the second fundamental form
and A is the shape operator. It is well known that the second fundamental
form h and shape operator A are related by

3) gh(X,Y),€) = g(AcX,Y).

The mean curvature is given by

(4) H= %traceA.

The Gauss and Codazzi equations are given by
(5) R(X,Y)Z = g(AY, Z)AX — g(AX, Z)AY,
(6) (VxA)Y = (VyA)X,
respectively, where R is the curvature tensor and
(7) (VxA)Y =VxAY — A(VxY)

for all X,Y,Z e T'(TM).

A biharmonic submanifold in a Euclidean space is called proper bihar-
monic if it is not minimal. The necessary and sufficient conditions for M to
be biharmonic in E° is

(8) AH + HtraceA? = 0,

5
9) AgradH + ngde =0,
where H denotes the mean curvature. Also, the Laplace operator A of a

scalar valued function f is given by [3]
5

(10) Af == (eieif = Veeif),

=1

where {e1, s, €3, €4, €5} is an orthonormal local tangent frame on M.
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3. BIHARMONIC HYPERSURFACES IN ES

In this section we study biharmonic hypersurfaces M in ES with four
distinct principal curvatures. We assume that the mean curvature is not
constant and gradH # 0. Assuming non constant mean curvature implies
the existence of an open connected subset U of M, with grad,H # 0, for
all p € U. From (9), it is easy to see that gradH is an eigenvector of the
shape operator A with the corresponding principal curvature — %H . Without
losing generality, we choose ey in the direction of gradH and Ay = A5 = A
as M has four distinct principal curvatures. Therefore shape operator A of
hypersurfaces will take the following form with respect to a suitable frame

{e1,e2,€3,€e4,e5}

5

-5H

A2

_ A3
A

The gradH can be expressed as

5

(12) gradH = Z ei(H)e;.
i=1

As we have taken e; parallel to gradH, consequently

(13) e1(H) #0,e;(H) =0, 1=2,...,5.
We express
5
(14) Veej = wher, ij=1,...,5.
k=1

Using (14) and the compatibility conditions (Ve, g)(e;, e;) = 0and (Ve g)(€i,€5) =
0, we obtain

(15) wh, =0, wl; + wh; =0,

for ¢ # j, and 4,5,k =1,...,5.

Taking X =e;,Y =e; in (7) and using (11), (14), we get

5
(Ve A)ej = eilhj)ej + Y wher(Aj — Ax)-
k=1

Putting the value of (V¢,A)e; in (6), we find

5 5
ei()\j)ej + wajek()\j — ) = ej()\l-)ei + Zw?iek()\i — k),
k=1 k=1

whereby for ¢ # j = k and i # j # k, we obtain
(16) ei(A) = (A = Aol = (A = Ao)wly,
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(17) (N = Nj)why = (A = X))y,
respectively, for distinct 7,5,k =1, ..., 5.

Using (13), (14) and the fact that [e; e;](H) =0 = V¢,e;(H)—V,,e;(H) =
w}jel(H) — w]liel(H), for i £ j and 4,5 = 2, ..., 5, we find

(18) Wi = wi.

ij ji
From (4), we obtain that
1
(19) )\2+)\3+2/\:?5H, A#—;H.
Putting i,7 = 4,5, and i # j in (16), we get
(20) ej(A) =0, for j=4,5.
Putting i # 1,7 = 1 in (16) and using (13) and (15), we find
(21) wh; =0, i=1,..,5.
Putting i = 1,5 = 2,...,5, in (16) and using (15), we have
e1(A2) 1 _ e1(Xs) 1 _ e(d)
(22)  wy Ay — A w33 Xz — )\ “ij A=A\ 5
Putting i = 2,3,j = 4,5, in (16), we find
2 _ e2()) 5 _ e3(N) -
(23) wjj—)\_)\z, wjj—)\_)\S, j=4,5.
Putting i = 1,5 # k, and j,k = 4,5, in (17), we obtain
(24) wi, =0, j#k and j k=45
Putting i = 2,3,j # k, and j,k = 4,5, in (17), we have
(25) why =0, wl,=0, j#k and jk=4,5.
Putting i = 2,3,j =1, and k = 4,5, in (17), and using (18) we get
(26) Why = Whj, = Wiy = wyy, = 0, k=4,5.
Putting i = 1,57 = 2,3 and k = 4,5, in (17), and using (18) we find
(27) Wi = wi =wh = wi =0, k =4,5.

Now, using (14) and (20)~(27), we have:

Lemma 3.1. Let M be a biharmonic hypersurface of non-constant mean
curvature with four distinct principal curvatures in Fuclidean space ES, hav-
ing the shape operator given by (11) with respect to a suitable orthonormal
frame {e1, ez, e3,e4,€5}. Then,

5 4 1, -
Ve e1 = Ve ea =V e3 =0,V e4 =wiges, Ve €5 = wises, Vee1 = —wiz€i, 0 =2, ...

5 5
1 . k . .
Ve, € = E wiel, 1=2,...,5, Vee; = E wijek, ©=2,3, and j=2,...

i#£LI=1 i#£§,k=2
v _ .3 4., v 2 R v _ 4
e4€2 = Wy9€3 + Wy9€s, Ve, €3 = Wit + Wy3€4, Ve, €5 = Wis€4a,
3 5 2 5 5
Ves€2 = wipes + wioes, Ves €3 = Wiszea + wises, Veseq = Wiy es,
/L' .
where wi; satisfy (15) and (16).

Next, we have



Biharmonic hypersurfaces in ES 43

Lemma 3.2. Let M be a biharmonic hypersurface of non-constant mean
curvature with four distinct principal curvatures in Euclidean space ES, hav-
ing the shape operator given by (11) with respect to a suitable orthonor-
mal frame {e1,e2,e3,e4,e5}. Then, g(R(e1,e;)er, e;), Q(R(ebez’)eiae]’) and
g(R(ei, ej)ei, e1) give the following:

(28) er(wh) — (Wh)?> =X\, i=2,...,5.

29) e(wl)—wlwh=0, i#j, =23 and i=2,...,5,

and

(30)  ej(wh) +whwh —wlwh =0, i#£j, j=2,3 and i=2,...,5,
respectively.

Proof. Using (5), (11) and Lemma 3.1, we have
(31)
g(R(e1,ei)er, i) = g(Aei, e1)g(Aer, €i) — g(Aer, e1)g(Aes, €5) = —MiA;,

or,
(32) - )‘1)‘1 = g(Vquiel - Veivelel — V[ele ]61, ei)
= g(V ( wl ) W Vezel,ei)

= g(—er(wi)ei + (wiy) e, e) = —e1(wy) + (wg)?,
for i = 2, 3.
Also, using (5), (11) and Lemma 3.1, we have
(33)

g(R(e1,eq)er,eq) = g(Aeq,e1)g(Aer,eq) — g(Aer,e1)g(Aeq, eq4) = =M1\,
or,
(34) — XM =9(Ve,Ve,e1 — Ve, Ve, €1 — Viereq)€1; €q)
= 9(Ver (—wiges) =iy Veser —wigVeser, ea) = g(—e1(wig)ea+ (wig)eq, ea)
= —e1(wig) + (wi)*.
Similarly, g(R(e1,e5)e1, e5) gives
(35) —Aids = —e1(wss) + (wz5)*.

Combining (32), (34) and (35), we get (28).
Now, using (5), (11) and Lemma 3.1, we have

(36)  g(R(e1,ei)ei,ej) = g(Ae;, e;)g(Aer, ej) — g(Aer, e;)g(Ae;, e5) = 0,
for i # j and 7,5 = 2,...,5. Hence,

5
(37) 0=9g(Ve,Veei = Ve, Veei — Vg eeire5) = g(V Z whep)
'L;él,lzl
—wiiVeeire) = g(( Z e1(why)er) —wis Z whier), ej) = e1(wh) —wiwl;,
i#l,1=1 i#l,1=1

for i # j and 4,5 = 2, 3.
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Evaluating g(R(e1, e4)eq, €;), using (36) and Lemma 3.1, we find

5
(38) 0= g(VeIVe4e4 - V,34Vele4 - V[ele4]64, 61 = g Z 446[
2;& J=1

5
— Ves(wises) — Wiy Veses — wigVeea,e5) = g(( D> er(why)er)

i#ll=1
5
, L
— wiy( Z u14461 = e1(wly) — Wil
1#£LI=1
for j = 2,3.
Similarly, evaluating g(R(e1, es)es, e;) gives
, L
(39) e1(wss) — wswis =0,
for j = 2,3.

Combining (37), (38) and (39), we get (29).
Next, using (5), (11) and Lemma 3.1, we obtain

(40)  g(R(ei,ej)ei,e1) = g(Aej, €;)g(Ae;, e1) — g(Aei, e;)g(Aej, e1) =0,
for i # j, and 4,7 = 2,...,5. Therefore

5
(41) 0=g(Ve,Veei = Ve, Ve = Vige€iser) = g(V Z oJ i€k)

5 5
S0 whe)=Vy.e-v. qeien) = g( Y (eiwh)er+w)iVeer), er)

'L;ﬁ J=1 j#i,k=2
5
( Z (ej (wéi)el + w’liiVGj el)> 61) - Q(Vveiej—vejeiezv 61),
iALl=1
for i # j, and 4,5 = 2, 3.
Now,

5
g( Y (eilwher + wiVe,er), e1) =0,

JF#i,k=2
as Vez ex is not having component along ey for ¢ # k and for ¢ = k, we have
wj; = 0.
Similarly,
5
Z 6] Zl)el + w“vej 6[) 61) - 6]( u) + wjngz
175 J=1
and
5

g(Vveiejei,el) =g( Z wfjvekei,el) = wﬁjg(Veiei,el) = —ng%lia
k=2,i]
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5
g(VveJ_eiei,el) =g( Z w?ivekei,el) = w59(Ve,eier) = 0.
k=2,i#j
Therefore, we get
(42) ej(wis) + wj;w); — whwi; =0,

for ¢ # j, and 4,5 = 2, 3.
Evaluating g(R(e4, e;)es, e1) and g(R(es, ej)es, e1) using (40) and Lemma
3.1, we obtain

(43) ej(wis) + wjwiy — wiywis = 0,
and

(44) ej(wss) + W}ngﬁ — wlswis =0,
for j = 2,3.

Combining (42), (43) and (44), we get (30). Whereby proof of Lemma
3.2 is complete.
From (11), we find
traceA%= # + A3+ 23+ 222
Evaluating scalar curvature of the hypersurface, using (2.5) and (3.1), we
get

5

75H? 75H?
(45) p:T—)\g—)\g—?AZ:T—Z/\?,
j=2

where p denotes the scalar curvature.
Using Lemma 3.1, (10), (13), (45) and putting the value of traceA? in (8),
we obtain

5
(46) —eje1(H) + Zw}jel(H) +25H3 — pH = 0.
=2

Using (13), Lemma 3.1, and the fact that [e; e1](H) = 0 = V,e1(H) —
Ve, €i(H), for i =2,...,5, we find

(47) eie1(H) = 0.

Also, from (47) and using the fact that [e; e1](e1(H)) = 0 = V,e1(e1(H))—
Ve, ei(e1(H)), we obtain

(48) eielel(H) = 0, 1= 2,...,5.
Now, we have:

Lemma 3.3. Let M be a biharmonic hypersurface with four distinct prin-
cipal curvatures in Euclidean space ES, having the shape operator given by
(8.1) with respect to a suitable orthonormal frame {e1, e, e3,eq,e5}. If the
scalar curvature is constant, then

4 _ 4 _ 5 _ 5 _
Wag = W3y = Wag = w3z = 0.
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Proof. The equation (19) can be written as
5

15H
j=2

Differentiating (49) with respect to e; and using (13) and (20), we get
(50) ei(A2) +ei(A3) =0, i =4,5.

Differentiating (45) with respect to e; and using (50) and (20), we find
(51) (A3 — A2)ei(A3) = 0,

for ¢ = 4,5. From (51) and (50), we get e;(A3) = e;(A2) = 0. Which by use
of (16) completes the proof of the Lemma.
Next, we have:

Lemma 3.4. Let M be a biharmonic hypersurface with four distinct prin-
cipal curvatures in Euclidean space ES, having the shape operator given by
(11) with respect to a suitable orthonormal frame {e1, e, es,eq,e5}. If the
scalar curvature is constant, then

5
(52) e’i(wzli) == Z W;j [W}j - wzli]v
i#5,§=2
1 oL
(53) ei(wy;) = N Z wz-j(wjl-j —wh) (2N — N — A1),
! i#5,j=2
5 .
(54) D whlw); —wi) (A — X)) =0,
J#i,j=2
5 .
(55) Z wii(Aj — Ai)2 =0,
JFi,§=2
5 .
(56) Z whi (A5 = A)[(w]; (BN A — 2A1) — 2wj;) (A — A1)] =0,
J#i,5=2

fori1=23.

Proof. Differentiating (46) with respect to e; and using (13), (47) and (48),
we find

5
> ei(wjj)e(H) =0,

j=2
or,
5
(57) ei(wi) + Y eilw);) =0,
i#5,j=2

whereby using (30), we find (52).
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Differentiating (49) with respect to e; and using (13), we get

5
(58) ei(N)+ Y ei() =0, i=23.
J#,J=2
Next, differentiating (58) with e;, we have
5
(59) erei(\) + Y erei(Ny) =0.
i#4.5=2
From Lemma 3.1, we get e;e; —e1e; = Ve,e1—Ve € = —w}iei, fori = 2, 3.
Therefore, equation (59) can be written as
5
(60) eie1(Ni) + w}iei()\i) + Z erei(A;) = 0.
17#7,j=2
Using (16) and (58) in (60), we get
5
(61) ei(wiy) (N — A1) +wizei(X) — > whei(Ay)
i#§.j=2
5
+ Y fer(wi) (A — ) +whier (A — M) =0.
i#4,=2

Using (16), (58) and (29) in (61), we find

5 5
(62) eiwl)Ni—A)—2 > whe(\)+ Y [wjwhi(A = A)
i#5,j=2 i#4,J=2

@iy (@505 = M) = @i (i = )] =0,

Using (16) in (62), we obtain (53).
Eliminating e;(wy;) from (52) and (53), we obtain (54).

Next, differentiating (45) with respect to e;, we get

5
(63) > Ajei(d) =0,
=2
or,
5
(64) )\261()\1) + Z Ajei()\j) =0, 1=2,3.
J#4,J=2

Using (58) and (16) in (64), we obtain (55).

Now, differentiating (55) with respect to e, we get
5
(65) Z el(wé-j)(/\j - )\z‘>2 + ngj(kj — /\i)el()\j — )\z) =0.
i#ii=2
Using (29) and (16) in (65), we find (56). Which completes the proof of
the Lemma.
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Further, we have

Lemma 3.5. Let M be a biharmonic hypersurface with four distinct prin-
cipal curvatures in Euclidean space ES, having the shape operator given by
(11) with respect to a suitable orthonormal frame {e1, e, es,eq,e5}. If the
scalar curvature is constant, then

Wiy = Wiy = wi; =0, Wiy = wiy = wl = 0.
Proof. Putting i = 2,3 in (54), we find following;:
(66)  wis[(wis — wie) (A3 — A2)] + 2wiy[(wiy — wWho) (A = A2)] = 0,
and
(67)  wihl(wis — wi) (A3 — A2)] + 2wiyl(wiy — wis)(A — A3)] =0,

respectively.

Similarly, by putting i = 2,3 in (55), we get following:
(68) w33 (A3 — X2)? + 2w (A — A2)2 =0,
and
(69) Wiy (A3 — A2)? + 2w (A — A3)2 =0,
respectively.

Similarly, by putting ¢ = 2,3 in (56), we get following:
wis(A3 — A2)[wiz(BAs — A2 — 2A1) — 2wy (A2 — A1)

(70) +2w£214()\ — )\2)[0.)41;4(3)\ — )\2 — 2)\1) — 2&)52()\2 — )\1)] = 0,
and
(71) wiy(A2 — A3)[wia(BAa — A3 — 2X1) — 2wiz (A3 — A1)

—|—2wi4()\ — )\3)[&)}14(3>\ — A3 — 2)\1) — 2&.1%3()\3 — )\1)] =0,

respectively.

We claim that w?;=0 and w?,=0. In fact, if w3; # 0 and w3, # 0, then
the value of determinant formed by coefficients of w3; and w3, in (66) and
(68) and the value of determinant formed by coefficients of w3, and w3, in
(68) and (70) will be zero. Therefore, we obtain that

(72) (A= )\2)(‘0%3 - W%Q) - (W}m - w%z)(k?: —X2) =0,
and
()\ — )\2)[&)}33(3)\3 — )\2 — 2)\1) — 26‘)%2()\2 — )\1)]

73
(73) “ (O~ Ao) [k (BX — Az — 201) — 20k, (Mg — Ap)] = 0,
respectively.
Eliminating wi;, from (72) and (73), we get
(74) W%Q = w11147

which is not possible as from (28), it gives Ay = A4, a contradiction. There-
fore, w3; = 0 and w3, = 0.

In an analogous manner, using (67), (69) and (71), we find that w3, = 0
and w3, = 0. From (23), we have w}, = w2; and wj, = wi.. Therefore,
w2s = wi; = 0, which completes the proof of the Lemma.

Now, we have:
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Lemma 3.6. Let M be a biharmonic hypersurface with four distinct prin-
cipal curvatures in Euclidean space ES, having the shape operator given by
(11) with respect to a suitable orthonormal frame {e1, e, e3,eq,e5}. If the
scalar curvature 1s constant, then w‘213 = w§2 =wih =wl, =Wl =wi =0,
and w3y = w3y = wiy = wis = wis = wiz = 0.

Proof. From Lemma 3.5 and Lemma 3.1, we have
(75) Ve €3 = Wigeq + wizes, Vesea = Wigeq + wises.

NOWa evaluating g(R(elv 63)62, 64)7 g(R(ela 62)637 64)7 g(R(el7 63)€2a 65)
and
g(R(e1,e2)es, e5), using (5), (11) and (75), we find

(76) e1(wiy) + whhis — wiwiz = 0,
(77) e1(w33) + wiswis — whzwhy = 0,
(78) e1(wly) + wiwly — whwis =0,
and
(79) e1(wds) + whzwly — whswyy =0,
respectively.
Putting j =4,k = 2,7 =3 in (17), we get
(80) (A2 — Nwiy = (A3 — Awis.
Putting j =5,k = 2,7 =3 in (17), we get
(81) (A2 = Nwiy = (A3 — Nw3s.

Differentiating (80) with e;, and using (76) and (77), we find

(82) (e1(X2) — e1(A))wis + (A2 — A)(whowis — wipwis)
= (e1(A3) — e1(N))wiz + (A3 — A) (whzwhy — whzwis).

Putting the values of e1(A2),e1(A3) and e1(A) from (16) and using (81) in
(82), we obtain

(83) wip (W — wiy) = was(wis — wia)-
Substituting the value of w3, from (80) in (83), we find
(84) wWinl(A = A2)(wis — wy) — (wiy — wip)(As — A2)] = 0.

As from (72), we have seen that assuming
(A = A2)(wiz — wio) — (Why — wip) (A3 — A2) =0,
leads to contradiction, therefore from (84), we obtain w%z = 0, which

together with (80) gives w3 = 0. Also, from (15), we get w3, = —w3, and
w3y = —wj,. Consequently, we obtain w3, = 0, and w3, = 0, which together

with (17) gives w?; = 0 and wj, = 0.
Similarly, using (81), (78) and (79), we can show that

5 5 _ 3 _ 3 92 _ 9o
Wag = Wiy = Why = Why = W3s = Wiy = 0,

whereby proof of Lemma 3.6 is complete.
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4. PROOF OF THE THEOREM

Evaluating g(R(e2, e3)ea, e3), g(R(ea, e4)ea, e4), and g(R(es, e4)es, e4) and
keeping in view Lemma 3.1, Lemma 3.5 and Lemma 3.6, we find

From (85), we get
(86) (w3)® + (A2)? =0, (w35)* +(X)* =0, (wig)®+A*=0.

From (86), we find A2 = A3 = A = 0. Which is a contradiction of four
distinct principal curvatures.

Also, the cases of three or two distinct principal curvatures for biharmonic
hypersurfaces in Euclidean space of arbitrary dimension has already been
proved in [11, 13] and have also concluded that H must be zero, whereby
showing that the proof of Theorem 1.1 is complete.
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