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Equal Area Triangles Inscribed in a Triangle

SANDOR NAGYDOBAI KISS

ABSTRACT. We examine the condition that two or more inscribed tri-
angles in a triangle have same area, and the relations between the equal
area triangles and the isotomic points.

1. INTRODUCTION

A triangle XY Z is said to be inscribed in a triangle ABC if X lies on
BC, Y lies on CA, and Z lies on AB. In mathematics literature there are
not many references about the inscribed triangles in a triangle. Personally
I have found two documents [1], [2] in which equilateral triangles inscribed
in a triangle are discussed.

In this paper, in section 1 we examine the condition that two or more
inscribed triangles have the same area and in section 2 we enounce a theorem,
which permits the construction of inscribed equal area triangles in a triangle.
In section 3 we examine the relations between the equal area triangles and
the isotomic points. Finally we give some properties of the inscribed equal
area triangles.

We use the barycentric coordinates with respect to the triangle ABC"
A= (1,0,0), B =(0,1,0), C = (0,0,1). Consider the points X,Y, 7 with
absolute barycentric coordinates:

X =0,u,1—-u), Y =(1-2v,0,v), Z=(w,1 —w,0).

Let’s denote the signed area of the A;As... A, polygon with the symbol
o[A1As ... A, and the area of the triangle ABC with A. Let X'Y'Z’ be
another inscribed triangle in the triangle ABC"

X' =(0,u,1-u), Y =1-2,0,7), 2/ =, 1-u0).
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2. THE CONDITIONS UNDER WHICH TWO INSCRIBED TRIANGLES HAVE
EQUAL AREA

The area of the triangles XY Z and X'Y'Z’ are:

0 U 1—wu
o XYZ]=1-v 0 v A =uwww+ (1—u)(1l—v)(1l-w)]A,
w  1—-w 0
0 o 1=
o X'Y'Z'|=|1 - 0 v A=V + (11— ) (1= ") (1—w')]A.
w 1-w 0

The triangles XY Z and X'Y’Z’ have an equal area if
luvw + (1 —u)(1 —v)(1 —w)| = [V + (1 —u')(1 =) (1 = w)]. (2.1)

If we consider fix the triangle X'Y’Z’ and the pair of variables (v, w), then
from condition (2.1) we obtain two values for the variable u. This signifies
that there are an infinite number of inscribed triangles which have the same
area as the fixed X'Y’Z’ triangle. Several examples follow:

Let A’, B',C" be the midpoint of the side BC, CA, AB, and X' = A’ =

OllY’ B/—101 Z’—C’—llo Followi = =
515 =(5:035) = =133 . Following v’ =v' =

1
w' = 3 and o[ X'Y'Z'| = c[A'B'C'] = I

2 1
2.11fv:§andw:Z,thenu:Ooru:G. In this case X = (0,0,1) =

1 2 1 3
Cor X' =(0,6,-5) and Y = (3,0,3), 7 = (4,4,0). It can easily

A
verified that o[XY 7] = = o[X'Y'Z'| and o[X'Y Z] = — = —o[X'Y'Z].

4
1 .
22 If v = 2 and w = 1, then u = 3 or u = —3 In this case
19
< )oer— (, 8,8>,Y1:(—1,0,2), Z1 = (1,0,0) = A,
A A
U[lelzl]zz [XY/ ]anda[XlYlZl] Z:—U[X’Y/Z’].
7 19 .
23 Ifv = —4 and w = 2, then u = —1 Y= 1o In this case
X—O711 X"‘—Olg31 Yo = (5,0,—4), Zo = (2,—1,0
2 = 3_17Z or 2 — a_ﬁaﬁa 2_(77_)7 2—(a_a)7

A / A IAVaRs4)
O'[XQYQZQ] = 4 [X Y'Z ] and O'[X2Y2Z2] 4 —O'[X Y'Z ]
Now we represent the triangles XY Z, X'Y'Z’" and X7Y1Z; (Figure 1). If

BX
the point X is on the line BC and t = xc
coordinates of X can be obtained as a convex combination of B and C:

t t 1 t t
X=|1-——)|B = B d BX = —B
< t+1> T TPt e 17

then the absolute barycentric
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1
XC = mBC. This result is used also in the case of XY Z and X{Y17;

triangles:
Yz%C#—%A, %:%,C’Y:éCA, YAz%C’A,
ZziA%—ZB, %:3, AZ:ZAB, ZB:iAB,
X7 :—éB—i—%C, )B;?g =—-9, BXj ngC, XfC:—éBC,
Y1 =2C — A, ;ﬁ:—;, CY1 =—-CA, Y1 A=2CA.

Figure 1

3. CONSTRUCTION OF THE INSCRIBED EQUAL AREA TRIANGLES

Theorem 3.1. If X' Y', Z' is the symmetric of X,Y,Z with respect to
A", B',C', then

ol XYZ)=(1-u—v—w+ovw+wu+u)A =o[X'Y'Z], (3.1)
ol X'YZ] = (u+vw — wu —uw)A = o[ XY'Z'], (3.2)

ol XY'Z] = (v —vw + wu —uw)A = o[X'Y 7], (3.3)

ol XYZ'] = (w—vw—wu+uw)A=0o[X'Y'Z]. (3.4)

Proof. In this case X' = (0,1 — u,u), Y = (v,0,1 —v), Z/ = (1 — w,w,0)

(Figure 2). Consequently,
0 1—u U

ol X'Y'Z'|=| v 0 1—vlA=[uwvw+(1—u)(1-v)(1-w)]|A= o[ XY Z],
l—-w w 0
0 1—u u 0 u 1—wu
ol X'YZ=1—-v 0 wA=] v 0 1-vlA=0[XY'Z].
w 1l—w 0 l—w w 0
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Figure 2
3.1 Consider the following numerical examples: X = (0,0,1) = C, Y =

1 2 13 2 1
( 0>>, Z = ( 0>. Therefore X’ = (0,1,0) = B, Y = (3707?)),

3773 44
/31 ,
7' = Z’Z’O (Figure 3).

B=Xx A’ X=C
Figure 3

Now we calculate elementary the area of the triangles XY Z, X'Y'Z’,
X'YZ, XY'Z':

1 2b 3¢ c
U[XYZ]—A—U[AZY]—U[BC’Z]—A—§§Z SlnA—iaZ sin B
_aA_B_2_A
B 2 4 4
o[X'Y'Z] = A — 0[AZ'Y"] — o[ BCY] :A—%gg sinA—%a%b sin C
A 2A A
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12 1
o[X'YZ] = A —o[AzY] - o[BCY] = A — L 223 a1l gne
23 4 2 3
. A A_A
2 3 6
. ot y 1bec 1 3c
U[XYZ]:A—U[AZY]—U[BCZ]:A—igzsmzﬁl—ia—smB
_a_ 2 384
B 12 4 6

o . A

Similarly we obtain: o[XY'Z] = o[X'Y Z'] = B and o[ XY Z'| = o[ X'Y'Z] =
A
12

3.2 Let a, b, ¢ be the sidelength of triangle ABC and s its semiperimeter:
2s = a + b+ ¢. The touchpoints of the incircle with the side BC, CA, AB

s—c s—0b s—c s—a s—b s—a
are D = 07 ) ) = 7707 N B = )
a a b b c c

The A-excircle, B-excircle and C-excircle touch the side BC, C'A, AB in

. s—b s—c s—a Ss—c )
the points D' = (0, , , B/ = [ ——,0,—— |, respectively
a a b b

, s—a s—b )
F' = , ,0 ) (Figure 4).
c

Cc

Figure 4

Corollary 3.1. The pairs of points (D,D"),(E,E"),(F,F’') are symmetric
with respect to the midpoints A', B',C" of the side BC, CA, AB and conse-

quently
2(s—a)(s—b)(s—c)

o|DEF] = o|D'E'F] = = A, (3.5)
B 2,12, .2
o[D'EF] = o[ DE'F] = 8 EC “)(aﬂ)b Fe” =2 5 (3.6)
aoc
B 2,12, .2
o IDE'F| = o[/ EF] = 4 b)(“4+bb T2 N 3
aoc

(a+0b—c)(a®+b% + c? — 2ab)
4abc

o|DEF'] = o|D'E'F] = A. (3.8)
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We deduce the equality (3.5):

o[DEF] = o[D'E'F']
s—c¢  s—a s—=b (s—a)(s=b) (s=b)(s—c) (s—c)(s—a)
(1_ a b ¢ + be + ca + ab )A
a+c—s s—a s—b (s—a)(s—b) (s—=b)(s—c) (s—c)(s—a)
< a b ¢ * be * ca * ab >A

_ <s—b s—a s—b N (s—a)(s—b) N (s=b)(s—c) N (s—c)(s—a)) A

a b c be ca ab

_ <s—bs s—a_s—b+(s—a)(s—b)+s—c)(s—a))A

a c¢ b c be ab

_ ((s—a)(s—b)_5—a+(s—a)(s—b)+(s—c)(s—a)>A

ca b bc ab
-b 1 -b —
—(s—a)(s _1.s 48 c)A

ca b be ab

_(s—a) (s—b+s—b+s—c—a>A

ca be ab
=(s—a)(s— b)%A _ 2(s — a)(zl; b)(s — C)A.

3.3 The excircles touch the side BC,C A, AB in several points

P = Oafv_s_a 7Q: _S;baovf aR: §3_8_670 )
a a b b c c

(Figure 5).

Corollary 3.2. The pairs of points (P, P'),(Q,Q’"), (R, R) are symmetric
with respect to the midpoints A', B',C" of the side BC, CA, AB and conse-
quently

253 —
o|PQR] = o|P'Q'R| = s® — (bc + ca + ab)s + abe

A (39)

abc
2 12 2

cIPOR] = o[ PQ'R] = 40T 6)4(55@ =) A (3.10)
2 2 2

o[PQ'R] = o[P'QR] = 40T 6)4(5@0 PN (3.11)

(a+b+c)(c? —a®—b?)

o[PQR'] =o[P'Q'R] = Aabe

A. (3.12)
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Figure 5

Here we deduce the equality (3.10):

o[P'QR] = o[PQ'R] = (2 422 2272 f) A

s
—%[bc—s(b—kc—a)]A

s
= ——[2bc — —a)lA
2abc[ bc— (b+c+a)(b+c—a)]

(a+b+c)(a® —b* —c?)
= A
4abc

(Figure 5).

4. INSCRIBED EQUAL AREA TRIANGLES AND THE ISOTOMIC POINTS

Let L, M, N be three points on the sides of the triangle ABC: L € BC,
M € CA, N € AB. Tt is well-known that if the triangles LM N and ABC
are perspectives and if L', M’, N’ is the symmetric of L, M, N with respect
to A’, B',C’, then the triangles L' M’ N’ and ABC' are perspectives too and
conversely. Note their perspectors with P and P': P = ALNBM NCN and
P'=AL'NnBM’'NCN'. The P and P’ points are called isotomic points.

Theorem 4.1. If the barycentric coordinates of the point P are («: [ : ),
a8y # 0, then the barycentric coordinates of its isotomic point P’ are
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olLMN] = éof Z) T o[L'M'N'], (4.1)
o[L' MN] = G5 7";((5 - a)(L A= o[LM'N'], (4.2)
o[LM'N] = T fg(gy ::; ()a ol o[L'MN'], (4.3)
o[LMN'] = G5 J)((?; :a’é))z A= o[L'M'N]. (4.4)

Proof. In this case the barycentric coordinates of the points L, M, N and
L' M' N’ are

=(0;6:7), M=(a:0:7), N=(a:p:0),

L'=0:v:8), M=(:0:a), N =(B:a:0).

The absolute barycentric coordinates of this points are

(g B v _ (o 4 7 _ (> B
b= <O’ﬁ+v ’ /3+7> M= <w+a ’0’v+a>’ B (a+6 "ot ’O>’

o 0 BN a0 o (P e
L_(O’ﬁﬂ’mv)’M_<v+a’0’v+a>’N_<a+ﬂ’a+ﬂ’0>'

Consequently

. 0 B8 ~
o[LMN] = (B+7)(v+ a)(a+pB) Z g gA
_ 208y =o[L'M'N'
IR CEDICET I
| X 0 v B
U[LMN] = B+ v+ a)a+B) Z 2 g .
_ Oé(ﬂ2+'72) =0 "N’
R CE T CEy

Henceforth we consider pairs of isotomic points formed with triangles
centers [3]. Let’s denote the pairs of these triangle centers with X (i) and
X(j). Let’s consider L; = BCNAX (i), M; = CANBX (i), N; = ABNCX (i).
We will write the formulas (4.1)—(4.4) for some particular cases.
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4.1 The isotomic conjugate of the incenter X (1) = (a : b: ¢) is the center
X(75):

2abc
o[L1MiN1] = oLz M75N75] = btolctalath) (4.5)
_ _ a(t® + c?)
O’[L75M1N1] = 0[L1M75N75} = (b T C)(C T a)(a T b) A, (4.6)
B B b(c? + a?)
O’[L1M75N1] = O'[L75M1N75} = (b T C)(C T a)(a T b) (47)
U[L1M1N75] = J[L75M75N1} == C(CL2 + b2) A. (48)

(b+c)(c+a)(a+d)

4.2 The isotomic conjugate of the centroid X(2) = (1 : 1 : 1) is the
centroid itself:

A
T

4.3 The isotomic conjugate of the circumcenter X (3) = (acos A : bcos B :
ccos C) is the center X (264):

o[L3M3N3] = o[LagaMaga Noga] (4.10)
B 2abc cos A cos B cos C A
~ (bcos B+ccosC)(ccos C+acos A)(acos A+bcos B)

O'[LQMQNQ] == O'[A/B,C,] == (49)

J[L264M3N3} = O'[L3M264N264] (411)
B acos A(b? cos? B + ¢? cos? O)
~ (bcos B+ccosC)(ccos C+acos A)(acos A+bcos B)

0[L3Ma64 N3] = o[Laga M3 Nae4] (4.12)
B bcos B(c? cos? C + a® cos? A)
~ (bcos B+ccosC)(ccos C+acos A)(acos A+bcos B)

0[L3M3Nags| = o[LagaMaea N3] (4.13)
B ccos O(a? cos? A + b? cos® B) A
~ (bcos B+ccosC)(ccos C+acos A)(acos A+bcos B)

4.4 The isotomic conjugate of the orthocenter
X(4) = (acos BcosC : bcos Ccos A : ccos Acos B) is the center X (69):

O'[L4M4N4] = O'[L69M69N69] =2cos AcosBcosC - A, (4.14)
(the area of the orthic triangle)
cos A(b? cos? C + c? cos® B)

o[LegMyNy] = o[LyMegNgg] = b A, (4.15)
cos B(c? cos® A + a? cos® C
O'[L4M69N4] = O’[L69M4N69] = ( ca ) A, (416)

cos C(a? cos® B + b% cos? A)

o[LyMyNeg) = o[LegMegN4| = s

A (4.17)
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4.5 The isotomic conjugate of the symmedian point X (6) = (a? : b% : ¢?)
is the 3" Brocard point X (76):
2a2b*c?
7+ )& + ) 1 )

o[LeMeNg) = o[L76M76N76| = (
a2(b4 + 04)

A, (4.18)

U[L76M6N6] = U[L6M76N76] = (b2 + 02)(02 + ag) a? + b2) A, (419)
b2 (ct +at)

J[L6M76N6] = O’[L76M6N76] = (b2 T 62)(02 T a2)(a2 T 62) A (420)
(a* + bt

U[L6M6N76] = O'[L76M76N6] = ( ) A. (4.21)

(0% + c2)(c? 4 a?)(a® + b?)
4.6 The isotomic conjugate of the Gergonne point X (7) is the Nagel point
X@®)=((b+c—a:c+a—b:a+b—c) (see Corollary 3.1):

oLsM;N+] = o[LsMsNs] = o[ DEF] = o[D'E'F] (4.22)
_ 2(s—a)(s—=0b)(s—c) A
abc
O’[L8M7N7] = J[L']MgNg] = U[D/EF] = O’[DE/F/] (423)
(b+c—a)(a®+ b% + ¢ — 2bc)
- A,
4dabe
o[L7MgN;| = o[LsM7;Ng] = o[ DE'F) = o[D'EF’] (4.24)
_ (c+a—b)(a®+b*+ * — 2ca) A
N 4abe ’
o|L7MyNg) = o|LsMsN+| = o[ DEF'] = o[D'E'F] (4.25)
_(a+b—c)(a® +b*+ ¢ — 2ab) A
N 4abe '

4.7 The isotomic conjugate of the Spieker center X (10) = (b+c:c+a:
a+b) is the center X (86):

U[Ll()MlONlO = U[L86M86N86] (426)

2b+c)(c+a)(a+D)
(b+c+2a)(c+a+2b)(a+b+2c)

)

o[LgeMioN1o] = o[L10MgeNgs] (4.27)
_ (b+o)(b* + ¢ + 2a® + 2ab + 2ca)
~ (b+c+2a)(c+a+2b)(a+b+20)

)

o[L1oMgeN1o] = o[LgsM10Ngs) (4.28)
_ (c+a)(? +a® + 2b% + 2bc + 2ab)

(b+c+2a)(c+a+2b)(a+b+2c)

Y

o[L1oM19Ngs| = o[LgeMzeN1o) (4.29)
_ (a+b)(a® + b* + 2¢* + 2ca + 2bc)

(b+c+2a)(c+a+2b)(a+ b+ 2c)
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It is possible to continue this calculus with another pairs of isotomic points.

5. PROPERTIES OF INSCRIBED TRIANGLES IN A TRIANGLE

Theorem 5.1. If X')Y', Z' are the symmetrics of X,Y,Z with respect to
A',B',C" then the sum of the areas of the triangles XY Z, X'YZ, XY'Z,
XY Z' is equal with the area of the triangle ABC), i.e.

o[XY Z] + o[X'Y Z] + 0[XY'Z] + 0| XY Z] = c|ABC].  (5.1)
ol X'Y'Z'N+ ol XY'Z| + 0| X'YZ'| + o[ X'Y'Z] = 6[ABC]. (5.2)
Proof. From the formula (3.1) we obtain:
o XYZ]+ (u+v+w—vw—wu —uw)A = o[ABC].
Summing equality (3.2), (3.3) and (3.4) we obtain:
o X'YZ|+ ol XY'Z) + o[ XYZ| = (u+v+w—vw — wu — uv)A.

O
We verify the equality (5.1) for the triangles from 3.1:
A A A A
oIXY Z)+0[X'Y Z)+0[XY'Z)+0[XY Z|= T + T + 5 + 35 = 9l4BC].

Let’s verify another example: consider the inscribed triangle XsY5Z5 from
2.3, where

7 11
Xy = (0, ), Yy =(5,0,—4), Zy = (2,—1,0) and

iy
11 7
Xp= (0,47 ), Y3 = (-4.0,5), 3 = (~1,2,0).
The areas of the triangles X}Y2Zs, XYy Zo and XoY2Z) are
11 7
4 4 35 53
/ _ I b — _ =2
O‘[XQYQZQ]—5 0 _4A—< 22+4>A— 4A,
2 -1 0
7 11
O 17 35 13
AN _ _ 9 - _ 2
O'[XQ}/QZQ}— 4 0 5 A—<11 2>A— 2A,
2 -1 0
7 11
0 =1 7 110 41
n_ N fataid _
-1 0

So
o[ XoYaZs] + o[ X5YoZo| + o[ XoYy Zo] + o[ X Yo ZY)

é 53A 13A n 41A

4 4 2 2

= o[ABC].
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Theorem 5.2. If X'\ Y' 7' is the symmetric of X,Y,Z with respect to
A, B',C', then

ol X'YZ] =0l XY'Z'] = o|[CY X] + (vw — wu)A, (5.3)
ol XY'Z| =0l X'YZ'] = 0[AZY] + (wu — uv) A, (5.4)
ol XYZ'| =0|X'Y'Z] = o|BXZ] + (uv — vw)A. (5.5)
Proof. The areas of the triangles AZY, BXZ and CY X are
1 0 0

olAZY]=| w 1—-w 0/A=v(1—-w)A=(v—ovw)A,
1-v 0 v

0 1 0
o[BXZ] = |0 v l—ulA=w(l—-u)A=(w—wu)A,
w 1—w 0
0 0 1
olCYX]|=|1-v 0 v |A=u(l—-v)A=(u—uw)A.
0 u 1—-u

U

Corollary 5.1. If X', Y', Z" is the symmetric of X,Y,Z with respect to
A, B',C" then

o X'YZ)|+ 0| XY'Z]|+ o[XYZ'| = 0[AZY]| + 0[BX Z] + o[CY X], (5.6)

a[XY’Z’] + a[X’YZ’] + a[X’Y’Z] =0o[AZY |+ o[BXZ]+ o[CY X]. (5.7)
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