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GENERALISATIONS OF THE PROPERTIES OF THE NEUBERG CUBIC

TO THE EULER PENCIL OF ISOPIVOTAL CUBICS

Ivan Zelich and Xuming Liang

Abstract. This paper discusses results that arise in specific configu-
rations pertaining to invariance under isoconjugation. The results lead to
crucial theorems in both Euclidean and Projective geometry. After dis-
cussion of important theorems and properties of associated configurations,
the authors present and prove a new result and its application in difficult
geometrical configurations.

0. Introduction

While locus – a set of points satisfying some condition – is widely used
in various mathematical areas, its geometric nature makes it practically in-
separable from the field of Geometry. The simplest loci like lines and circles
are the building blocks of Euclidean Geometry originating more than two
thousand years ago. Recently, conical loci such as ellipses, parabolas and hy-
perbolas were incorporated into the picture, and since then both Euclidean
and Projective Geometry have combined giving a completely new perspec-
tive on Geometry as a whole.

It is in human nature, however, to consider what other loci there may be,
and this paper turns to an interesting type of locus, the cubic. Similar to
conics which are second degree curves, cubics are simply third degree curves.
Generally, cubics are very complex and hard to deal with in a Projective
light, but cubics that are intrinsically projective give rise to amazing results.
Indeed, this paper is interested in the pencil of isopivotal cubics having pivot
on the Euler line of a fixed triangle. While many synthetic results have been
formed on these types of cubics [6], the authors have discovered new results
that generalize a well-known locus – the Neuberg cubic – to the Euler pencil
of isopivotal cubics.

————————————–
Keywords and phrases: Neuberg Generalisation, Euler Pencil, isopiv-

otal cubics, pedal triangle, Sondat’s Theorem
(2010)Mathematics Subject Classification: 51M04
Received: 1.31.2015. In revised form: 20.08.2015. Accepted: 10.09.2015.



6 Ivan Zelich and Xuming Liang

The major result discovered can be stated as follows:

Theorem 0.1 (Liang-Zelich). Consider a point on an isopivotal cubic with
pivot on the Euler line of a given triangle. Then this point lies on the same
isopivotal cubic constructed in its pedal triangle.

In this context, the term, “same,” will refer to an isopivotal cubic H hav-
ing pivot cutting the Euler line in a fixed directed ratio w.r.t. an arbitrary
triangle. Explicitly, for this section, we will call T being the pivot of H and
t being the directed ratio TO

TH where O,H are the circumcenter and ortho-
center of the arbitrary triangle.

This result could be seen as a generalization of a well-known fact that if
a point P lies on the Neuberg cubic, then P lies on the Neuberg cubic of
its pedal triangle [6]. This fact is not known for other well-known cubics,
so proving such a property is very difficult even with the aid of coordinates.
Thus it is necessary to find more properties of the configuration in Theorem
0.1.

Indeed, a remarkable generalization is given in Definition 2.3 of the prop-
erty that for a point P on the Neuberg cubic of an arbitrary triangle ABC,
the triangle formed by the circumcenters of ⊙PBC,⊙PAC,⊙PAB (the
‘Carnot’ triangle of P ) is perspective with ABC [8]. A rephrase of Defini-
tion 2.3 can be stated as follows:

Theorem 0.2 (Generalized Carnot triangles). Consider the image of Carnot
triangle of P dilated with factor 1

t about P . This resulting triangle is per-
spective with ABC if and only if P ∈ H.

Since the Carnot triangle of P is similar to the pedal triangle of its isog-
onal conjugate w.r.t. ABC, by definition an isopivotal cubic is invariant
under isoconjugation, and Assertion 3 in section 2, we can conclude the
aforementioned generalization implies the following:

Theorem 0.3 (Generalized Pedal triangles [7]). Suppose the reflection tri-
angle of a point P ∈ H is dilated about P with ratio t. The resulting triangle
is perspective with ABC.

This result is known for t = ±1,±1
2 , which are the Neuberg, Napolean-

Feurerbach, Darboux and Thomson cubic respectively [6]. This generaliza-
tion was published in the Journal of Geometry by Guido Pinkernell [7].

The last generalized property given in this paper has only been known
for the Neuberg cubic [4]. This property is further generalized in Theorem
2.5, but a sub-case of this Theorem can be stated as follows:

Theorem 0.4 (Generalized Euler lines). Define a (x, P )-Euler line of a
triangle XY Z as the line through the orthocenter of XY Z and the image
of the circumcenter under dilation x about P . The (t, P )-Euler lines of
BPC,APC,APB concur on the (t, P )-Euler line of ABC if and only if
P ∈ H.
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All these theorems are corollaries of the properties synthetically proven in
section 2. In section 3, we provide some amazing applications that demon-
strate the sheer strength of the Liang-Zelich Theorem and associated con-
figurations.

1. Notations, definitions and auxiliary results

1.1. Notations and Definitions. Given a triangle ABC, O,H will always
be used to denote its circumcenter and orthocenter respectively. When P,Q
are used in the same context, they will always be isogonal conjugates with
respect to (w.r.t. in short) ABC unless stated otherwise (e.g. Theorem 1.5).

The authors will refer to OXY Z(ABC), when appropriate, as the con-
currence of the perpendiculars from X to BC, Y to AC and Z to AB for
orthologic triangles XY Z and ABC.

Given a point P and triangle ABC, let OPA, OPB, OPC denote the cir-
cumcenters of PBC,PAC,PAB. We will call OPAOPBOPC the P -Carnot
triangle w.r.t. ABC. Similarly, OQAOQBOQC is theQ-Carnot triangle w.r.t.
ABC.

Note that these notations will be heavily used, especially in section 2.

1.2. Auxiliary Results. In this section, the authors prove some auxiliary
results that will be used throughout this paper.

Proposition 1.1. Consider an arbitrary triangle ABC on a rectangular
hyperbola. Then the orthocenter of ABC is also on the rectangular hyperbola.
The converse is also true.

Proof. Under isogonal conjugation w.r.t. ABC, suppose the hyperbola
maps to a line ℓ. Let ℓ meet ⊙ABC at two points X,Y . Since both X and Y
go to infinity under isogonal conjugation, it follows that their isogonal con-
jugates are in directions that are mutually perpendicular. It is well-known
that this happens if and only if X,Y are antipodal, thus the circumcenter
O of ABC is on ℓ. Hence, under isogonal conjugation, the orthocenter of
ABC is on the rectangular hyperbola.

Theorem 1.2 (Sondat’s Theorem). Consider two triangles ABC and A′B′C ′

that are mutually orthologic with orthology centers P, P ′ (OABC(A
′B′C ′) =

P,OA′B′C′(ABC) = P ′) and perspective with perspector Q. Then, Q ∈ PP ′.

Lemma 1.3. Let ABC and A′B′C ′ be two fixed triangles that are not
homothetic. Let P be a point such that the parallels through A′, B′, C ′ to
AP,BP,CP respectively concur at a point Q. Then the locus of points P is
either a circumconic of ABC or the line at infinity.

Proof. Suppose the parallels to A′B′, A′C ′ through B,C respectively meet
at ℓA; define ℓB, ℓC respectively. Note that:

BℓA ∩AℓB, BℓC ∩ CℓB, CℓA ∩AℓC ,
all lie on the line at infinity. So by the converse of Pascal’s Theorem on
hexagon AℓBCℓABℓC , it follows that A,B,C, ℓA, ℓB, ℓC all lie on a conic C.
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Figure 1. A fundamental result on rectangular hyperbolas.
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Figure 2. Sondat’s Theorem - a little-known theorem.

Define an equivalent conic C′ w.r.t. A′B′C ′ and points ℓ′A, ℓ
′
B, ℓ

′
C .

But, by Pascal’s Theorem on the hexagon AACℓABℓC we have that if:

AA ∩BℓA = A∗, AC ∩BℓC = C∗,

then A∗BC∗ is homothetic to A′B′C ′. Since AC∗ ∥ ℓ′AC ′ and AB ∥ ℓ′AB′,
the points A and ℓ′A are corresponding under the aforementioned homothety.
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Hence the tangent at A to C, which is equivalent to AA∗ is parallel to A′ℓ′A.

Now, take a point P on C. Let the point at infinity on AP be φA: define
φB, φC similarly. Then, A(P, ℓA; ℓB, ℓC) = A′(φA, A

′;B′, C ′). Hence:

A′(φA, A
′;B′, C ′) = B′(φB, A

′, B′, C ′) = C ′(φC , A
′, B′C ′).

Therefore, A′φA, B
′φB, C

′φC concur at a point Q ∈ C′. Hence, we have
proven that all points P ∈ C satisfy the property in this Lemma, so it suf-
fices to prove uniqueness of this locus apart from the line at infinity.

Consider a point P ′ moving on AP and define φ′
A, φ

′
B, φ

′
C to be the

points at infinity on AP ′, BP ′, CP ′ respectively. As P ′ moves along AP ,
the map B′φ′

B 7→ C ′φ′
C preserves cross-ratio, and is thus projective. Hence,

B′φ′
B ∩ C ′φ′

C moves along a conic that intersects the line A′φ′
A ≡ A′φA at

two points; the only positions so that Aφ′
A, B

′φ′
B, C

′φ′
C concur. Evidently,

when P ′ = φA, the lines A
′φ′

A, B
′φ′

B, C
′φ′

C all concur at φA, so φA is one of
these points and lies on the line at infinity. When P ′ ̸= φA, then P

′ must
coincide with P .

Thus, we have shown uniqueness and subsequently have proven the Lemma.

Remark 1.1. If A∗B∗C∗ is the set of all triangles orthologic to both ABC
and A′B′C ′ then P can be seen as the locus of OABC(A

∗B∗C∗).

Proof. (Proof of Sondat’s Theorem) Keep the same notations as in the
Lemma 1.3. Note that Q lies on both conics C and C′. Since CP,BP are
both perpendicular BℓA, CℓA then P becomes the orthocenter BℓAC, which
means ℓAP ⊥ BC. Thus:

ℓA(P,A;B,C) = A′(P ′, A′;B′, C ′)

=⇒ Q(P,A;B,C) = Q(P ′, A′;B′, C ′)

=⇒ Q ∈ PP ′.

Corollary 1.4. PP ′ is perpendicular to the perspectrix of ABC and A′B′C ′.

Proof. Let the perspectrix of ABC and A′B′C ′ be XY Z. Let the per-
pendicular to BP,CP through Q meet AC,AB at Y ′, Z ′. According to a
property given in [9], we have that Y ′Z ′ is perpendicular to PQ ≡ PP ′ since
T is on C. But the dilation about A sending Q 7→ A′ sends Y ′ 7→ Y, Z ′ 7→ Z,
hence Y Z ∥ Y ′Z ′ ⊥ PP ′ and we are done.

Theorem 1.5 (Isogonality of the complete quadrilateral). Let P, P ′ and
Q,Q′ be two pairs of isogonal conjugates. Suppose PQ ∩ P ′Q′ = X and
PQ′ ∩QP ′ = Y . Then X and Y are also isogonal conjugates w.r.t. ABC.
In addition, Y lies on the circumconic ABCPQ.

Proof. Let π denote the projective transformation sending the quadrilat-
eral ABCP 7→ ABCP ′.

If π(Q) = Q∗, then:

A(B,C;P ′∗) = A(B,C;P,Q) = A(B,C;P ′, Q′).
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Figure 3. An interesting involutive transformation com-
muting to isogonal conjugacy.

Hence, Q∗ ∈ AQ′. Thence, by symmetry, Q∗ ≡ Q′ =⇒ π(Q) = Q′.
Therefore:

P (A,B;C,Q′) = Q(A,B,C;P ′)

=⇒ PQ′ ∩QP ′ = Y ∈ ABCPQ.

Similarly, we obtain Y ∈ ABCP ′Q′. By isogonal conjugation, it follows that
the isogonal conjugate of Y is the intersection of PQ ∩ P ′Q′ ≡ X.

Remark 1.2. A nice proof of this Theorem can also be found in [5].

Proposition 1.6. Referring to the notations established in 1.1, show that
APOPA ∼ AQOQA.

Proof. Let ⊙BCQ∩AB,AC = B′, C ′. Note that ABC ∼ AC ′B′. Further:

∠(B′C ′, C ′Q) = ∠(B′B,BQ) = ∠(BP,BC).
Similarly,

∠(C ′B′, B′Q) = ∠(CP,BC).
We conclude that the points P,Q map to each other under the similarity
taking ABC 7→ AC ′B′. Hence, OPA 7→ OQA =⇒ APOPA ∼ AQOQA.
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Figure 4. A simple yet effective configuration.

2. The Liang-Zelich Theorem

Theorem 2.1 (Liang-Zelich Theorem). Suppose P is on an isopivotal cubic
with pivot T on the Euler line of ABC cutting it in a ratio k. Then the line
adjoining P and its isogonal conjugate w.r.t. the pedal triangle of P cuts
the Euler line of the pedal triangle also in a ratio k.

Note that this is merely a restatement of the main result mentioned in
the introduction. For convenience, we will adapt the following notation
regarding the ratio k:

Definition 2.2. In triangle ABC with circumcenter O and orthocenter H
and arbitrary point P , denote T the intersection of OH (the Euler line of
ABC) and the line adjoining P and its isogonal conjugate with respect to

ABC. Define the k(P,ABC) =

−−→
TH
−→
TO

.

Remark 2.1. Limiting cases are discussed in section 3.3.

By definition, every point P on an isopivotal cubic with pivot lying on
the Euler line has the same k(P,ABC) value. In addition, we can rephrase
the above Theorem as follows

k(P,ABC) = k(P, pedal triangle of P ).

While one may find it difficult to directly relate the two ratios, the authors
found the following configuration to overcome that problem:
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Figure 5. The Liang-Zelich Theorem.

Definition 2.3. Suppose we apply a dilation about P by a constant directed
factor t such that the image (denoted by O′

PAO
′
PBO

′
PC) of the P -Carnot

triangle is perspective with ABC. The factor t will be denoted as t(P,ABC).

Corollary 2.4. Let the perspector of O′
PAO

′
PBO

′
PC and ABC be R. Then

R = OP ∩HQ where Q is the isogonal conjugate of P w.r.t. ABC.

Proof. Since the orthology centers of O′
PAO

′
PBO

′
PC and ABC both lie on

OP , it follows R ∈ OP by Sondat’s Theorem. From Lemma 1.3, R is on the
rectangular hyperbola through ABCHP , so by Theorem 1.5 it follows that
R = OP ∩HQ.

Definition 2.3 is a re-statement Theorem 0.2. The goal is to show that
the value t(P,ABC) is in fact equal to k(P,ABC). To do this, we present
three assertions that will be proven in this section:

(1) t(P,ABC) = k(P,ABC)
(2) t(P,ABC) = t(Q,ABC) (This follows immediately from our first

assertion)
(3) t(P,ABC) = t(P,OPAOPBOPC) (Recall that OAOBOC is the P -

Carnot triangle w.r.t. ABC.

For the remainder of this section, we will be referring to these properties
as Assertion 1, Assertion 2, and Assertion 3 respectively. Notice that Asser-
tions 2 and 3 combine to prove Theorem 0.3, since the P -Carnot triangle is
homothetic to the pedal triangle of Q. Further, the readers should see how
the Liang-Zelich Theorem follows straightforwardly from these properties.
If not, a formal proof will be included at the end of this section.
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2.1. Properties regarding generalized Euler lines. The following The-
orem generalizes Theorem 0.4. As we will see below, the orthocenters of
PBC,PAC and PAB play a crucial role in making this result possible.

Theorem 2.5. Given triangle ABC and a point P , let HA, HB,HC denote
the orthocenters of PBC,PAC,PAB. Consider a triangle DEF orthologic
and perspective with ABC such that OABC(DEF ) = P,ODEF (ABC) = P ′.
The following properties are true:

(1) DEF,HAHBHC are orthologic and perspective.
(2) If J is the perspector of the above triangles concerning the previous

property and H ′ is the orthocenter of DEF , then J = HP ′ ∩H ′P ∈
the circumconic DEFHP ′.

J

H'

P'

F

D

HB

H

HC

HA

A

B C

P

E

Figure 6. An amazing novel Theorem on a triple of ortho-
logic triangles.

Proof.

(1) Fix the perspector of ABC and DEF as X. Consider the set trian-
gles homothetic to DEF with perspector X: denote the set of these
triangles as an arbitrary triangle D′E′F ′.

By Sondat’s Theorem,X is on the rectangular hyperbolaABCHP ;
denote it H. Since H is also a circumconic of BPC, it follows that
by Proposition 1.1, HA ∈ H and similarly HB,HC ∈ H. Further,
in triangle AHBHC , the orthocenter H∗ is the concurrence of the
parallels to BP,CP through HB,HC respectively, and also lies on
H. Symmetrically, we conclude H∗ = OHAHBHC

(DEF ).

Note that, the map E′ 7→ F ′ is a projective mapping, hence
HBE

′∩HCF
′ lies on a conic passing through HB,HC ; call this conic
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H′. Take an arbitrary point K ∈ H. Note BHC ⊥ AP ⊥ CHB, so
by Pascal’s Theorem on the hexagon BXCHBKHC we have that if:

HBK ∩BX = E∗,HCK ∩ CX = F ∗

then E∗F ∗ ⊥ AP ′, so E∗F ∗ can be obtained by dilating EF through
X =⇒ K ∈ H′, so H ≡ H′.

(2) Let the point at infinity perpendicular to an arbitrary line XY be
ℓXY . Let the perspector of ABC and DEF be X. By Sondat’s
Theorem, X ∈ H. Now, apply Pascal’s Theorem on the hexagon
JHAXPHA to obtain:

AX ∩HAJ = D,AH ∩ PHA = ℓBC , PX ∩ JH
are collinear. But, DℓBC ∩ PX = P ′ by Sondat’s Theorem, hence
P ′ ∈ JH.

Furthermore, let the parallel through HA to AX meet H at V .
By Pascal’s Theorem on hexagon AXBHAV HB, we conclude that
V HB meets BX on the line at infinity i.e. V HB ∥ BX. Thence, the
parallels through HA,HB,HC to AX,BX,CX respectively concur
on H. So, according to Lemma 1.3 and that DEF and HAHBHC

are orthologic, it follows that J also lies on the rectangular circum-
hyperbola w.r.t. DEF that passes through both P ′ and X. Since:

P ′(ℓEF , D;E,F ) = P (A,HA;HB,HC),

it follows that the orthocenter of P ′EF lies on AJ . Evidently, the
argument in the previous paragraph can therefore be replicated to
conclude that J also lies on H ′P . Hence J = HP ′∩H ′P and we are
done.

The authors found a proof for t(P,ABC) = k(P,ABC) using these re-
sults:

Proof. (First proof of Assertion 1) Refering to the configuration es-
tablished in Definition 2.3, let OP , O 7→ O′

P , O
′ under dilation about P

with ratio t(P,ABC), where OP is the circumcenter of OPAOPBOPC . It
is well-known that PQ ∥ OOP ∥ O′O′

P . Evidently, we need to show that
PQ ∥ HO′. Since PQ ∥ OOP ∥ O′O′

P , it is sufficient to prove that O′,H,O′
P

are collinear.

LetHA,HB,HC ,H
′ denote the orthocenters of PBC,PAC,PAB,O′

PAO
′
PBO

′
PC .

Since O′
PAO

′
PBO

′
PC is perspective with ABC, by the first assertion in The-

orem 2.5 it is also perspective with HAHBHC ; denote their perspector by
J . Note that OO′

PAO′
PBO′

PC
(ABC) = O′, OABC(O

′
PAO

′
PBO

′
PC) = P , thus

the second assertion in Theorem 2.5 further tells us that HO′ ∩ PH ′ = J ∈
the circumconic O′H ′O′

AO
′
BO

′
C ; call this conic C.

On the other hand, since P,O′ are isogonal conjugates w.r.t. O′
PAO

′
PBO

′
PC

with circumcenter O′
P , by Theorem 1.5 we know PH ′ ∩ O′O′

P ∈ C ⇒
O′O′

P ∩ PH ′ = J . Hence J,O′, O′
P ,H are collinear and we are done.



Generalized properties of the Euler pencil of isopivotal cubics 15

O'

H'

OP'

OPB'

OPC'

OPA'

J

OP

T

OPC

OPB

OPA

Q

HC

HB

HA

H

O

A

B C

P

Figure 7. First proof of the Assertion 1.

2.2. Properties of the t(P,ABC) ratio. In this subsection, we present
another way to prove Assertion 1 using nothing but Proposition 1.6. The
proof is special in that it gives us a crucial corollary that will help prove
Assertion 3.

Proof. (Second proof of Assertion 1) Apply a dilation about Q with
factor k(P,ABC) in which:

OQAOQBOQC , OPAOPBOPC 7→ O′
QAO

′
QBO

′
QC , O

′′
PAO

′′
PBO

′′
PC .

Additionally, let the circumcenter of OQAOQBOQC be OQ and suppose that
under the aforementioned dilation, OQ, O 7→ O′

Q, O
′. By following the re-

versed argument used in the first proof, we can show that O′,H,O′
Q are

collinear.

Let A′ = O′
QAO

′
Q ∩ AH and construct B′, C ′ similarly. Since O′O′

QA ∥
OOQA ∥ AH

=⇒
O′

QA
′

O′
QO

′
QA

=
O′

QH

O′
QO

′ =
O′

QB
′

O′
QO

′
QB

=
O′

QC
′

O′
QO

′
QC
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Figure 8. Diagram 1 for the second proof of the Assertion 1.

=⇒ O′
QAO

′
QBO

′
QC and A′B′C ′ are homothetic through their circumcenter

O′
Q.

Let ℓ denote the line through OQA perpendicular to OQBOQC ∥ AQ. Since
{OQAOQ, ℓ}, {OQAQ,OQAO} are two sets of isogonals w.r.t. ∠OQCOQAOQB,
we have

∠(QO′
QA, O

′
QAA

′) = ∠(QOQA, OQAOQ) = ∠(ℓ,OQAO) = ∠(QA,AA′),

which means A′ ∈ ⊙AQO′
QA; likewise we can derive the same results: B′ ∈

⊙BQO′
QB, C

′ ∈ ⊙CQO′
QC . SinceO

′
Q has equal powers w.r.t. ⊙AQO′

QA,⊙BQO′
QB,⊙CQO′

QC ,

it follows that QO′
Q is the radical axis of the three circles ⇒ the three circles

are coaxial.

Now apply an inversion through Q with arbitrary radius in which

O′
QAO

′
QBO

′∗
QCB

∗C∗ 7→ O′′
QAO

′′
QBO

′′
QC , A

′B′C ′;

by a property of inversion, the two resulting triangles are perspective. By
Proposition 1.6, APO′′

PA ∼ AQO′
QA ∼ O′′

QAQA
′. Thus simple angle chasing

reveals that:

O′′
QAO

′′
QBO

′′
QCQA

′B′C ′ ∼ ABCPO′′
PAO

′′
PBO

′′
PC
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=⇒ O′′
PAO

′′
PBO

′′
PC , ABC are perspective⇒ O′′

PAO
′′
PBO

′′
PC ≡ O′

PAO
′
PBO

′
PC .

1

Hence:

t(P,ABC) =
O′

PAP

OPAP
=
O′′

PAP

OPAP
= k(P,ABC).

OQA''

B'

C'

A'

OQB'' OQC''

OPC'(OPC'' )

OPB'(OPB'' )

OPA'(OPA'' )

OPA

OQB'

OQC'

OQA'

OQA

Q

A

B C

P

Figure 9. Diagram 2 for the second proof of the Assertion 1.

Corollary 2.6. In the proof above we have also shown that ABC,O′
PAO

′
PBO

′
PC

are perspective ⇐⇒ ⊙AP ′
PAP,⊙BP ′

PBP,⊙CP ′
PCP are coaxial.

Keeping this corollary in mind, we can now prove Assertion 3:

Proof. (Proof of Assertion 3) Let OAOBOC be P -Carnot triangle w.r.t.
O′

PAO
′
PBO

′
PC . Clearly, OAOBOC is the image of the P -Carnot triangle in

OPAOPBOPC under the dilation about P with ratio t(P,ABC).

Consider the intersections of the corresponding sides for trianglesOAOBOC , OPAOPBOPC ;
they are evidently the centers of ⊙AP ′

PAP,⊙BP ′
PBP,⊙CP ′

PCP . We know
the aforementioned circles are coaxial so the centers/intersections are collinear.
Hence OAOBOC and OPAOPBOPC are perspective by Desargues’ Theorem
and the conclusion follows.

1The uniqueness of O′
PAO

′
PBO

′
PC follows from Theorem 1.5. Indeed, for fixed P , the

perspector of O′
PAO

′
PBO

′
PC and ABC is OP ∩ HQ = T , which is fixed. So O′

PA =
AT ∩ POPA, which is obviously fixed, and so by symmetry O′

PAO
′
PBO

′
PC is unique.
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2.3. Proof of the Liang-Zelich Theorem. Equipped with the necessary
Assertions 1,2, and 3, we are now in a position to prove the Liang-Zelich
Theorem.

Proof. (Proof of Theorem 2.1) Since the Q-Carnot triangle OPAOPBOPC

is homothetic with the pedal triangle P w.r.t. ABC, where P,O are two
corresponding points between the two triangles, we have:

k(P,ABC) = t(P,ABC) = t(Q,ABC)

= t(Q,OQAOQBOQC) = k(Q,OQAOQBOQC)

as desired.
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3. Applications of the Liang-Zelich Theorem

In this section we present some important applications of the Liang-Zelich
Theorem and associated configurations discussed in section 2.

3.1. An antipedal equivalence. We begin with a nice sub-case of the
Liang-Zelich Theorem.

Theorem 3.1. Let P be a point on the Euler line of a triangle ABC. Sup-
pose PO

PH = t (this ratio is directed), where O,H denote the circumcenter and
orthocenter of ABC. Let the antipedal triangle of P wrt ABC be A∗B∗C∗

and let P ∗ be a point on the Euler line of A∗B∗C∗ such that P ∗O∗

P ∗H∗ = t,
where O∗,H∗ are defined analogously. Then P ∗ is also on the Euler line of
ABC.

P*H*

O*

B*

A*

C*

H

O

A

B C

P

Figure 10. A beautiful sub-case of the Liang-Zelich Theorem.

Proof. Let the isogonal conjugate of P w.r.t. A∗B∗C∗ be P ′.

Obviously, P ′ ∈ OP . But, by the Liang-Zelich Theorem PP ′ cuts O∗H∗

in the same ratio as P cuts OH =⇒ P ∗ ∈ PP ′. Hence, P ∗ ∈ PO ≡ OH.

3.2. A proof to an open problem. Theorem 3.1 provides a short proof
to an open problem [3].

Problem 3.2. Let ABC be a triangle and O its circumcenter. The perpen-
dicular bisectors of BC and AO intersect at Oa. Define Ob, Oc similarly.
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What point represents the intersection of the Euler lines of OaObOc

and ABC?

Ob

Oc

Oa

O'

OC

OB

OA

O

A

B C

Figure 11. An open problem.

We will prove a theorem before presenting a proof of this problem.

Theorem 3.3. Let ABC be a triangle, DEF be the incentral triangle. Let
O be the circumcentre, I be the incenter. Let N be the nine-point center of
DEF . N ∈ OI. 2

Proof. Let IAIBIC be the excenter triangle of ABC; it is well-known
that ODEF (IAIBIC) = O. Let D′E′F ′ be the antipedal triangle of O w.r.t.
IAIBIC , and let N ′ denote its nine-point center. Suppose O′ is the isogonal
conjugate of O w.r.t. D′E′F ′, which we know also lies on OI because the
Bevan point Be ∈ OI. Since D′O′ ⊥ IBIC ⊥ AIA ≡ ID, the center of ho-
mothety between D′E′F ′ and DEF lies on OI. But, by Theorem 3.1 with

2The authors would like to thank and acknowledge Thomas Lynn for discovering The-
orem 3.3 in 2013.
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t = −1, we know that N ′ ∈ OI. Hence N ∈ OI.

Proof. (Proof of Problem 3.2) Let OAOBOC be the O-Carnot triangle
w.r.t. ABC. Then, note that Oa = OBOC ∩ OAO. As the pedals of O
onto the sides of OAOBOC are clearly equal length, O is the incenter of
OAOBOC =⇒ OaObOc is the incentral triangle of OAOBOC . Note that by
inversion (or even Theorem 3.1) the circumcenter of OAOBOC - denote it O′

- lies on the Euler line of ABC. From Theorem 3.3, we know that the nine-
point center of OaObOc lies on the line OO′ ≡ Euler line of ABC. Hence,
the intersection of the Euler lines of ABC and OaObOc is the nine-point
center of OaObOc.

3.3. The McCay cubic. We consider the case when the line through two
isogonal conjugates P,Q w.r.t. an arbitrary triangle ABC passes through
the circumcenter O of ABC. There are interesting properties of this cubic,
many of which are nice applications of the Liang-Zelich Theorem.

For this case, t(P,ABC) = 0, and therefore the ratio 1
t(P,ABC) is in fact

undefined. In this limiting case, we consider 1
t(P,ABC) = ∞, which means

that the if we let the P -Carnot triangle be OPAOPBOPC , then the dilated
image of OPAOPBOPC by ratio 1

t(P,ABC) = ∞ is perspective with ABC.

In other words, the lines through A,B,C parallel to POPA, POPB, POPC

respectively concur at a point, say R. But, from Theorem 1.5, it follows
R = OP ∩HQ =⇒ R ≡ Q.

Suppose the pedal triangles of P,Q w.r.t. ABC are PAPBPC , QAQBQC .
SinceQ = OABC(PAPBPC) andQ is on the rectangular circum-conicABCHP
where H is the orthocenter of ABC, by Lemma 1.3, it follows QAQBQC is
orthologic to PAPBPC . Furthermore, according to uniqueness from Lemma
1.3 it follows that:

Property 3.4. The loci of points P for which PAPBPC and QAQBQC are
orthologic are the line at infinity and the McCay cubic (and also the circum-
circle which is a degenerate case).

Now, suppose that the circumcevian triangle of P w.r.t. ABC is A′B′C ′.
Since B′C ′ is antiparallel to BC w.r.t. ∠BPC, it follows that B′C ′ ⊥
POPA ⊥ PBPC and so:

Property 3.5. The McCay cubic is the locus of points so that the circum-
cevian and pedal triangles are homothetic and thus perspective.

Interestingly enough, define A∗B∗C∗ to be the circumcevian triangle of
Q. Obviously by isoconjugation, A∗B∗C∗ and QAQBQC are homothetic.
According to [10], we have that for a point P on the McCay cubic:

Property 3.6. The homothetic centers of the circumcevian and pedal tri-
angles of P and its isogonal conjugate Q coincide at a point we will call X.
Since the two pedal triangles are concyclic, the ratios of homothety are also
the same.
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We will use these facts to prove some beautiful properties of the McCay
cubic.

Property 3.7. Let the perpendiculars to AP,BP,CP through A,B,C meet
⊙ABC again at points A′, B′, C ′. Then, the Simson Lines SA,SB,SC of
A′, B′, C ′ w.r.t. ABC concur at a point. 3

Proof. Let A∗B∗C∗ be the antipedal triangle of P w.r.t. ABC. Let
the orthocenter of ABC be H and the orthocenter of A′B′C ′ be H ′. Let
the isogonal conjugates of P w.r.t. ABC be P ′ and let OAOBOC be the
P -Carnot triangle w.r.t. ABC. Let ℓA, ℓB, ℓC be the points at infinity per-
pendicular to the isogonal conjugates of A′, B′, C ′ w.r.t. ABC respectively.
We will show that A′ℓA, B

′ℓB, C
′ℓC concur.

Notice that ℓA ∥ AP ′, which we know is parallel to POA ≡ PA∗. It is well-
known that PA∗ is perpendicular toB′C ′, hence by symmetry, A′ℓA, B

′ℓB, C
′ℓC

concur at H ′.

Suppose the midpoints ofHA′,HB′,HC ′ areA1, B1, C1. Then by Steiner’s
Theorem, we note that A1 ∈ SA and a similar result holds for B1, C1. Since
A1B1C1 is homothetic to A′B′C ′, it follows that A1ℓA, B1ℓB, C1ℓC concur
at the orthocenter of A1B1C1. However, it is well-known that the SA ∥ ℓA,
so A1ℓA ≡ SA. Thus, SA,SB,SC concur at the orthocenter of A1B1C1.

Remark 3.1. By the Liang-Zelich Theorem, we can form an equivalent
property. Indeed, suppose the pedal triangles of a point P and its isogonal
conjugate are PAPBPC and QAQBQC respectively w.r.t. an arbitrary trian-
gle. Let the Simson Line of PA w.r.t. QAQBQC be SA and define SB,SC

similarly. Then SA,SB,SC concur. But, according to Property 3.6, this
equivalent property under homothety about X with the common ratio gives
a solution to the open problem in [2].

Property 3.8. Suppose the reflection triangle of P over its circumcevian
triangle A′B′C ′ is A∗B∗C∗. Then ABC and A∗B∗C∗ are perspective if and
only if P is on the McCay cubic (or the circumcircle, a degenerate case).

Proof. Perform an inversion ψ so that ψ(ABC) = A′B′C ′. Obviously,
ψ(A∗) = OPA and similarly ψ(B∗) = OPB, ψ(C

∗) = OPC . Let the circum-
center of ABC be O and suppose the isogonal conjugate of P w.r.t. ABC
is Q.

We know that AQ ∥ POPA, so:

∠(POPA, OPAO) = ∠(QA,AH) = ∠(OA,AP ) = ∠(PA′, A′O)

where H is the orthocenter of ABC. Hence, O ∈ ⊙PA′OPA. Therefore, the
circles

⊙PA′OPA,⊙PB′OPB,⊙PC ′OPC

are coaxial on the line OP . Hence, ABC and A∗B∗C∗ are perspective with
perspector on the line OP .

3The authors would like to thank and acknowledge Tran Quang for discovering Property
3.7 in 2014.
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3.4. The Thomson cubic and the Darboux cubic. The Thomson cubic
is the case when t(P,ABC) = −1

2 = k(P,ABC); it is the isopivotal cubic
with pivot G, the centroid. We will present some properties that become
almost trivial using the Liang-Zelich Theorem.

Property 3.9. The trilinear polar of P w.r.t. ABC when P is on the
Thomson cubic is perpendicular to the line OP .

Remark 3.2. According to Corollary 1.4, it follows that the perspectrix of
the triangles OPAOPBOPC and ABC is parallel to the trilinear polar of P
w.r.t. ABC. It turns out this fact is not necessary to prove Property 3.9

Lemma 3.10. For an arbitrary point P in the plane of triangle ABC, let
Q be the isogonal conjugate of P w.r.t. ABC. Let QAQBQC be the pedal
triangle of Q and G′ be the centroid of QAQBQC . Then the trilinear polar
of P is perpendicular to the line G′Q.

Proof. Let XY Z be the trilinear polar of P w.r.t. ABC. Let A′B′C ′ be
the circumcevian triangle of G′ w.r.t. QAQBQC . Let the points at infinity
perpendicular to QAG

′ and AP be ℓA, ϕA respectively. Let O′ be the cen-
ter of QAQBQC . Let ⊙QAQA

′ meet BC again at X ′; define Y ′, Z ′ similarly.

Notice that:

P (ℓA, A;B,C) = QA(G
′, ϕA;QC , QB) = −1

=⇒ X = PℓA ∩BC.
Furthermore, O′ bisects the segment PQ, and since QAA

′ is a chord w.r.t.
⊙QAQBQC , it follows that PℓA is the image QAℓA under a half turn about
the midpoint of QAA

′. Therefore, PℓA ≡ X ′ℓA =⇒ X ′ = X.

But, by construction. ⊙QAQA
′,⊙QBQB

′,⊙QCQC
′ are coaxial with

common radical axis G′Q. Evidently, it follows that XY Z ⊥ G′Q.

Proof. (Proof to Property 3.9) Suppose Q′ is the isogonal conjugate
of Q w.r.t. QAQBQC . By the Liang-Zelich Theorem, G′ ∈ QQ′. But,
OPAOPBOPCO is homothetic to QAQBQCQ, and since P,O are isogonal
conjugates w.r.t. OPAOPBOPC , it follows that G′Q ≡ QQ′ ∥ OP . By
Lemma 3.10, G′Q is perpendicular to the trilinear polar of P w.r.t. ABC;
hence, the conclusion follows.

Remark 3.3. The fact that G′ ∈ QQ′ (evidently just a sub-case of the
Liang-Zelich Theorem) immediately gives an answer to [1].

We now move on to the anharmonic equivalent of the Thomson cubic –
the Darboux cubic. The pivot of such cubic is the Delongchamps point of
ABC. Since this is the case when t = 1

2 , it means that the Darboux cubic
can be seen as the locus of points P so that the pedal triangle of P is also
a cevian triangle w.r.t. ABC. Together with the Cevian Nest Theorem, we
find that many known properties of this cubic are in fact trivial.

We present a unique proof to the Cevian Nest Theorem.
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Theorem 3.11 (Cevian Nest Theorem). Let ABC be a triangle, A′B′C ′

be a cevian triangle w.r.t. ABC and A′′B′′C ′′ be a cevian triangle w.r.t.
A′B′C ′. Then ABC and A′′B′′C ′′ are perspective.

Proof. Under a projective transformation, take the perspectrix of A′B′C ′

and ABC to the line at infinity. Then, A′B′C ′ become the medial triangle
of ABC. Let the anticomplement of the perspector of A′′B′′C ′′ and A′B′C ′

be Q. Since A′B′C ′ and ABC are homothetic through their centroid, it
follows that A′′B′′C ′′ and ABC are perspective with perspector being the
isotomic conjugate of Q w.r.t. ABC.

The following properties were published in [6].

Property 3.12. The Darboux cubic is the locus of all points P so that the
pedal triangle of P w.r.t. the pedal triangle of P w.r.t. ABC is perspective
with ABC.

Proof. Let A′B′C ′ be the pedal triangle of P w.r.t. ABC and let A′′B′′C ′′

be the pedal triangle of P w.r.t. A′B′C ′. By the Liang-Zelich Theorem,
A′′B′′C ′′ and A′B′C ′ are perspective. By definition ABC and A′B′C ′ are
also perspective. Hence, by the Cevian Nest Theorem, the conclusion fol-
lows.

Remark 3.4. Almost all properties in [6] can be proven similarly.

Property 3.13. Using similar notations as in the previous property, the
circles ⊙APA′,⊙BPB′,⊙CPC ′ form a pencil if and only if P is on the
Darboux cubic (together with the line at infinity as a degenerate case).

Proof. Denote φ as an arbitrary inversion about P . Suppose that
φ(ABC,A′B′C ′) = X ′Y ′Z ′, XY Z. Let the pedal triangle of the isogonal
conjugate Q of P be A1B1C1 and the pedal triangle of Q in A1B1C1 be
A2B2C2.

Note that X ′Y ′Z ′ ∼ A′B′C ′ ∼ A2B2C2 and XY Z ∼ A1B1C1. Futher,
X ′Y ′Z ′ is the pedal triangle of P w.r.t. XY Z. But since A1B1C1 and
A2B2C2 are perspective, it follows that XY Z and X ′Y ′Z ′ are perspec-
tive. But, φ(XX ′) = ⊙APA′ and similarly φ(Y Y ′) = ⊙BPB′, φ(ZZ ′) =
⊙CPC ′, so ⊙APA′,⊙BPB′,⊙CPC ′ are coaxial and therefore form a pen-
cil.

4. Conclusion

In conclusion, the Liang-Zelich Theorem is considered by the authors
to be a fundamental result in Geometry; it allows one to easily find new
properties of triangle centers in the pedal triangle of any point. Furthermore,
the properties discovered in section 2 give new views of Carnot triangles
which will help in proving many properties involving perspective triangles.
However, based on the proof of Theorem 2.5, the authors are convinced that
the Liang-Zelich Theorem could be generalized projectively. This means that
one could find a similar result with isopivotal cubics invariant under isotomic
conjugation, and the authors predict that in this case the pivot would lie on
the Nagel line.



Generalized properties of the Euler pencil of isopivotal cubics 25

5. Acknowledgments

The authors have benefited greatly from discussions with Dr Pavel Kozhevnikov
(Moscow Institute of Physics and Technology), Dr Stephan Riek (University
of Queensland), Dr Philip Robertson and Ms Catherine Brown. In partic-
ular, the authors would like to thank and acknowledge their assistance in
preparing and proofreading this article.

References

[1] Montesdoeca, A., OP Line - Locus, https://groups.yahoo.com/neo/groups/Anopolis
/conversations/topics/958, 2015.

[2] Hitzapolakis, A. and Montesdoeca, A., Simson Lines Loci,
https://groups.yahoo.com/neo/groups/Hyacinthos/conversations/topics/21685,
2014.

[3] Hitzapolakis, A., Euler Lines problem, https://groups.yahoo.com/neo/groups /Hy-
acinthos/conversations/topics/22434, 2014.

[4] Hitzapolakis, A., Lamoen, F., Wolk, B. and Yiu, P., Concurrency of Four Euler Lines,
Forum Geometricorum 1(2011), 59-68.

[5] Akopyan, A. and Zaslavsky, A., Geometry of Conics, American Mathematics Society,
United State of America, 2007.

[6] Gibert, B., Cubics in the Triangle Plane, 2014.
[7] Pinkernell, G., Cubics in the Triangle Plane, Journal of Geometry, 1996.
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