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A COLLINEATION GROUP IN PROJECTIVE SPACE
OF DIMENSION THREE AND
DESMIC SYSTEM OF TETRAHEDRONS

GOLAK BIHARI PANDA and SAROJ KANTA MISRA

Abstract. In the present study given a pair of doubly perspective tetra-
hedrons (A) and (B), a collineation w; is obtained under which the tetrahe-
drons (A) and (B) are fixed. When (A) and (B) becomes fourfold perspec-
tive (desmic), another collineation ws is obtained under which the desmic
pair {(A), (B)} is fixed. The collineations w; and, ws generate a collineation
group {e,w1,ws,ws = wiws} under which the desmic system {(A), (B), (C)}
as well as its associated desmic system are fixed.

1. NOTATIONS AND PRELIMINARIES

Let P53 be a three dimensional projective space over a formally real field
§ [1]. A formally real field has characteristic equal to zero.
Let (X) = X1X2X3X4,X = A, B be two tetrahedrons in P;. The homo-
geneous coordinates of the vertices of (B) referred to (A) and some unit
point forms the rows of a 4 x 4 matrix S [4]. The homogeneous coordinates
(x;) and (tz;) for i = 1,2,3,4 and ¢(# 0) € §, represent the same point.
So for every non singular diagonal matrix D = diag (di, dg,ds,ds), DS also
represents the coordinates of the vertices of (B). The matrices S and T are
defined to be equivalent if T = DS for some nonsingular diagnoal matrix
D. This equivalence relation gives equivalence classes, where rows of any
matrix of a particular class represent the vertices of a particular tetrahe-
dron for another. In matrix form it is written as (B)a = S = ((b;;)) to
represent (B) referred to (A). So if (B)a = ((bij)), (A)c = ((ai;)) then
(B)e = ((di)) = (b)) ((aiy)) [3].
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Note 1: The matrix of a tetrahedron can be multiplied by a non singular
diagonal matrix from the left without changing the tetrahedron. But it
cannot be done, when the matrix is used for the coordinate transformation
as mentioned above. However the matrix of a tetrahedron can be multiplied
by a nonzero scalar to make the matrix a simpler one, for a coordinate
transformation [3].

Definition 1.1. Two tetrahedrons (A) and (B) are called perspective if the
lines A;B; (lines joining the vertices A; and B;) are concurrent at some
point P. In this case the lines common to corresponding planes are on a
plane w.P is called as center of perspectivity and w is called as the plane of
perspectivity.

ar P2 P3 P4

aj,as,as,a
Here (B) 4= praz P D4 which, can be denoted as (B)A:M
b1 p2 as p4 P1,D2,P3,P4

p1 P2 P3 a4
where the parameters aj, as, as,as € § and the coordinates of P for (A) are
(p1,p2,p3,p4)[3]. When the terahedrons (A) and (B) are desmic (four fold
(_plap27p37p4) [3]

(p1, —p2, —P3, —Pa)
perspectivities of these four perspectivities form the vertices of a third tetra-

hedron (C) given as (C)4 = (=1, =p2, —ps, p4). {(A4),(B),(C)} forms a
(p1,p2,p3,P4)
desmic system. When the tetrahedron (A) and (B) are doubly perspective
P P
(77 77]9311437]74]{3)

(p1,p2, 3, Pa)

The four centers of

perspective) [2] then (B)y4 =

we have (B)y = . Here for k = —1(A) and (B) will be

desmic.

Definition 1.2. A transformation from a space Ps to a space Pé in which
the relation of linear dependence is invariant is called a collineation [5].

In other words under a collineation, collinear points are going to collinear
points and, of course, coplanar points are going to coplanar points. In the
present study we consider collineations where Pé is same as Ps.

Definition 1.3. If under a collineation a the vertices of a tetrahedron mowve
into themselves then that tetrahedron is called a fixed tetrahedron under «.

Definition 1.4. If under a collineation o the vertices of a tetrahedron re-
mains fized then that tetrahedron is called a fut (fized vertex tetrahedron i.e.
fized vertex wise under «) of .

2. COLLINEATION GROUP AND DESMIC SYSTEM

Sanyal [4] has studied the following properties for the multi associated
simplexes and perspective tetrahedrons.

(i) If (A) and (B) are two simplexes in projective space of dimension n
and p is an n+ 1 cycle such that no vertex of (B) lies on any face of
(A) and (A) is associated to both (B) and (Bp), then there exists a
collineation of period n+ 1 under which both (A) and (B) are fixed.
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(ii) If (A) and (B) are two perspective tetrahedrons in a projective space
of dimension three and (A) is associated to (Bp) where p is any
permutation over a set {1,2, 3,4} then (A) and (Bp?) are perspective
with the centers are images of each other under a cyclic collineation
w where (A) and (B) are invariant under w.

In the present study similar results for multi perspective tetrahedrons are
obtained in a Ps. It may be noted that multi perspectivity does not exist in
projective space of dimension greater than 3.

Let X = (z1,22,23,24) be a point in p3. Let w be a transformation where
Xw=X = (:L‘ll,:p;,xé,x;). If x; = \jzj,j = 1,2,3,4 for \j(# 0) € §, then
it can be verified that w is a collineation.

Let (A) and (B) be a pair of doubly perspective tetrahedrons as mentioned
in definition 1.1, where (A) is the tetrahedron of reference. Let w; be a
collineation defined as

r_ N r P2 D3 1 P4
Ty = —T2, Tyg = —T1, Ty = — T4, Ty = —T3,
D2 p1 D4 ps3

Here wq is a collineation of period 2. It can be checked that

Aqwy = Ao, Aswy = Ay, Agwi = Ay, Agwq = Az
and

Biw; = Ba, Bow, = By, Bswi = By, Bywi = Bs.

So the two tetrahedrons (A) and (B) are fixed under the collineation wj.
This collineation is of period 2 unlike the collineation obtained by Sanyal [4]
which was a cyclic collineation of period n. This is because in the doubly
perspective pairs (A) and (B), (A) is perspective with (B) = B1BsB3By
and (Bs) = ByB1B4B3, where s is a permutation of order 2. So we have
obtained the following lemma.

Lemma 2.1. Given a pair of doubly perspective tetrahedrons (A) and (B),
there exists a collineation wi of period 2 depending on the permutation s for
which (A) is perspective with (B) and (Bs).

Let (A) is also perspective with B3 B4 B Bs. In that case the value of the
parameter k will be —1 and (A) and (B) will be in fourfold perspective i.e.
form a desmic pair and is given by (B)4 = (=P1, b2 =3, —p4)' Let us

(P1, P2, 13, P4)

define a collineation wy as follows
r_ P D2 b3 P4
Ty = —x3, Tog= —0T4, Tgz=—T1], Ty= —IT2,
p3 P4 P p2

It can be checked that

Arwy = Az, Awr=Ay, Agwr=A1,  Agws = A
and

Biwy = Bs, Bawg = By, Bswy = Bi, Byws = Bs

Here wy is also a collineation of period 2 under which the tetrahedrons (A)
and (B) are fixed. The collineation w; along with wy generates a group of
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order given as {e, w1, w2, w3 = wiwa}
Where wywo, denoted as ws, is a collineation expressed as follows
D1 ! p2 ! b3 ! P4

/
T1 = —T4, Tyg = —I3, Ty = — X2, Ty = —21,
Y2 p3 p2 P

It can be checked that

Ajws = Ay, Agwz = As, Azwz = Ag, Agws = Ay
and

Byiws = By, Bows = Bs, Bsws = Ba, Byws = By

Let (C) be the third tetrahedron of the desmic system where (C)a =
(—P1, P2, P3, P4)
(pla —p2, —P3, _p4)

Ciwy = O, Cowy = Ca,C3wy = C3, Cywy = Cy
Ciwy = C1, Cowy = Ca, C3wa = C3, Cywr = Cy
Ciwz = C1, Cows = Ca, C3w3 = (3, Cywsz = C4.

So the tetrahedrons (A), (B) and (C') are fixed under each of the collineation
in the group so obtained. This gives us the following theorem.

. It can be verified that

Theorem 2.1. If (A), (B) and (C) are the tetrahedrons in a desmic system,
then there exists a group of collineations with 4 elements {e,wi,wa,ws =
wiwa} so that each tetrahedron of this system is fized under the collineation

group.

Associated Desmic System: Given a desmic system (A) = A1 Ay A3 Ay, (B) =
B1B3yB3By and (C) = C1C2C5Cy. The three pairs of opposite edges of one
tetrahedron intersect the three pair of opposite edges of another tetrahedron

in 12 distinct points. These set of 12 points is same for any desmic pair of
the desmic system {(A), (B), (C)}. These 12 points when grouped suitably
form 3 tetrahedrons of another desmic system {(P), (@), (R)} called as the
associated desmic system to {(A4), (B), (C)}[2].

For the desmic system {(A),(B),(C)} as considered here the associated
desmic system is obtained as

-p1 0 0 pg 0 —p2 0 pg
0 p2 p3 O pr 0 p3 O
P = —
Pla=1 4, 0 0 p '@ 0 p2 0 ps
0 —-p2 p3 O pr 0 —p3 O
0 0 —p3 pa
And (R)q=| v P2 00

0 0 p3 pa
-p1 p2 0 0
By changing the reference tetrahedron from (A) to (P), the tetrahedrons
(Q) and (R) can be expressed as follows.
(1,1,—1,-1) (1,1,-1,1)
=—"—"<and (R))= ————"—"—
(Q)p (_1)_17171) o ( )p (_15_1)17_1)
After comparing these expressions with the expressions of (B)4 and (C)4
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in definition 1.1 justifies that {(P), (@), (R)} forms a desmic system.
It can be verified that

Py =Py Pywy = P3 Pywi = P Pyw1 = P,
Piws = Py Pyws = P3 Pywy = Py Pyws = P,
P1W3 = P1 P2(JJ3 = PQ Pgwg = P3 P4OJ3 = P4.

It can be observed that though the vertices of the tetrahedron (P) are not
fixed under the collineations w; and ws the tetrahedron itself fixed under
them. In the contrary the vertices of (P) are fixed under the collineation
w3. So (P) is a fvt of wz.Similarly it can be observed that

Qw1 =Q4 Qa1 =@3  Qaw1 =02  Quuwi =0,
Qw2 = Q1 Qawa=Q2  Qsw2=03 Qw2 =0Q4,
Qws =Q4 Qs =Q3 Qswz3=0Q2  Quuws=CQ1,
Riw1 =Ry Rowy = Ry R3wi = R3 Ryw1 = Ry,
Rywa = Ry Rows = R3 R3wz = Ry Rywy = Ry,
Riws = Ry Rows = Rj3 Rsws = Ry Ryws = R;.

The above observation shows that the tetrahedron (Q) is fixed under the
collineations wyand wg and it is a fvt of wo. Similarly we have the tetrahedron
(R) fixed under w9 and w3 while it is a fvt of wi. So we arrive at the following
theorem.

Theorem 2.2. The associated desmic system {(P), (Q), (R)} to the desmic
system {(A), (B), (C)} as mentioned in theorem 2.2 is fivred under the collineation
group {e,w1,w2, w3 = wiwa} where (P),(Q) and (R) are fut under ws,ws
and wy respectively .
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