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INEQUALITIES FOR A SIMPLEX

ADIYASUREN VANDANJAV and BATZORIG UNDRAKH

Abstract. In this note, a generalization of G. Apostolopoulos’ problem
in the n-dimensional space are given.

1. INTRODUCTION

In 2014 G. Apostolopoulos [1] proposed following problem:
Let ABC be a triangle with incentre I through which an arbitrary line
passes meeting sides AB and AC at the point D and F respectively. Show

that
1 < 1 n 1
r — AD AFE

where r denotes the inradius of ABC.
The main aim of this note is to show the following theorem. As a conse-
quence of the Theorem 2.1, G.Apostolopoulos’ problem is proved.

2. MAIN RESULT

Lemma 2.1. Let us consider a simplex B1Bs ... Bypy1 in the n dimensional
Euclidian space E™. If the point M belongs to the simpler B1Bsy ... Bpi1,

; Y f ntl o
then there exists a real numbers ay, g, ..., ap41 such that XM = Zk:l ap X By,
and a1 + -+ any1 = 1 for arbitrary point X.

_ — —_—
Proof. Since the vectors M B1, M Bsa,..., M B, linearly dependent

there exists at least one is nonzero a real numbers 3q,3,,...,3,,1 such
that

— — —_—
(1) BiMB1+ BoMBg + -+ + B, 1 MBpy1 = 0.

— — —
Since M By, = X By, — XM, from (1) we have
s i — —
(Br+Bo+ -+ Bpy1) XM =1 XB1+ B,XBa+ -+ 3,1 XBpy1.
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Finally we choose the desired real numbers such that

B
B1+ B+ + B

for ke {1,2,...,n+1}. O

A =

Lemma 2.2. Let us consider a simplex A1As ... A,+1 and the hyperplane
A1As ... A, in the n dimensional Fuclidian space E™. If we denote by
Vi, Vo1 the volumes of the simplex and the hyperplane, respectively, then
Vo = %Vn_lh, where h is length of height from the vertex Apy1 to the hy-
perplane A1As--- Ay,

Proof. We have:

h n—1 h
t Vi1 . Val A1
n — 7 n—dt: - tn dt: '7:*n_h.
" /0 (h) Y hnl/o et e

Theorem 2.1. Let A= A1As--- A, Ani1 be a simplex in the n dimensional
Euclidian space E™, I be the center of inscribed sphere in this simplex. Let
B1,Bs, -+, By be the points for which a hyperplane crossing the point I
intersecting with Ap+141, Ant1A4a, -, Ant14ny, respectively. Then

1 1 1 1

+ R o e
Apn1B1 Ap1Bo Apni1B,

O

where r is the radius of inscribed sphere of A = A1As--- Apt1.
Proof. Let Va,..a,_ A, 1Ay = Vis ©=1,2,--- ,n+1. We know that I is
the center of mass the points v1 A1, v9A49, -+, vp11An+1. Hence

n+1
SN U
VX EE":XI=Y
k=1 Zz Jr11 Vg

Un4-1 E 1 Vi
( ) Z;L:-l—ll v; n+ ZN—H Z Ez 1 Ui

Let us denote by @ intersection of A, 1/ with the n — 1 dimensional hyper-

—
- X Ay

—
XA,

plane A1 As - -+ A,,. Then Q will be the center of mass the points v1 A, v9As, - - -

Therefore
(3) VX € B XQ = Z XAy
Zz 1Y
From (2) and (3) we have,
(4) VXGE”:)TI):%-YZHH-#.)?@
i=1 " Dic1 Ui
Let
A A An1 4y 1 An1Q

ot <, —
Ap1By b Apyrl
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F 3 h A => 7 - Ant14, . H
rom (3) we have, A, 1Q = >/, sy Ant1 4y - Hence

E—

Appil =b-Ap1Q = Z Z cAp 1Ay

i=1Yi

(5) _ZZ =

i=1Yi

Since I belongs to the simplex B1Bs - - By, by the Lemma 2.1 there exists
real numbers a1, s, - - - , oy such that

n n
(6) Apyil = ZakAn—i-lBk = Zakbk?k and g +as+---+a, =1
k=1 k=1

Since the basis is unique, also by (5) and (6) we have,

( by buy
= a1by ——n =1

27'11 Ui b D i Vi

i);g b bug
= Qa02 ——n =2
Z?:l Ui by - Y i v
. =
buy, buy,

= Qp bn = Qp

Z?:l Ui bn, - Z?:1 Uy

Consequently,
by bug buy,
+ Food e =1
bi-dlqvi ba- 3l vi by + D i Vi
N I n 1 n ) 1 T Up, i
b Yivi b 3w by 21 Vi bn
(7)
Anp1Q@ w1 A s vz Apg1As O CAnp1An
Aprl Yl v ApiBr o Y v Apg1Ba Yo v Ant1Bn
From the other hand, from (4) we get,
(8) An+1Q Ez 1Y
An+II Zl:l (Y
Using (7) and (8) we have,
i i _ 1 ivk Ang1Ag
sV D Ui 1 Apt1By
n+1 n
Apy1Ag
9 =4 v = Vg~
®) 2 vi=0 Ant1By,

1=1 k=1

If hy, is length of height from the vertex Ay to the polytope Ay -+ A1 Agy1---
then Ap41Ak > hy, k=1,2,--- ,n. Applying the last inequality to (9) and



Inequalities for a simplex 47

by the Lemma 2.2 we have
n+1

’Uk;hk nV
v; > = _—
Z ’ Z « Ant1By, ; Apy1Byg
- 1 2z Vi _ 1

& < = —
; Apni1Bry — nV r’

where V is the volume of the simplex A1 Ay -+ A, Apy1. The proof is com-
pleted. O
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