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INEQUALITIES FOR A SIMPLEX

ADIYASUREN VANDANJAV and BATZORIG UNDRAKH

Abstract. In this note, a generalization of G. Apostolopoulos�problem
in the n-dimensional space are given.

1. Introduction

In 2014 G. Apostolopoulos [1] proposed following problem:
Let ABC be a triangle with incentre I through which an arbitrary line

passes meeting sides AB and AC at the point D and E respectively. Show
that

1

r
� 1

AD
+

1

AE
where r denotes the inradius of ABC:
The main aim of this note is to show the following theorem. As a conse-

quence of the Theorem 2.1, G.Apostolopoulos�problem is proved.

2. Main result

Lemma 2.1. Let us consider a simplex B1B2 : : : Bn+1 in the n dimensional
Euclidian space En. If the point M belongs to the simplex B1B2 : : : Bn+1,
then there exists a real numbers �1; �2; : : : ; �n+1 such that

��!
XM =

Pn+1
k=1 �k

��!
XBk

and �1 + � � �+ �n+1 = 1 for arbitrary point X.

Proof. Since the vectors
��!
MB1;

��!
MB2; : : : ;

��!
MBn+1 linearly dependent

there exists at least one is nonzero a real numbers �1; �2; : : : ; �n+1 such
that

(1) �1
��!
MB1 + �2

��!
MB2 + � � �+ �n+1

��!
MBn+1 = 0:

Since
��!
MBk =

��!
XBk �

��!
XM , from (1) we have

(�1 + �2 + � � �+ �n+1) �
��!
XM = �1

��!
XB1 + �2

��!
XB2 + � � �+ �n+1

��!
XBn+1:

� � � � � � � � � � � � �
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Finally we choose the desired real numbers such that

�k =
�k

�1 + �2 + � � �+ �n+1
for k 2 f1; 2; : : : ; n+ 1g. �

Lemma 2.2. Let us consider a simplex A1A2 : : : An+1 and the hyperplane
A1A2 : : : An in the n dimensional Euclidian space En. If we denote by
Vn; Vn�1 the volumes of the simplex and the hyperplane, respectively, then
Vn =

1
nVn�1h, where h is length of height from the vertex Ak+1 to the hy-

perplane A1A2 � � �An

Proof. We have:

Vn =

Z h

0

�
t

h

�n�1
Vn�1dt =

Vn�1
hn�1

Z h

0
tn�1dt =

Vn�1
hn�1

� h
n

n
=
1

n
Vn�1h:

�

Theorem 2.1. Let A = A1A2 � � �AnAn+1 be a simplex in the n dimensional
Euclidian space En, I be the center of inscribed sphere in this simplex. Let
B1; B2; � � � ; Bn be the points for which a hyperplane crossing the point I
intersecting with An+1A1; An+1A2; � � � ; An+1An, respectively. Then

1

An+1B1
+

1

An+1B2
+ � � �+ 1

An+1Bn
� 1

r
;

where r is the radius of inscribed sphere of A = A1A2 � � �An+1.

Proof. Let VA1���Ai�1Ai+1���An+1 = vi; i = 1; 2; � � � ; n+1. We know that I is
the center of mass the points v1A1; v2A2; � � � ; vn+1An+1. Hence

8X 2 En : �!XI =
n+1X
k=1

vkPn+1
i=1 vi

� ���!XAk

=
vn+1Pn+1
i=1 vi

� ����!XAn+1 +

Pn
i=1 viPn+1
i=1 vi

�
nX
k=1

vkPn
i=1 vi

� ���!XAk(2)

Let us denote by Q intersection of An+1I with the n� 1 dimensional hyper-
planeA1A2 � � �An. ThenQ will be the center of mass the points v1A1; v2A2; � � � ; vnAn.
Therefore

(3) 8X 2 En : ��!XQ =
nX
k=1

vkPn
i=1 vi

� ��!XAk

From (2) and (3) we have,

(4) 8X 2 En : �!XI = vn+1Pn+1
i=1 vi

� ��!XAn+1 +
Pn
i=1 viPn+1
i=1 vi

� ��!XQ

Let

����!
An+1Ak =

�!e k; k = 1; 2; � � � ; n and
An+1Ak
An+1Bk

=
1

bk
; k = 1; 2; � � � ; n; An+1Q

An+1I
=
1

b
.
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From (3) we have,
����!
An+1Q =

Pn
k=1

vkPn
i=1 vi

� ����!An+1Ak . Hence

����!
An+1I = b �

����!
An+1Q =

nX
k=1

bvkPn
i=1 vi

� ����!An+1Ak

=

nX
k=1

bvkPn
i=1 vi

� �!e k(5)

Since I belongs to the simplex B1B2 � � �Bn, by the Lemma 2.1 there exists
real numbers �1; �2; � � � ; �n such that

(6)
����!
An+1I =

nX
k=1

�k
����!
An+1Bk =

nX
k=1

�kbk
�!e k and �1 + �2 + � � �+ �n = 1

Since the basis is unique, also by (5) and (6) we have,8>>>>>>>>>><>>>>>>>>>>:

bv1Pn
i=1 vi

= �1b1

bv2Pn
i=1 vi

= �2b2

...
bvnPn
i=1 vi

= �nbn

,

8>>>>>>>>>><>>>>>>>>>>:

bv1
b1 �

Pn
i=1 vi

= �1

bv2
b2 �

Pn
i=1 vi

= �2

...
bvn

bn �
Pn
i=1 vi

= �n

Consequently,

bv1
b1 �

Pn
i=1 vi

+
bv2

b2 �
Pn
i=1 vi

+ � � �+ bvn
bn �

Pn
i=1 vi

= 1

, 1

b
=

v1Pn
i=1 vi

� 1
b1
+

v2Pn
i=1 vi

� 1
b2
+ � � �+ vnPn

i=1 vi
� 1
bn

, An+1Q

An+1I
=

v1Pn
i=1 vi

� An+1A1
An+1B1

+
v2Pn
i=1 vi

� An+1A2
An+1B2

+ � � �+ vnPn
i=1 vi

� An+1An
An+1Bn

(7)

From the other hand, from (4) we get,

(8)
An+1Q

An+1I
=

Pn+1
i=1 viPn
i=1 vi

Using (7) and (8) we have,Pn+1
i=1 viPn
i=1 vi

=
1Pn
i=1 vi

�
nX
k=1

vk �
An+1Ak
An+1Bk

,
n+1X
i=1

vi =
nX
k=1

vk �
An+1Ak
An+1Bk

(9)

If hk is length of height from the vertexAk to the polytopeA1 � � �Ak�1Ak+1 � � �An+1,
then An+1Ak � hk; k = 1; 2; � � � ; n: Applying the last inequality to (9) and
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by the Lemma 2.2 we have
n+1X
i=1

vi �
nX
k=1

vkhk
An+1Bk

=

nX
k=1

nV

An+1Bk

,
nX
k=1

1

An+1Bk
�
Pn
i=1 vi
nV

=
1

r
;

where V is the volume of the simplex A1A2 � � �AnAn+1. The proof is com-
pleted. �
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