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ABOUT THE ANGLE BISECTOR
IN A TRIANGLE

OVIDIU T. POP and RODICA D. POP

Abstract. In this paper we present some results for internal and external
angle bisectors of a triangle.

1. Introduction

For a given triangle ABC, we assume that A;B;C denote the measure
of its angles, AB = c, BC = a, CA = b, wa, wb, wc, w0a, w

0
b, w

0
c denote the

lengths of internal, respectively external bisector corresponding to the side
a; b and c.
The following results are well-known.

Lemma 1.1. Let ABC be a triangle, D 2 BC and
DB

DC
= k.

(i) If D 2 [BC) (Figure 1), then DB =
k

k + 1
a and DC =

1

k + 1
a.

(ii) If B 2 (DC) (Figure 2), then DB =
k

1� k a and DC =
1

1� k a.

(iii) If C 2 (BD) (Figure 3), then DB =
k

k � 1 a and DC =
1

k � 1 a.

Figure 1 Figure 2 Figure 3
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Lemma 1.2. Let ABC be a triangle, [AD, [AD0 the internal, respectively
external bisector of the angle A, D;D0 2 BC.
Then, the following identities

(1) DB =
ac

b+ c
; DC =

ab

b+ c

and

(2) D0B =
ac

jb� cj ; D
0C =

ab

jb� cj (in the condition that b 6= c)

hold.

Lemma 1.3. In the triangle ABC we have

(3) w2a = bc�
a2bc

(b+ c)2
= bc�DB �DC;

(4) w02a =
a2bc

(b� c)2 � bc = D
0B �D0C � bc; (in the condition that b 6= c)

where [AD, [AD0 are the lengths of internal, respectively external bisector
of the angle A and D;D0 2 BC.

Theorem 1.1. Let ABC be a triangle.
(i) If D 2 (BC), then [AD is the internal bisector of angle A if and only

if
DB

DC
=
AB

AC
.

(ii) If D0 2 BCn[BC], then [AD0 is the external bisector of angle A if

and only if
D0B

D0C
=
AB

AC
.

2. Main results

Theorem 2.1. Let ABC be a triangle such that AB 6= AC.
(i) If D 2 (BC), then [AD is the internal bisector of angle A if and only

if

(5) AD2 = AB �AC �DB �DC:

(ii) If D0 2 BCn[BC], then [AD0 is the external bisector of angle A if
and only if

(6) AD02 = D0B �D0C �AB �AC:

Proof. (i) If [AD is the internal bisector of angle A, by taking (3) into
account, identity from (5) follows. Reciprocally, we assume that D 2 (BC)
and (5) hold (Figure 4).
By using Stewart�s Theorem, we have

AD2 �BC = AB2 �DC +AC2 �DB �DB �DC �BC;

equivalent with AD2 =
AB2

BC
�DC +

AC2

BC
�DB �DB �DC.
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Figure 4

If we note
DB

DC
= k and taking Lemma 1.1, point (i), into account we obtain

(7) AD2 =
c2

k + 1
+

b2k

k + 1
�DB �DC:

From (5) and (7) it results that
c2

k + 1
+

b2k

k + 1
= bc, i.e. (b� c)(bk � c) = 0.

Because AB 6= AC, we obtain that k =
c

b
, equivalent with

DB

DC
=
AB

AC
.

Applying Theorem 1.1, point (i), it results that [AD is the internal bisector
of angle A.
(ii) If [AD0 is the external bisector of angle A, by taking (4) into account,

the identity from (6) follows.
Reciprocally, we assume that D0 2 BCn[BC] and (6) hold. We suppose,

in addition that AB < AC (Figure 4). By using Stewart�s Theorem we have

AD02 �BC = AB2 �D02 �D0B +D0B �D0C �BC;
i.e.

AD02 = D0B �D0C +
AB2

BC
�D0C �

AC2

BC
�D0B:

If we note
D0B

D0C
= k and by taking Lemma 1.1, point (ii) into account, we

obtain

(8) AD02 = D0B �D0C + c2

1� k �
b2k

1� k :

From (6) and (8) it results that
c2

1� k�
b2k

1� k = �bc, i.e. (b+c)(bk�c) = 0,

from where k =
c

b
, so

D0B

D0C
=
AB

AC
:

Applying Theorem 1.1, point (ii), it results that [AD0 is the external bisector
of angle A. If AB > AC, the proof is similar.

Lemma 2.1. Let ABC be an isosceles triangle, AB = AC.
If D 2 [BC], then

(9) AD2 = AB �AC �DB �DC:
If D0 2 BCn[BC], then

(10) AD02 = D0B �D0C +AB �AC:



86 Ovidiu T. Pop and Rodica D. Pop

Proof. By applying Stewart�s Theorem and by taking that AB = AC, the
proof is immediate.

Remark 2.1. By taking Lemma 2.1 into account, it results that if AB =
AC, relation (5) holds

Remark 2.2. The external bisector of angle A exists if and only if AB 6=
AC:
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