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ON SPECIAL INGARDEN MECHANICAL SYSTEM

OTILIA LUNGU and VALER NIMINET

Abstract. In this paper we give a description of a particular case of
Finslerian Mechanical System, called Special Ingarden Mechanical System,
endowed with a special nonlinear connection.We determine the local coeffi-
cients of the canonical metrical d-connection.

1. INTRODUCTION

Let M be an n-dimensional C* manifold. Denote by (TM,7, M) the
tangent bundle of M .We consider a function F' : TM — R, verifying the
following axioms:

i) F' is a differentiable function on TM = T'M — {0} and F continuous on
the null section of the projection 7 : TM — M, .
ii) F is positively 1- homogeneous with respect to the variables y*;

iii)V (z,y) € TM the Hessian of F? with respect to y* ,with the elements
gij (z,y) = %% is positive defined and nondegenarate.

The space F" = (M, F (x,y)) is called a Finsler space, F' is the funda-
mental function and g;; (x,y) is the fundamental tensor field of the space
F.

Let F (z,y) = a(x,y) + B (x,y) be a particular case of the fundamental
function of the space F",where a(z,y) = \/ai;j (z)y'y? is a Riemannian
metric and 3 (z,y) = b; (z) y' is a 1-form. If we consider N the Lorentz non-
linear connection introduced by R. Miron[9] we obtain a particular case of
Finsler space called Ingarden space. Insteed of N we consider a new special
nonlinear connection N* constructed from N , a given Lorentz nonlinear

connection and we define a Special Ingarden Space, denoted ST*.
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We construct a 4-uple ) g7 = (M, F2,N*,Fe) where M is the config-
uration space, F'(z,y) = a(z,y) + B (x,y) is the fundamental function of
the Ingarden space, N* is the special nonlinear connection and Fe are the
external forces.

2. INGARDEN SPACES

Let F™" = (M, F (x,y))be a Finsler space with the fundamental function

F(z,y) = a(z,y) + B(z,y) where a(z,y) = \/ai; (x) y'y/ and B (z,y) =
bi () y" 5 a = a;j (v) de'dz’? is a Riemannian metric on M and it gives the
gravitational part of the metric F; b; (x) is an electromagnetic covector on
M and B (z,dx) = b; (z) dz® is the electromagnetic 1-form field on M.

We consider the integral of action of the Lagrangian F? (z,y) along a
curve c: t € [0,1] — ¢(t) € M:

(2.1) I(c):/01F2 (x,éf)dt:/ol [a(ﬂc,ﬁ)—l—ﬁ(l‘,iz)rdt

The variational problem for I (¢) leads to the Euler-Lagrange equations:

da+p)? do(a+p)? dat
2.2 E; (F?) = KAk =0,y = —.
(2:2) ( ) ozt dt oy 4 dt
The energy of F? is
,OF?
(2.3) Ep2 =Y oy F2.

The covector field E; (FQ) is expressed by

do O
(2.4) E; (F?) = E; (@®) 4+ 2aE; (B) + 2% oy
Theorem 2.1. The Euler-Lagrange equations (1.2) are equivalent to the
Lorentz equations:

d*z’ ~ dad dz® °  dx?
2.5 - A -~ — qF! -
( ) d82 + 7]]{,‘ ("’U) ds dS « J (:C) ds Y
where Fji(x) = a"“Fy (z) and 7}/& are the Christoffel symbols of the Rie-
mannian metric tensor a;; ().
The Euler-Lagrange equations E; (F 2) = 0 determines a canonical semi-
spray S on the total space of the tangent bundle :

9 9
2. =y — [
(2:6) 5=y oxt G oy’

with the coefficients
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(2.7) 2G" (,y) = Vi, (@) y7y* — F} (z) 9.

Now we consider the nonlinear connection N with the coefficients

(2.8) N} =iy (2) g — F ().

where F; () = %F; (x).

Since the autoparallel curves of N are given by the Lorentz equations
(2.5), we call it the Lorentz nonlinear connection of the metric (o + 3).

The nonlinear connection N determines the horizontal distribution, de-
noted by N too, with the property T, 7M = N, & V,,,Vu € TM,V,, being
the natural vertical distribution on the tangent manifold T'M.

The adapted basis to N is ( g 2 ) with
1= n

ozt Oyt

geeey

I B, R, o L9 5 .0
(2.9) dxt Ozt oyt Oxt Yis ()Y oy T oyk 5:1:’+ L Oyk’
where
59 ... .0
(2.10) Sz Oz —7is (2)y 87y’“

The adapted cobasis to N is (dmi, 5yi)i:1 ,, With

ceey

(2.11) 6y' =dy' + N;dl‘j =dy' + yék (z) yFda’ — F]?dxj =5y — F}d:vj,

where
(2.12) Syl =dy' + ’yé-k (z) y*da?
The weakly torsion of N is

N oNj

The integrability tensor of N is

. 6Ni  §Ni
2.14 L= —t — —%
(2.14) Bji dxk I
Definition 1. The Finsler space F" = (M,F = o+ f3) equipped with the
Lorentz nonlinear connection N is called an Ingarden space. It is denoted
IF™.
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The fundamental tensor g;; of IF™ is given by

F .
(2.15) 9i3 = — (aij = Lilj) + Lil;
7 Oa _ OF 7
Whereli—a“l oy , =1+ b;.

The following results holds [ 9 |.

Theorem 2.2. There exists an unique N-metrical connection IT (N) =

(F}k, C]Zk> of the Ingarden space IF" which verifies the following axioms:

i) T}, = 0; Sy = 0.
The connection IT (N) has the coefficients expressed by the generalized Christof-
fel symbols:

i1 09sj | 6gs 49j
(2.16) Fj = 3" (5 + 0 - 3)
' Ci, = 14g° (3933 + %gsk %%k)
J Y y°
where % are given by (2.9).

3. SPECIAL INGARDEN SPACES

Let IF™ be an Ingarden space and N the Lorenz nonlinear connection
with the coefficients given by (2.11). Insteed of N we now consider a new

*
nonlinear connection N [8] with the coefficients

(3.1) Nl N4 A

ll||l

where denote the covarlant differentiation with respect to IT ( N ) .

3
The nonlinear connection N determines the horizontal distribution, de-

noted by N too, with the property T,,TM = N, ®V,, ,YVu € TM , V,, being
the natural vertical distribution on the tangent manifold T'M.

*
The local adapted basis to the horizontal and vertical vector spaces N, and

V., is given by ( ) k=1,...,n , where

8xk? dyk
(3.2)
5 o a9 9 o  Fpy 0
o - 9 Nt YL _ 9 _Nr _
Sk oxk Foyr T ok oy F oy

o Fry" 0 ) , 0 Fry"™ 0
= — — = — Fk —
oy" F oy"

dxk F oy §zF

5 (wr FW 0
= w*(Fk‘ F )ayr
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o

and &fzk are given by (2.10).
The adapted cobasis to N is (dwi, gyf), i =1,...,n with
(3.3)
i i i i i By
0y' = dy'+ Njda) =dy' + Njda’ + dej
Fy'

= dy' + 7§'k (z) yFda? — F;da:j + da’

o . R T .
~ iy (-

where dy’are given by (2.12).

F

Definition 2. The Finsler space F™ = (M,« + ) equipped wih the special
*

nonlinear connection N is called a Special Ingarden space. It is denoted

SI*F".
Theorem 3.1. There exists an unique N- metrical connection IT (N) =

(F;k, C]’k> of the Ingarden space I F™ which satisfies the following axioms:

i) V*ngij = 0;’ VY gij = 0;

i) Th=0; S%,= 0.

The connection If ]*\}> has the coefficients expressed by the generalized
Christoffel symbols

(3.4)

Fiy = 39 (‘?H‘ng’“ - ‘}")

Gy = b (Gt + % - %)
where §§:i are given by ( 3.2 ). From a direct calculation we get
(3.5)

* . .
7 — "
ij _ij
* . .
(el
Ciyp =Ci,

4. SPECIAL INGARDEN MECHANICAL SYSTEMS

For a manifold M, that is the configuration space , let us consider the
tangent bundle T'M to which we refer to as the velocity space. Suppose that

there is a metric F = a + 8 on TM and F; (x,y)dz’ is a globally defined
d-covector field on the velocity space.
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Definition 3. A special Ingarden Mechanical System is a 4-uple Y g =
* *
(M, (o + 8)? ,N,F€> with N the special nonlinear connection ( 3.1 ) and

0
oyt
the external forces given as a vertical vector field on T'M.

One consider Fj (z,y) = gi; F? (x,y) the covariant components of the exter-
nal forces F.,.

(4.1) F,=F'(z,y)

Theorem 4.1. [10] For the special Ingarden mechanical system Y ¢;. =
(M, (a+ ﬁ)2 ,IN*, Fe> the following properties hold good:

i) The operator S defined by

i 0 o1\ 0
(4.2) S=y 55— (2(; —2F> oy

is a vector field, global defined on the phase space T M.

ii) S is a semispray which depends only on ) ¢ and it is a spray if F, are
2-homogeneous with respect to y'.

iit) The integral curves of the vector field S are the evolution curves given
by the Lagrange equations of Y gys:

d%a . de\ dad de® 1 dz
4.3 — + I — | ———=-F — .
(43) g Tk (”s dt) a2 <x dt>
SI*
The semispray S (4.2) has the coefficients G*expressed by

SI* * *
: 1 : . 1 .
(4.4) 2G" =2G" — iFl (z,y) = 1% (z,9) Yyt — §Fl (x,y).

SI*
Thus, the canonical nonlinear connection N of the special Ingarden me-

chanical system ) ¢ .has the coefficients

SI*
SI* ; * ;
. 0G" . 10F"
4. Nt = _—N'_Z .
(4.5) T Oyl T4 0yd

SI*
This nonlinear connection /N determines a direct decomposition of the tan-

gent space T'M into horizontal and vertical subspaces:

- SI* -
T,TM = N, ® V,,Yu € TM.

SI*
A local adapted basis to these decomposition is <55x“ aayi) where

i=1,n
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SI*

s o S 9 o X 0 10FI 9
(4.6) ozt Ox’ Toyl  Oxt 7 Oy + 4 Oyt OyJ

o SIr
The adapted cobasis is <dm1, ) y’) with
i=1n
Sr .o i P i 1 0F" I
SI* SI*

43

19F7 9

5 10y oy

10F" .
— ———da’.
4 Oyl “

We determine the torsion T;k and the curvature Rz- kof the canonical connec-

tion by a direct calculation:

s sr- s
I* 9ON! HN?
Yy )
(4.9)
N SI*SIT* S1*SI* * . * .
s SN AN g 1 Gor G o
Tk Sk dxi IR 4\ dxk oy Sad Byk
SI*

Now we determine a canonical N - linear connection SI*T°

metric with respect to g;;.
STI* SI*

1

(

OF7 ON}  QF* ONj

Yk Ayl Ayl dyk

s1* sI* SI*
N> = | Fi. Ciy | -

We denote V# and VV the h- and v- covariant derivative with respect to

SI*
srr (W)

ST* sr*

- 5 g SI SI*
J— V) S . s .
Vi 9ij = —szr- — Fij9si — F39si
SI* SI* SI*

VvV __ 99
Vi 9ij = 3,0 — Cinsi — Ciisi

The tensor g;;j is covariant with respect to SI *F(

SI* SI* SI*
Vngij = 0 and V,‘C/gij = 0 and we say that SI*T <N

SI*
N

>if and only if

SI*

is a metrical N -

linear connection of the mechanical system ) ¢;. . The h- and v- torsions of

SI*
SI*T <N> are

s+ Sr SI*
7 _ 7 7
Tj), = Iy, — Iy
aln
siSI o sr
(3 — ? 1
S, = Ciy — Cl.
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SI*
Theorem 4.2. Let Y g5 = (M, (o + )2, N,Fe> be a special Ingar-

SI*
den mechanical system and N the canonical nonlinear connection of Y ..

SI*
There exists an unique d-connection ST*T’ <N> determined by the following

axioms:
SI* SI*
Z) Vk gZ] _0 ngzj O
STI* SI*

i) Tj=0; 8= 0.

We call this connection the canonical metrical d-connection of > gy«.

Theorem 4.3. The local coefficients of the canonical metrical d-connection

of > g-are

Sr* Sé* SI* Sg*

i 1 s 9sj S gsk _ 9jk
Fj =239 dxk + oxd dxs
SI*
T agsg + 8gsk o 8gjk
jk— 29 oyJ oy*®

In order to calculate these coefficients we take account of (3.5) and we get

(4.10)

5953
daxk

(4'11) vk gsj + F! sk9ij + F;kgsi-

and from (4.6) we obtain

SI*

0 gsj __ 19F7 9
5xk] vk gsj + Fi sk9ij + F! jkIsi + 1 9yF Dyi

Now we can state

Theorem 4.4. The canonical metrical d-connection of ) gs.has the coef-
ficients

(4.12)
5 1 H H H 1 OFh 89 9Fh 9
F]lk Fz zs <V gZJ +V Jsk — Vs gjk) +ngs< 9] + 8y] 8!;sk —
SI*
Cci=Ct,
J JR®

Using the geometrical theory of the special Ingarden mechanical systems
we can write the generalized Maxwell equations for the electromagnetic fields

Of ZSI* .

AFh 995k
oys oyh

)
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