
INTERNATIONAL JOURNAL OF GEOMETRY
Vol. 2 (2013), No. 2, 37 - 45

ON SPECIAL INGARDEN MECHANICAL SYSTEM

OTILIA LUNGU and VALER NIMINEŢ

Abstract. In this paper we give a description of a particular case of
Finslerian Mechanical System, called Special Ingarden Mechanical System,
endowed with a special nonlinear connection.We determine the local coe¢ -
cients of the canonical metrical d-connection.

1. Introduction

Let M be an n-dimensional C1 manifold. Denote by (TM; �;M) the
tangent bundle of M .We consider a function F : TM ! R+ verifying the
following axioms:

i) F is a di¤erentiable function on
�
TM = TM � f0g and F continuous on

the null section of the projection � : TM !M ;
ii) F is positively 1- homogeneous with respect to the variables yi;

iii)8 (x; y) 2
�
TM the Hessian of F 2 with respect to yi ;with the elements

gij (x; y) =
1
2
@2F 2

@yi@yj
is positive de�ned and nondegenarate.

The space Fn = (M;F (x; y)) is called a Finsler space, F is the funda-
mental function and gij (x; y) is the fundamental tensor �eld of the space
Fn:
Let F (x; y) = � (x; y) + � (x; y) be a particular case of the fundamental

function of the space Fn;where � (x; y) =
p
aij (x) yiyj is a Riemannian

metric and � (x; y) = bi (x) yi is a 1-form. If we consider N the Lorentz non-
linear connection introduced by R. Miron[9] we obtain a particular case of
Finsler space called Ingarden space. Insteed of N we consider a new special
nonlinear connection N� constructed from N , a given Lorentz nonlinear
connection and we de�ne a Special Ingarden Space, denoted SI�.
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We construct a 4-uple
P
SI� =

�
M;F 2; N�; F e

�
where M is the con�g-

uration space, F (x; y) = � (x; y) + � (x; y) is the fundamental function of
the Ingarden space, N� is the special nonlinear connection and Fe are the
external forces.

2. Ingarden Spaces

Let Fn = (M;F (x; y))be a Finsler space with the fundamental function
F (x; y) = � (x; y) + � (x; y) where � (x; y) =

p
aij (x) yiyj and � (x; y) =

bi (x) y
i ; a = aij (x) dx

idxj is a Riemannian metric on M and it gives the
gravitational part of the metric F ; bi (x) is an electromagnetic covector on
M and � (x; dx) = bi (x) dxi is the electromagnetic 1-form �eld on M .

We consider the integral of action of the Lagrangian F 2 (x; y) along a
curve c : t 2 [0; 1]! c (t) 2M :

(2.1) I (c) =

Z 1

0
F 2
�
x;
dx

dt

�
dt =

Z 1

0

�
�

�
x;
dx

dt

�
+ �

�
x;
dx

dt

��2
dt

The variational problem for I (c) leads to the Euler-Lagrange equations:

(2.2) Ei
�
F 2
�
:=
@ (�+ �)2

@xi
� d

dt

@ (�+ �)2

@yi
= 0; yi =

dxi

dt
:

The energy of F 2 is

(2.3) "F 2 = y
i@F

2

@yi
� F 2:

The covector �eld Ei
�
F 2
�
is expressed by

(2.4) Ei
�
F 2
�
= Ei

�
�2
�
+ 2�Ei (�) + 2

d�

dt

@�

@yi
:

Theorem 2.1. The Euler-Lagrange equations (1.2) are equivalent to the
Lorentz equations:

(2.5)
d2xi

ds2
+ 
ijk (x)

dxj

ds

dxk

ds
= �

�
F ij (x)

dxj

ds
;

where
�
F ij (x ) = a

isFsj (x ) and 
ijk are the Christo¤el symbols of the Rie-
mannian metric tensor aij (x).
The Euler-Lagrange equations Ei

�
F 2
�
= 0 determines a canonical semi-

spray S on the total space of the tangent bundle :

(2.6) S = yi
@

@xi
� 2Gi @

@yi

with the coe¢ cients
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(2.7) 2Gi (x; y) = 
ijk (x) y
jyk �

�
F ij (x) y

j :

Now we consider the nonlinear connection N with the coe¢ cients

(2.8) N i
j = 


i
jk (x) y

k � F ij (x) :

where F ij (x) =
1
2

�
F ij (x) :

Since the autoparallel curves of N are given by the Lorentz equations
(2.5), we call it the Lorentz nonlinear connection of the metric (�+ �).
The nonlinear connection N determines the horizontal distribution, de-

noted by N too, with the property TuTM = Nu � Vu;8u 2 TM;Vu being
the natural vertical distribution on the tangent manifold TM .

The adapted basis to N is
�
�
�xi
; @
@yi

�
i=1;:::;n

with

(2.9)
�

�xi
=

@

@xi
�Nk

i

@

@yk
=

@

@xi
�
kis (x) ys

@

@yk
+F ki

@

@yk
=

�
�

�xi
+F ki

@

@yk
;

where

(2.10)

�
�

�xi
=

@

@xi
� 
kis (x) ys

@

@yk

The adapted cobasis to N is
�
dxi; �yi

�
i=1;:::;n

with

(2.11) �yi = dyi +N i
jdx

j = dyi + 
ijk (x) y
kdxj � F ijdxj =

�
� yi � F ijdxj ;

where

(2.12)
�
� yi = dyi + 
ijk (x) y

kdxj

The weakly torsion of N is

(2.13) T ijk =
@N i

j

@yk
� @N

i
k

@yj
= 0:

The integrability tensor of N is

(2.14) Rijk =
�N i

j

�xk
� �N

i
k

�xj
:

De�nition 1. The Finsler space Fn = (M;F = �+ �) equipped with the
Lorentz nonlinear connection N is called an Ingarden space. It is denoted
IFn:
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The fundamental tensor gij of IFn is given by

(2.15) gij =
F

�
(aij � ~li~lj) + lilj

where ~li = @�
@yi
, li = @F

@yi
, li = ~li + bi.

The following results holds [ 9 ].

Theorem 2.2. There exists an unique N -metrical connection I�
�
N
�
=�

F ijk; C
i
jk

�
of the Ingarden space IFn which veri�es the following axioms:

i) rHk gij = 0; rVk gij = 0;
ii) T ijk = 0; S

i
jk = 0.

The connection I�
�
N
�
has the coe¢ cients expressed by the generalized Christof-

fel symbols:

(2.16)

8<: F ijk =
1
2g
is
�
�gsj
�xk

+ �gsk
�xj

� �gjk
�xs

�
Cijk =

1
2g
is
�
@gsj
@yk

+ @gsk
@yj

� @gjk
@ys

�
where �

�xi
are given by (2.9).

3. Special Ingarden Spaces

Let IFn be an Ingarden space and N the Lorenz nonlinear connection
with the coe¢ cients given by (2.11). Insteed of N we now consider a new

nonlinear connection
�
N [8] with the coe¢ cients

(3.1)
�
N i
j = N

i
j +

Fjjy
i

F ;

where "j" denote the covariant di¤erentiation with respect to I�
�
N
�
:

The nonlinear connection
�
N determines the horizontal distribution, de-

noted by
�
N too, with the property TuTM =

�
Nu� Vu , 8u 2 TM , Vu being

the natural vertical distribution on the tangent manifold TM .

The local adapted basis to the horizontal and vertical vector spaces
�
Nu and

Vu is given by
� �

�
�xk
; @
@yk

�
; k = 1; :::; n , where

(3.2)
�
�

�xk
=

@

@xk
�

�
N r
k

@

@yr
=

@

@xk
�N r

k

@

@yr
�
Fjky

r

F

@

@yr

=
�

�xk
�
Fjky

r

F

@

@yr
=

�
�

�xk
+ F rk

@

@yr
�
Fjky

r

F

@

@yr

=

�
�

�xk
+

�
F rk �

Fjky
r

F

�
@

@yr
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and
�
�
�xk

are given by (2.10).

The adapted cobasis to N is
�
dxi;

�
�yi
�
, i = 1; :::; n with

(3.3)

�yi = dyi +
�
N i
jdx

j = dyi +N i
jdx

j +
Fjjy

i

F
dxj

= dyi + 
ijk (x) y
kdxj � F ijdxj +

Fjjy
i

F
dxj

=
�
�yi �

 
F ij �

Fjjy
i

F

!
dxj

where
�
�yiare given by (2.12).

De�nition 2. The Finsler space Fn = (M;�+ �) equipped wih the special

nonlinear connection
�
N is called a Special Ingarden space. It is denoted

SI�Fn:

Theorem 3.1. There exists an unique
�
N - metrical connection I

�
�

�
�
N

�
=� �

F ijk;
�
Cijk

�
of the Ingarden space IFn which satis�es the following axioms:

i)
�

rHk gij = 0;
�

rVk gij = 0;

ii)
�

T ijk= 0;
�

Sijk= 0.

The connection I
�
�

�
�
N

�
has the coe¢ cients expressed by the generalized

Christo¤el symbols
(3.4) 8><>:

�
F ijk =

1
2g
is

� �
�gsj
�xk

+
�
�gsk
�xj

�
�
�gjk
�xs

�
�
Cijk =

1
2g
is
�
@gsj
@yk

+ @gsk
@yj

� @gjk
@ys

�
where

�
�
�xi

are given by ( 3.2 ). From a direct calculation we get
(3.5) 8<:

�
F ijk =F

i
jk

�
Cijk =C

i
jk

4. Special Ingarden Mechanical Systems

For a manifold M , that is the con�guration space , let us consider the
tangent bundle TM to which we refer to as the velocity space. Suppose that

there is a metric F = � + � on
~

TM and Fi (x; y) dxi is a globally de�ned
d-covector �eld on the velocity space.
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De�nition 3. A special Ingarden Mechanical System is a 4-uple
P
SI� =�

M; (�+ �)2 ;
�
N;Fe

�
with

�
N the special nonlinear connection ( 3.1 ) and

(4.1) Fe = F
i (x; y)

@

@yi

the external forces given as a vertical vector �eld on TM .
One consider Fi (x; y) = gijF j (x; y) the covariant components of the exter-
nal forces Fe.

Theorem 4.1. [10] For the special Ingarden mechanical system
P
SI� =�

M; (�+ �)2 ; N�; Fe
�
the following properties hold good:

i) The operator S de�ned by

(4.2) S = yi
@

@xi
�
 
2
SI�

Gi � 1
2
F i

!
@

@yi

is a vector �eld, global de�ned on the phase space TM .
ii) S is a semispray which depends only on

P
SI� and it is a spray if Fe are

2-homogeneous with respect to yi.
iii) The integral curves of the vector �eld S are the evolution curves given
by the Lagrange equations of

P
SI�:

(4.3)
d2xi

dt2
+

�
�ijk

�
x;
dx

dt

�
dxj

dt

dxk

dt
=
1

2
F i
�
x;
dx

dt

�
:

The semispray S (4.2) has the coe¢ cients
SI�

Gi expressed by

(4.4) 2
SI�

Gi = 2
�
Gi � 1

2
F i (x; y) =

�
�ijk (x; y) y

jyk � 1
2
F i (x; y) :

Thus, the canonical nonlinear connection
SI�

N of the special Ingarden me-
chanical system

P
SI�has the coe¢ cients

(4.5)
SI�

N i
j =

@
SI�

Gi

@yj
=

�
N i
j �

1

4

@F i

@yj
:

This nonlinear connection
SI�

N determines a direct decomposition of the tan-

gent space
~
TM into horizontal and vertical subspaces:

Tu
~
TM =

SI�

Nu � Vu;8u 2
~
TM:

A local adapted basis to these decomposition is

 
SI�
�
�xi
; @
@yi

!
i=1;n

where
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(4.6)

SI�

�

�xi
=

@

@xi
�
SI�

N i
j

@

@yj
=

@

@xi
�

�
N i
j

@

@yj
+
1

4

@F j

@yi
@

@yj
=

�
�

�xi
+
1

4

@F j

@yi
@

@yj
:

The adapted cobasis is
�
dxi;

SI�

� yi
�
i=1;n

with

(4.7)
SI�

� yi = dyi +
SI�

N i
jdx

j = dyi +
�
N i
jdx

j � 1
4

@F i

@yj
dxj =

�
�yi � 1

4

@F i

@yj
dxj :

We determine the torsion
SI�

T ijk and the curvature
SI�

Rijkof the canonical connec-
tion by a direct calculation:

(4.8)
SI�

T ijk =
@
SI�

N i
j

@yk
� @

SI�

N i
k

@yj
= 0:

(4.9)

SI�

Rijk =

SI�

�
SI�

N i
j

�xk
�
SI�

�
SI�

N i
k

�xj
=

�
Rijk�

1

4

0@ �
�

�xk
@F i

@yj
�

�
�

�xj
@F i

@yk

1A+1
4

0B@@F j
@yk

@
�
N i
j

@yj
� @F

k

@yj
@
�
N i
k

@yk

1CA :
Now we determine a canonical

SI�

N - linear connection SI��
�
SI�

N

�
=

 
SI�

F ijk;
SI�

Cijk

!
;

metric with respect to gij :

We denote
SI�

rH and
SI�

rV the h- and v- covariant derivative with respect to

SI��

�
SI�

N

�
:

SI�

rHk gij =
SI�
� gij
�xk

�
SI�

F sikgsj �
SI�

F sjkgsi
SI�

rVk gij =
@gij
@yk

�
SI�

Csikgsj �
SI�

Csjkgsi

The tensor gij is covariant with respect to SI��
�
SI�

N

�
if and only if

SI�

rHk gij = 0 and
SI�

rVk gij = 0 and we say that SI��
�
SI�

N

�
is a metrical

SI�

N -

linear connection of the mechanical system
P
SI� :The h- and v- torsions of

SI��

�
SI�

N

�
are

SI�

T ijk =
SI�

F ijk �
SI�

F ikj
and

SI�

Sijk =
SI�

Cijk �
SI�

Cikj :
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Theorem 4.2. Let
P
SI� =

�
M; (�+ �)2 ;

SI�

N ;Fe

�
be a special Ingar-

den mechanical system and
SI�

N the canonical nonlinear connection of
P
SI�.

There exists an unique d-connection SI��
�
SI�

N

�
determined by the following

axioms:

i)
SI�

rHk gij = 0;
SI�

rVk gij = 0;

ii)
SI�

T ijk= 0;
SI�

Sijk= 0.
We call this connection the canonical metrical d-connection of

P
SI�.

Theorem 4.3. The local coe¢ cients of the canonical metrical d-connection
of
P
SI�are

(4.10)

8>>><>>>:
SI�

F ijk=
1
2g
is

 
SI�
� gsj
�xk

+
SI�
� gsk
�xj

�
SI�
� gjk
�xs

!
SI�

Cijk=
1
2g
is
�
@gsj
@yk

+ @gsk
@yj

� @gjk
@ys

� :

In order to calculate these coe¢ cients we take account of (3.5) and we get

(4.11)

�
�gsj
�xk

=
�
rHk gsj + F iskgij + F ijkgsi:

and from (4.6) we obtain
SI�
� gsj
�xk

=
�
rHk gsj + F iskgij + F ijkgsi + 1

4
@F j

@yk
@
@yj
:

Now we can state

Theorem 4.4. The canonical metrical d-connection of
P
SI�has the coef-

�cients

(4.12)8>><>>:
SI�

F ijk=F
i
jk +

1
2g
is

� �
rHk gij +

�
rHj gsk �

�
rHs gjk

�
+1
8g
is
�
@Fh

@yk
@gsj
@yh

+ @Fh

@yj
@gsk
@yh

� @Fh

@ys
@gjk
@yh

�
SI�

Cijk=C
i
jk:

Using the geometrical theory of the special Ingarden mechanical systems
we can write the generalized Maxwell equations for the electromagnetic �elds
of
P
SI� :
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