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BERTRAND AND MANNHEIM PARTNER D-CURVES ON

PARALLEL SURFACES IN MINKOWSKI 3-SPACE

MEHMET ÖNDER and SEZAI KIZILTU¼G

Abstract. In this paper, by considering parallel surfaces we study Bertrand
and Mannheim partner D-curves in Minkowski 3-space E31 . We �nd the im-
ages of two curves which lie on two di¤erent surfaces and satisfy the condi-
tions to be Bertrand D-curve or Mannheim D-curve in E31 . Then we obtain
relationships between Bertrand and Mannheim partner D-curves and their
image curves.

1. Introduction

In local di¤erential geometry, the properties of a curve which is related
to another curve are interesting and fascinating subject of the curve theory.
The well-known examples of these curve pairs are Bertrand curves, involute-
evolute curves and Mannheim partner curves. These special curves have
been studied by many mathematicians in di¤erent spaces [3,4,5,6,11,13,17].
Moreover, some new de�nitions of special curve pairs have been given by
Kazaz and et all. They have given two new types of these curves which lie on
regular surfaces fully and called Bertrand partner D-curves and Mannheim
partner D-curves [7,8]. Using the Darboux frames of these curves they have
obtained characterizations of these new curve pairs. They have also con-
sidered the same special curve pairs in Minkowski 3-space and investigated
the di¤erent conditions according to the Lorentzian casual characters of the
curves and surfaces [9,10].
Moreover, analogue to the associated curves, similar relationships can

be constructed between regular surfaces. For example, a surface and an-
other surface which have constant distance with the reference surface along
its surface normal have a relationship between their parametric represen-
tations. Such surfaces are called parallel surface [2]. By this de�nition, it
is convenient to carry the points of a surface to the points of another sur-
face. Since the curves are the set of points, then the curves lying fully on a
reference surface can be carry to another surface.
� � � � � � � � � � � � �
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In this study, we consider the images of Bertrand and Mannheim partner
D-curves on parallel surfaces in Minkowski 3-space E31 . First, we obtain the
frames of image curves of these curve pairs on parallel surfaces. Then, we
investigate the relationships between reference curves and their images.

2. Preliminaries

Let E31 be a Minkowski 3-space with natural Lorentz Metric

h; i = �dx21 + dx22 + dx23;
where (x1; x2; x3) is a rectangular coordinate system of E31 . According

to this metric, in E31 an arbitrary vector ~v = (v1; v2; v3) can have one of
three Lorentzian causal characters; it can be spacelike if h~v;~vi > 0 or ~v = 0,
timelike if h~v;~vi < 0 and null (lightlike) if h~v;~vi = 0 and ~v 6= 0. Similarly, an
arbitrary curve ~� = ~�(s) is spacelike, timelike or null (lightlike), if all of its
velocity vectors ~�0(s) are spacelike, timelike or null (lightlike), respectively
[12]. We say that a timelike vector is future pointing or past pointing if the
�rst compound of the vector is positive or negative, respectively. For any
vectors ~x = (x1; x2; x3) and ~y = (y1; y2; y3) in E31 , the vector product of ~x
and ~y is de�ned by

~x� ~y = (x2y3 � x3y2; x1y3 � x3y1; x2y1 � x1y2):
A surface in the Minkowski 3-space E31 is called a timelike surface if the

induced metric on the surface is a Lorentz metric and is called a spacelike
surface if the induced metric on the surface is a positive de�nite Riemannian
metric, i.e., the normal vector on the spacelike (timelike) surface is a timelike
(spacelike) vector [1].
Let S be an oriented surface in E31 and let consider a non-null curve �(s)

lying fully on S. Since the curve �(s) is also in the space, there exists a
Frenet frame fT;N;Bg along the curve where T is unit tangent vector, N
is principal normal vector and B is binormal vector, respectively. Moreover,
since the curve �(s) lies on the surface S there exists another frame along the
curve �(s). This frame is called Darboux frame and denoted by fT; Y; Zg
which gives us an opportunity to investigate the properties of the curve
according to the surface. In this frame T is the unit tangent of the curve, Z
is the unit normal of the surface S along �(s) and Y is a unit vector given
by Y = �Z � T . Since the unit tangent T is common in both Frenet frame
and Darboux frame, the vectors N; B; Y and Z lie on the same plane. So
that the relations between these frames can be given as follows:
If the surface S is an oriented timelike surface, the relations between the

frames can be given as follows
If the curve �(s) is timelike24 TY

Z

35 =
24 1 0 0
0 cos' sin'
0 � sin' cos'

3524 TN
B

35 :
If the curve �(s) is spacelike
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24 TY
Z

35 =
24 1 0 0
0 cosh' sinh'
0 sinh' cosh'

3524 TN
B

35 :
If the surface S is an oriented spacelike surface, then the curve �(s) lying

on S is a spacelike curve. So, the relations between the frames can be given
as follows 24 TY

Z

35 =
24 1 0 0
0 cosh' sinh'
0 sinh' cosh'

3524 TN
B

35 :
In all cases, ' is the angle between the vectors Y and N [15,16].
According to the Lorentzian causal characters of the surface S and the

curve �(s) lying on S, the derivative formulae of the Darboux frame can be
changed as follows:
i) If the surface S is a timelike surface, then the curve �(s) lying on S

can be a spacelike or a timelike curve. Thus, the derivative formulae of the
Darboux frame of �(s) is given by

(1)24 T 0Y 0
Z 0

35 =
24 0 kg �"kn
kg 0 "tr
kn tr 0

3524 TY
Z

35 ; hT; T i = " = �1; hY; Y i = �"; hZ;Zi = 1:

ii) If the surface S is a spacelike surface, then the curve �(s) lying on S
is a spacelike curve. Thus, the derivative formulae of the Darboux frame of
�(s) is given by

(2)24 T 0Y 0
Z 0

35 =
24 0 kg kn
�kg 0 tr
kn tr 0

3524 TY
Z

35 ; hT; T i = 1; hY; Y i = 1; hZ;Zi = �1:

In these formulae kg; kn and tr are called the geodesic curvature, the
normal curvature and the geodesic torsion, respectively and the prime shows
the derivatives with respect to arc length s [15,16].
In the di¤erential geometry of surfaces, for a curve �(s) lying on a surface

S the followings are well-known, (See [14]),
i) �(s) is a geodesic curve , kg = 0,
ii) �(s) is an asymptotic line , kn = 0,
iii) �(s) is a principal line , tr = 0.

De�nition 2.1 ([10]). Let S and S1 be oriented surfaces in Minkowski 3-
space E31 and let consider the arc-length parameter curves �(s) and �1(s1)
lying fully on S and S1, respectively. Denote the Darboux frames of �(s)
and �1(s1) by fT; Y; Zg and fT1; Y1; Z1g, respectively. If there exists a cor-
responding relationship between the curves �(s) and �1 (s1) such that, at the
corresponding points of the curves, direction of the Darboux frame element
Y of �(s) coincides with direction of the Darboux frame element Y1 of �1(s1)
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then �(s) is called a Bertrand D-curve, and �1(s1) is a Bertrand partner
D-curve of �(s). Then, the pair f�; �1g is said to be a Bertrand D-pair.
If both the surface S and the curve �(s) lying on S are spacelike then,

there are two cases; �rst one is that both the surface S1 and the curve �1(s1)
fully lying on S1 are spacelike. In this case we say that the pair f�; �1g is a
Bertrand D�pair of the type 1. The second case is that both the surface S1
and the curve �1(s1) fully lying on S1 are timelike. Then the pair f�; �1g
is called a Bertrand D�pair of the type 2. If both the surface S and the
curve �(s) lying on S are timelike then, there are two cases; one is that both
the surface S1 and the curve �1(s1) fully lying on S1 are timelike. In this
case we say that the pair f�; �1g is a Bertrand D-pair of the type 3. The
other case is that both the surface S1 and the curve �1(s1) fully lying on
S1 are spacelike then the pair f�; �1g is a Bertrand D-pair of the type 4.
If the surface S is timelike and the curve �(s) lying on S is spacelike then
the surface S1 is timelike and the curve �1(s1) fully lying on S1 is spacelike.
In this case we say that the pair f�; �1g is a Bertrand D-pair of the type 5
[10].

De�nition 2.2 ([9]). Let S and S1 be oriented surfaces in Minkowski 3-
space E31 and let consider the arc-length parameter curves �(s) and �1(s1)
lying fully on S and S1, respectively. Denote the Darboux frames of �(s)
and �1(s1) by fT; Y; Zg and fT1; Y1; Z1g, respectively. If there exists a cor-
responding relationship between the curves �(s) and �1(s1) such that, at the
corresponding points of the curves, direction of the Darboux frame element
Y of �(s) coincides with direction of the Darboux frame element Z1 of �1(s1)
then �(s) is called a Mannheim D-curve, and �1(s1) is a Mannheim partner
D-curve of �(s). Then, the pair f�; �1g is said to be a Mannheim D-pair.

If both the surface S and the curve �(s) lying on S are spacelike then,
there are two cases; �rst one is that the surface S1 is a timelike surface and
the curve �1(s1) fully lying on S1 is spacelike. In this case we say that the
pair f�; �1g is a Mannheim D-pair of the type 1. The second one is that
both the surface S1 and the curve �1(s1) fully lying on S1 are timelike. In
this case we say that the pair f�; �1g is a Mannheim D�pair of the type 2.
If both the oriented surface S and �(s) lying on S are timelike then there are
two cases; one is that both the surface S1 and the curve �1(s1) fully lying
on S1 are timelike. In this case we say that the pair f�; �1g is a Mannheim
D-pair of the type 3. The other case is that the curve �1(s1) fully lying
on S1 is a spacelike curve. Then the pair f�; �1g is a Mannheim D-pair of
the type 4. If the curve �(s) lying on S is a spacelike curve then both the
surface S1 and the curve �1(s1) fully lying on S1 are spacelike. Then we say
that the pair f�; �1g is a Mannheim D-pair of the type 5 [9].

De�nition 2.3. Let S be an oriented surface in Minkowski 3-space E31
with unit normal Z. For any constant r in IR, let Sr is given by Sr =
ff(p) = p+ rZp : p 2 Sg : Thus if p is on S, then f(p) = p + rZp de�nes
a new surface Sr. The map f is called the natural map on S into Sr, and if
f is univalent, then Sr is a parallel surface of S with unit normal Z, such
that Zf(p) = Zp for all p on S.
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3. Bertrand Partner D-Curves on Parallel Surfaces in E31

In this section, by considering parallel surfaces we deal with the notion
of Bertrand partner D-curves in E31 . We will consider the Bertrand D-pair
of the type 3. The results of the other types can be obtained by using the
same procedures of this section. So, here in after when we talk about the
pair f�; �1g we will mean that f�; �1g is a Bertrand D-pair of the type 3
and the pair (S; Sr) is a parallel timelike surface pair in E31 .

Theorem 3.1. Let f�; �1g be a Bertrand D-pair of the type 3 and the pair
(S; Sr) be a parallel timelike surface pair in E31 . The curve �(s�) lying fully
on Sr be the image of the curve �(s) lying fully on S. Then the relationship
between the Darboux frames of �(s) and �(s�) is given as follows

(3)

24 T �Y �
Z�

35 =
26664

1+rknq
j(rtr)2�(1+rkn)2j

rtrq
j(rtr)2�(1+rkn)2j

0

� rtrq
j(rtr)2�(1+rkn)2j

� 1+rknq
j(rtr)2�(1+rkn)2j

0

0 0 1

37775
24 TY
Z

35 :
Proof. Let S and S1 be oriented timelike surfaces in Minkowski 3-space E31
and let consider arc-length parameter Bertrand partner D-curves �(s) and
�1(s1) lying fully on S and S1, respectively. Denote the Darboux frames
and invariants of �(s) and �1(s1) by fT; Y; Zg, kg; kn; tr and fT1; Y1; Z1g,
kg1 ; kn1 ; tr1 , respectively. Then from the de�nition of Bertrand partner
D-curves we have

(4) �1(s1) = �(s1)� �Y1(s1):

(See [10]). For the oriented timelike surfaces Sr and Sr1 assume that surface
pairs (S; Sr) and (S1; Sr1) are parallel surfaces in E

3
1 . Then from (4) the

images of the curves �(s) and �1(s1) on the surfaces Sr and Sr1 are given
by

(5) �(s�) = �(s) + rZ(s);

(6) �1(s�1) = �(s1)� �Y1(s1) + r1Z1(s1);

respectively. Denote the Darboux frames of �(s�) and �1(s�1) by fT
�; Y �; Z�g

and fT �1 ; Y �1 ; Z�1g, respectively. Di¤erentiating (5) with respect to s we have

(7)
d�

ds
=
d�

ds�

ds�
ds

= �0 (s) + rZ 0;

here s� is the arc length parameter of the curve �(s�). By considering
Darboux derivative formulae, from (7) it follows

(8) T �
ds�
ds

= (1 + rkn)T + rtrY;

which gives us

(9)
ds�
ds

=

r���(rtr)2 � (1 + rkn)2���:
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From (8) and (9) we have

(10) T � =
1r���(rtr)2 � (1 + rkn)2��� [(1 + rkn)T + rtrY ] :

The curve �(s�) can be timelike or spacelike. Then we have Y � = �Z � T �
and from (10) it is obtained that

(11) Y � =
�1r���(rtr)2 � (1 + rkn)2��� [rtrT + (1 + rkn)Y ] :

Then from (10) and (11) we obtain the matrix form given in (3). �
Theorem 3.2. Let the curves �(s) and �1(s1) lying fully on S and S1 re-
spectively, be Bertrand Partner D-curves of the type 3 and the pair (S1; Sr1)
be a parallel surface pair. If the curve �1(s�1) lying fully on Sr1 is the im-
age of the curve �1(s1) under the natural mapping f , then the relationship
between the Darboux frames of �1(s1) and �1(s�1) is given as follows,
(12)

24 T �1Y �1
Z�1

35 =
2666664

1+r1kn1r���(r1tr1)2�(1+r1kn1)2���
r1tr1r���(r1tr1)2�(1+r1kn1)2��� 0

r1tr1r���(r1tr1)2�(1+r1kn1)2���
(1+r1kn1 )r���(r1tr1)2�(1+r1kn1)2��� 0

0 0 1

3777775
24 T1Y1
Z1

35 :
Proof. From the di¤erentiation of (6) with respect to s1 it follows

(13)
d�1
ds1

=
d�1
ds�1

ds�1
ds1

=
d�

ds

ds

ds1
� �Y 01 + r1Z 01:

Since �(s) and �1(s1) are Bertrand partner D-curves of the type 3 we have

(14) T
ds

ds1
= (1 + �kg1)T1 � �tr1Z1;

(See [9]). Then substituting (14) in (13) it follows

(15) T �1
ds�1
ds1

= (1 + r1kn1)T1 + r1tr1Y1;

which gives us

(16)
ds�1
ds1

=

r���(r1tr1)2 � (1 + r1kn1)2���:
Thus (15) becomes

(17) T �1 =
1r���(r1tr1)2 � (1 + r1kn1)2��� [T1 (1 + r1kn1) + r1tr1Y1] :

Here �1(s�1) can be timelike or spacelike. Thus, we have Y
�
1 = �Z1 � T �1

and from (17) we get

(18) Y �1 = �
1r���(r1tr1)2 � (1 + r1kn1)2��� [r1tr1T1 + (1 + r1kn1)Y1] :
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Then from (17) and (18) we have the matrix form given in (12). �
Moreover, since �(s) and �1(s1) are Bertrand partner D-curves we have

(19)
ds

ds1
= �1 + �kg1

�tr1
:

Then from (9), (16) and (19) we have the following corollary:

Corrolary 3.1. Let the curves �(s) and �1(s1) lying fully on S and S1 re-
spectively, be Bertrand Partner D-curves and the pairs (S; Sr) and (S1; Sr1)
be parallel surface pairs. Then the relationship between arc length parameters
s�1 and s� is given by

(20) s�1 = �
Z vuuut

���(r1tr1)2 � (1 + r1kn1)2������(rtr)2 � (1 + rkn)2���
�tr1

1 + �kg1
ds�:

After these computations, we can give the following characterizations.
Here in after we assume that the curves �(s) and �1(s1) lying fully on
surfaces S and S1 respectively, are Bertrand Partner D-curves of the type 3,
the pairs (S; Sr) and (S1; Sr1) are parallel surface pairs, the curves �(s�) and
�1(s�1) are images of the curves �(s) and �1(s1) on Sr and Sr1, respectively.

Theorem 3.3. �(s) is a principal line on S if and only if �(s) and �(s�)
are Bertrand partner D-curves.

Proof. Let �(s) be a principal line on S. Then we have tr = 0 and from
(11) it follows Y � = �Y i.e., �(s) and �(s�) are Bertrand D-curves.
Conversely, if �(s) and �(s�) are Bertrand D-curves, then from (11) we

have tr = 0, i.e., �(s) is a principal line on S. �

Theorem 3.4. �1(s1) is a principal line on S1 if and only if �(s) and
�1(s�1) are Bertrand partner D-curves.

Proof. Let �1(s1) be a principal line on S1 i.e., tr1 = 0. Then from (18) we
have Y �1 = �Y . It means that �(s) and �1(s�1) are Bertrand D-curves in
E31 .
Conversely, if �(s) and �1(s�1) are Bertrand D-curves, then from (18) we

have tr1 = 0, i.e., �1(s1) is a principal line on S1. �

Theorem 3.5. �(s) is a principal line on S if and only if �1(s1) and �(s�)
are Bertrand partner D-curves.

Proof. Let �(s) be a principal line on S. Then we have tr = 0 and from
(11) we have Y � = �Y . Since �(s) and �1(s1) are Bertrand partner D-
curves we have Y = Y1. Then we obtain Y � = �Y1, i.e., �1(s1) and �(s�)
are Bertrand partner D-curves.
Conversely, if �1(s1) and �(s�) are Bertrand partner D-curves, by con-

sidering the condition that �(s) and �1(s1) are Bertrand partner D-curves,
from (11) it is obtained that tr = 0. Then �(s) is a principal line on S. �

Theorem 3.6. �1(s1) is a principal line on S1 if and only if �1(s1) and
�1(s�1) are Bertrand partner D-curves.
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Proof. If �1(s1) is a principal line on S1, i.e., tr1 = 0, then (18) gives us
Y �1 = �Y1. Then �1(s1) and �1(s�1) are Bertrand partner D-curves.
Conversely, if �1(s1) and �1(s�1) are Bertrand partner D-curves, then

from (18) we have tr1 = 0, i.e., �1(s1) is a principal line on S1. �

Theorem 3.7. �(s) and �1(s1) are principal lines on S and S1, respectively
if and only if �(s�) and �1(s�1) are Bertrand partner D-curves.

Proof. If �(s) and �1(s1) are principal lines on S and S1, respectively,
then tr = 0, tr1 = 0. In this case from (11) and (18) we have Y � = �Y
and Y �1 = �Y1, respectively. Since �(s) and �1(s1) are Bertrand partner
D-curves, Y = Y1. From the last two equalities we obtain that Y � = �Y �1
which means that �(s�) and �1(s�1) are Bertrand partner D-curves.
Let now �(s�) and �1(s�1) be Bertrand partner D-curves. Since �(s) and

�1(s1) are Bertrand partner D-curves, from (11) we have

(21) Y1 = �
1

1 + rkn

" r���(rtr)2 � (1 + rkn)2���!Y � � rtrT#
Substituting (21) in (18) gives

(22)

Y �1 = �
1r���(r1tr1)2 � (1 + r1kn1)2���

"
r1tr1T1 �

 r���(rtr)2 � (1 + rkn)2���!Y � � rtrT#

Since we assume �(s�) and �1(s�1) are Bertrand partner D-curves, from
(22) it is obtained that tr = 0, tr1 = 0, i.e., �(s) and �1(s1) are principal
lines on S and S1, respectively. �

Theorem 3.8. �(s) is both geodesic curve and principal line on S if and
only if �(s�) and �1(s�1) are Bertrand partner D-curves.

Proof. Let �(s) be both geodesic curve and principal line on S, i.e., kg =
tr = 0. Since � (s) and �1(s1) are Bertrand partner D-curves we have

(23) tr1 = (�kg sinh � + tr cosh �)
ds

ds1

(See [9]). Under the condition kg = tr = 0, from (23) and (24) we have
tr1 = kg1 = 0, i.e., �1(s1) is also a geodesic and a principal line on S1.
Then from Theorem 3.7, we have that �(s�) and �1(s�1) Bertrand partner
D-curves.
Conversely, if �(s�) and �1(s�1) are Bertrand partner D-curves, from

Theorem 3.7, �(s) and �1(s1) are principal lines on S and S1, respectively,
i.e., tr = 0, tr1 = 0. Then for the non-trivial case � 6= 0, from (23) we have
kg = 0. Then �(s) is both geodesic curve and principal line on S. �

Theorem 3.9. If �(s) is both geodesic curve and principal line on S then
�1(s1) and �1(s�1) are Bertrand partner D-curves.

Proof. Let �(s) be both geodesic curve and principal line on S. Then from
(23) and (24) we have tr1 = kg1 = 0. Then from (18) we have Y �1 = �Y1,
i.e., �1(s1) and �1(s�1) are Bertrand D-curves. �
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Theorem 3.10. If �(s) is both geodesic curve and principal line on S then
�(s) and �1(s�1) are Bertrand partner D-curves.

Proof. Let �(s) be both geodesic curve and principal line on S. Then
using (23) and (24) from (18) we have Y �1 = �Y1. Since �(s) and �1(s1) are
Bertrand patner D-curves, Y = Y1, and so we have Y �1 = �Y . �

4. Mannheim Partner D-Curves on Parallel Surfaces in E31

In this section, we deal with the notion of Mannheim partner D-curves
by considering parallel surfaces in E31 . Similar to the Bertrand case, we will
consider the Mannheim partner D-pairs of the type 3. The results of the
other types can be obtained by the same way of this section. So, when we
talk about the curve pair f�; �1g we will mean that f�; �1g is a Mannheim
partner D-pair of the type 3 in E31 .

Theorem 4.1. Let the curves �(s) and �1(s1) lying fully on S and S1 re-
spectively, be Mannheim partner D-curves of the type 3 and the pair (S1; Sr1)
be a parallel surface pair in E31 . If the curve �1(s�1) lying fully on Sr1 is the
image of �1(s1) under the natural mapping f , then the relationships between
the Darboux frames of �1(s1) and �1(s�1) are given as follows,
(24)

24 T �1Y �1
Z�1

35 =
2666664

1+r1kn1r���(r1tr1)2�(1+r1kn1)2���
r1tr1r���(r1tr1)2�(1+r1kn1)2��� 0

� r1tr1r���(r1tr1)2�(1+r1kn1)2��� � 1+r1kn1r���(r1tr1)2�(1+r1kn1)2��� 0

0 0 1

3777775
24 T1Y1
Z1

35 :
Proof. Let S and S1 be oriented timelike surfaces in 3-dimensional Minkowski
space E31 and let consider the arc-length parameter Mannheim partner D-
curves �(s) and �1(s1) lying fully on S and S1, respectively. Denote the
Darboux frames and invariants of �(s) and �1(s1) by fT; Y; Zg, kg; kn; tr
and fT1; Y1; Z1g, kg1 ; kn1 ; tr1 , respectively. Then from the de�nition of
Mannheim partner D-curves we have

(25) �1(s1) = �(s1)� �Z1(s1);
(See [9]). For the oriented timelike surfaces Sr and Sr1 assume that surface
pairs (S; Sr) and (S1; Sr1) are parallel surfaces. Then from (22) the images
of the curves �(s) and �1(s1) on the surfaces Sr and Sr1 are given by

(26) �(s�) = �(s) + rZ(s);

(27) �1(s�1) = �(s1) + (r1 � �)Z1(s1)
respectively. Denote the Darboux frames of �(s�) and �1(s�1) by fT

�; Y �; Z�g
and fT �1 ; Y �1 ; Z�1g, respectively. Di¤erentiating (27) with respect to s1 we
have

(28)
d�1
ds1

=
d�1
ds�1

ds�1
ds1

=
d�(s1)

ds

ds

ds1
+ (r1 � �)Z 01(s1):
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Similarly, di¤erentiating (25) with respect to s1 it follows

(29) T
ds

ds1
= (1 + �kn1)T1 + �tr1Y1:

Then substituting (29) in (28) it follows

(30) T �1
ds�1
ds1

= (1 + r1kn1)T1 + (r1tr1)Y1;

which gives us

(31)
ds�1
ds1

=

r���(r1tr1)2 � (1 + r1kn1)2���:
Thus (30) becomes

(32) T �1 =
1r���(r1tr1)2 � (1 + r1kn1)2��� [(1 + r1kn1)T1 + (r1tr1)Y1] :

In this case, �1
�
s�1
�
can be timelike or spacelike. Then we have Y �1 =

�Z1 � T �1 and from (32) we have

(33) Y �1 = � 1r���(r1tr1)2 � (1 + r1kn1)2��� [(r1tr1)T1 + (1 + r1kn1)Y1] :
Then from (32) and (33) we have the matrix form given in (24). Moreover,
since �(s) and �1(s1) are Mannheim partner D-curves we have

(34)
ds

ds1
=
1 + �kn1
�tr1

;

(See [9]). �
Then from (9), (31) and (34) we have the following corollary.

Corrolary 4.1. Let the curves �(s) and �1(s1) lying fully on S and S1
respectively, be Mannheim Partner D-curves of the type 3 and the pairs
(S; Sr) and (S1; Sr1) be parallel surface pairs. Then the relationship between
arc length parameters s�1 and s� is given by

(35) s�1 =

Z vuuut
���(r1tr1)2 � (1 + r1kn1)2������(rtr)2 � (1 + rkn)2���

�tr1
�kn1 + 1

ds�

After these computations, we can give the following characterizations.
Here in after we assume that the curves �(s) and �1(s1) lying fully on
surfaces S and S1 respectively, are Mannheim Partner D-curves of the type
3, the pairs (S; Sr) and (S1; Sr1) are parallel surface pairs in E

3
1 , the curves

�(s�) and �1(s�1) are images of the curves �(s) and �1(s1) on Sr and Sr1 ,
respectively.

Theorem 4.2. �1(s1) is a principal line on S1 if and only if �1(s1) and
�1(s�1) are Bertrand partner D-curves in E

3
1 :
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Proof. Let �1(s1) be a principal line on S1. Then from (33) we have
Y �1 = �Y1, i.e., �1(s1) and �1(s�1) are Bertrand partner D-curves.
Conversely, if �1(s1) and �1(s�1) are Bertrand partner D-curves, then

from (33) we have that �1(s1) is a principal line on S1. �

Theorem 4.3. �(s) and �1(s�1) are Mannheim partner D-curves if and

only if tanh � = r1tr1
1+r1kn1

holds, where � is the angle between unit tangents T1
and T:

Proof. Since �(s) and �1(s1) are Mannheim partner D-curves of the type
3, we have T1 = cosh �T � sinh �Z, Y1 = � sinh �T + cosh �Z. Then from
(33) we obtain

(36)
Y �1 = � 1r���(r1tr1)2�(1+r1kn1)2��� [(r1tr1 cosh � � (1 + r1kn1) sinh �)T

+(�r1tr1 sinh � + (1 + r1kn1) cosh �)Z]
From (36) it is clear that �(s) and �1(s�1) are Mannheim partner D-

curves if and only if tanh � = r1tr1
1+r1kn1

holds. �

Corrolary 4.2. �(s�) and �1(s�1) are Mannheim partner D-curves if and

only if tanh � = r1tr1
1+r1kn1

holds, where � is the angle between unit tangents T1
and T:

Proof. Since � (s) and its image curve �(s�) have same unit normal direc-
tion Z, from Theorem 4.3, we obtain that �(s�) and �1(s�1) are Mannheim

partner D-curves if and only if tanh � = r1tr1
1+r1kn1

holds. �

Corrolary 4.3. �1(s1) and �1(s�1) are Bertrand partner D-curves if and
only if tanh � = r1tr1

1+r1kn1
holds, where � is the angle between unit tangents T1

and T:

Proof. Since �(s) and �1(s1) are Mannheim partner D-curves, we have
Z = �Y1. Then from (36) it is clear that �1(s1) and �1(s�1) are Bertrand

partner D-curves if and only if tanh � = r1tr1
1+r1kn1

holds. �

References

[1] Beem, J.K. and Ehrlich, P.E., Global Lorentzian Geometry, Marcel Dekker, New York,
1981.

[2] Craig, T., Note on Parallel Surfaces, Journal Für Die Reine und Angewandte Math-
ematik (Crelle�s Journal), 94(1883), 162-170.

[3] Ekmekçi, N. and Ilarslan, K., On the Bertrand curves and Their Characterizations,
Di¤erential Geometry-Dynamical System, 3(2)(2001), 17-24.

[4] Görgülü, E. and Ozdamar, E., A generalizations of the Bertrand curves as gen-
eral inclined curves in En, Communications de la Fac. Sci. Uni. Ankara, Series A1,
35(1986), 53-60.

[5] Izumiya, S., Takeuchi, N., Generic properties of helices and Bertrand curves, Journal
of Geometry, 74(2002), 97�109.

[6] Kahraman, T., Önder, M., Kazaz, M. and U¼gurlu, H.H., Some Characterizations
of Mannheim Partner Curves in Minkowski 3-space, Proceedings of the Estonian
Academy of Sciences, 60(4)(2011), 210-220.



Bertrand and Mannheim partner D-curves on parallel surfaces in Minkowski 3-space 45

[7] Kazaz, M., U¼gurlu, H.H., Önder, M. and Kahraman, T.,Mannheim Partner D-Curves
in Euclidean 3-space, arXiv:1003.2042v3 [math.DG], 6 May 2010.

[8] Kazaz, M., U¼gurlu, H.H., Önder, M. and Oral, S., Bertrand Partner D-curves in
Euclidean 3-space, arXiv:1003.2044v3 [math.DG], 6 May 2010.

[9] Kazaz, M., U¼gurlu, H.H., Önder, M. and Kahraman, T.,Mannheim Partner D-Curves
in Minkowski 3-space, arXiv:1003.2043v3 [math.DG], 6 May 2010.

[10] Kazaz, M., U¼gurlu, H.H., Önder, M. and Oral, S., Bertrand Partner D-curves in
Minkowski 3-space, arXiv:1003.2048v3 [math.DG], 13 Jul 2010.

[11] Liu, H. and Wang, F., Mannheim partner curves in 3-space, Journal of Geometry,
88(1-2)(2008), 120-126.

[12] O�Neill, B., Semi-Riemannian Geometry with Applications to Relativity, Academic
Press, London, 1983.

[13] Orbay, K. and Kasap, E., On Mannheim Partner Curves in E3, International Journal
of Physical Sciences, 4(5)(2009), 261-264.

[14] Struik, D.J., Lectures on Classical Di¤erential Geometry, 2nd ed. Addison Wesley,
Dover, 1988.

[15] U¼gurlu, H.H. and Kocayi¼git, H., The Frenet and Darboux Instantaneous Rotation Vec-
tors of Curves on Time-Like Surface, Mathematical&Computational Applications,
1(2)(1996), 133-141.

[16] U¼gurlu, H.H. and Topal, A., Relation Between Daboux Instantaneous Rotation Vec-
tors of Curves on a Space-Like Surfaces, Mathematical&Computational Applications,
1(2)(1996), 149-157.

[17] Wang, F. and Liu, H., Mannheim partner curves in 3-Euclidean space, Mathematics
in Practice and Theory, 37(1)(2007), 141-143.

CELAL BAYAR UNIVERSITY
FACULTY OF ARTS AND SCIENCES,
MURADIYE, MANISA, TURKEY
E-mail address: mehmet.onder@cbu.edu.tr

ATATÜRK UNIVERSITY
FACULTY OF SCIENCE,
ERZURUM, TURKEY
E-mail address: skiziltug24@hotmail.com


