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SEVERAL GEOMETRIC INEQUALITIES OF
ERDOS - MORDELL TYPE IN THE CONVEX POLYGON

NICUSOR MINCULETE

Abstract. In this paper we present the several geometric inequalities of
Erdoss-Mordell type in the convex polygon, using the Cauchy Inequality.

1. INTRODUCTION

In [6], in colaboration with A. Gobej, we present some geometric inequal-
ities of Erdos-Mordell type in the convex polygon. Here, we found others
geometric inequalities of Erdos-Mordell type, using several known inequali-
ties, in the convex polygon.

Let Ajq,Aq,...,A,, the vertices of the convex polygon, n > 3, and M, a
point interior to the polygon. We note with Ry the distances from M to
the vertices Ay and we note with r; the distances from M to the sides
[ArAjy1] of length ApAgi1 = ag, where k = 1,n and A,y1 = A;. For
all k € {1,...,n} with A,;1 = A; and m (Akm+1) = 03 we have the
following property:

(51—|—(52—|—...—|—(5n:2ﬂ‘.
L. Fejes T'6th conjectured a inequality which is refered to the convex polygon,
recall in [1] si [3], thus

>

n

(1) Zrk < cos (%) Zn:Rk.
k=1

k=1
In 1961 H.-C. Lenhard proof the inequality (1), used the inequality

(2) nwgcosi nR,
3w < cos (1) 3R

which was established in [5], where wjy the length of the bisector of the
angle ApMAg+1, (V) k=1,n with A, 11 = 4.
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M. Dinca published other solution for inequality (1) in Gazeta Matematica
Seria B in 1998 (see [4]). Another inequality of Erdss-Mordell type for
convex polygon was given by N. Ozeki [9] in 1957, namely,

(3) ﬁ Ry > (sec —) H Wi
k=1

which proved the inequality 16.8 from [3] due to L. Fejes-Té6th, so

(4) ﬁ Ry, > <sec —) H Tk.
k=1

R. R. Jani¢ in [3], shows that in any convex polygon A1As A, there is the
inequality

n ] A n
(5) ;Rksm; > ;rk.

D. Bugneag proposed in GMB no. 1/1971 the problem 10876, which is an
inequality of Erdss-Mordell type for convex polygon, thus,

"~ aj, _ 2p?
(©) 2 A
k=1
where p is the semiperimeter of polygon A;As A, and A is the area of
polygon.
In connection with inequality (6), D. M. Bétinetu established [2] the in-
equality

Zn ar _ 2p
> -
(7) P re T

if the polygon A A, A, is circumscribed about a circle of radius 7.
Among the relations established between the elements of polygon A1 Ao A, we
can remark the following relation for A- the area of convex polygon A1 Ay Aj:

(8) 2A = air1 + asre + ... + anry.
We select several inequalities obtained from [6]:
Thk—1 T Tk
9 Ry > ————
®) 2sin Ak
hold for all k € {1,2, ... n} with ro = 7,

(10) (2 cos —) H Ry, > H (rg—1+7m1), (ro="1n)

and
“ +r ™
(11) Z%}Ck < 2ncosﬁ
k=1
and

n

n 2
(12) Z 7’“ ¢ Ry
k=

k=1



22 Nicusor Minculete

2. MAIN RESULTS

First, we will follow some procedures used in paper [6], through which
we will obtain some Erdés-Mordell-type inequalities for the convex polygon.
Among these will apply the Cauchy Inequality

Theorem 2.1. In any convex polygon A1As Ay, there is the inequality

n

Tk T
13 — < 2ncos—.
(13) kzl R+ Rp1 — n

Proof. The inequality (11),

T —i—r s
E kol k<2ncos—,
n

with rg = 7y, is expanded in the following way,

T +1r1  T1+T2 Thn—1+7Th
+ +ot "=
Ry Ry R,

1 n 1 n 1 n 1 - 1 n 1 <9 T

—+ — ro | — + — et | =—+ — N Ccos —

R, ' Ry *\Ry " Ry "\R,  Ri) " n
On the other hand, we have

1 1 4

t5 25— 5

Ry 1 Ry Rp1+ Ry

with Ry = R, from where we can deduce another inequality, of an Erdos-

Mordell type, namely,

(V) E=1,n

n ™
< —cos—
n

Z Ry, + Rk+1 -
O
Theorem 2.2. For any convex polygon AiAs . Ay, we have the inequality

n
Z Ry + Ry 1 > 2n

Tk cos i’

k=1
with Rn+1 = Rl.

Proof. The inequality

2
n
a3
YoY% > ()
=1 Uk k=1
is well known, because it is a particulary case of Cauchy’s inequality. In this

we will take xp = m and y; = 1. Thus, the inequality becomes

n

n
Z Tk 'ZRk+Rk+1 an
— Ry + Rpr Tk
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and, if we use the inequality (13), we get

Z”:Rk+Rk+1 .2
Tk ~ cosy’

k=1
with Rp1 = R1. O

Theorem 2.3. In any convex polygon Ai1As Ay, there is the inequality

(15) Z VIkATk T’“ 1Tk

< ncos—
n

Proof. From Cauchy’s mequahty7 we have

2
n
Tk
S 32 (z)
k=1 Ik k=1
Using the Substitutions

VTk—1Tk
Ry,
and y, = 1, we deduce that the inequality
VTk—1Tk R
Z 1 Z — =,
Ry, T VTk=1Tk

holds. However, from the relation (11) we obtain

ZW

T =

< ncosf
n

which implies the inequahty
En: Ry S n
£~ \Te—1Tk  COS T
with rg = rp,. O

Remark 1. The inequality (15) generalizes the problem 1045 of G. Tsinsifas
from the magazine Cruz Mathematicorum. This is also remarked in [7].

Theorem 2.4. In any convex polygon Ai1As. A, there is the inequality

" Rz n
(16) > >~
=\ /Th—1Tk  Ccos?

with rg = 1p,.

Proof. In the inequality

k=1 k=1 J¥ k=1

Ry

we replaced zp = yp = Traitr

and the inequality becomes

n n 2
R2 2
n E —k 2 5 Rk Z nQ i
1 /T—1Tk el A/ Tk—1Tk COS n
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This means that inequality (16) is true. O
Theorem 2.5. In any convexr polygon AiAs. A, there is the inequality

Z AT < . 2
nsin —,
« Ry Ry n

with An+1 = Al.

Proof. We can be written the area of triangle Ay M Ajy1 in two ways, thus
agry  RgRgq1sin AgM Ay

2 2 ’
which implies the relation
agTk
Ry R4

so, by passing to the sum, we get the relation

n
agTk .
sin Ay M Ay 1,
szRkH > sin M v

=sin AxM Ag11

with A, 41 = A;. Because the function f : (0,00) — R, is defined as f (z) =
sin zx, is concave, we will apply the inequality Jensen, thus

R 1L 2
— E sin AgM Apyq < sin — g AxMAg, 1 | =sin —.
n n n
k=1 k=1
Therefore, we have
n
2
E ArMAp1 < nsin—ﬂ-.
n
k=1

Consequently, we obtain the inequality of the statement. O

Remark 2. The equality hold in the above mentioned theorems when the
polygon is reqular.

Remark 3. On the a hand, we have the equality (8),
n
2A = a1 +agre + ...+ apry = Z ATk,
k=1
and on the other hand, we have the inequality Cauchy, where we will replace

T = \Jarre and yp = ﬁ—: ,then

2
n n
ay 9
2A = =
S a3 (V)
k=1 k=1 k=1
which proves the inequality (6).

Theorem 2.6. In any convex polygon AiAs. A, there is the inequality

n 2
(18) ZRk s1n— > Se;f (Z m)

k=1

holds.
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Proof. Applying inequality (9), we have the inequality

Th_1+ Tk
Ak

2sin
with rg = r,,, and this, by squaring, becomes
A Tee1 +7%)°
AR? sin =% > M
2 sin 5+
and taking the sum, we deduce

[f: (Tk:—l + Tk)Q 4 (En: Tk>
> k=1

n 2
5 T‘k 1 + Tk k=1 =
4ZRksm—>Z > — > —
Py sin 2 A, n
Z S1n 5
k=1
so, we found inequality (18). O

Theorem 2.7. In any convex polygon AiAs. A, there is the inequality

n

n 2
(19) > (Ri+ Rypa)rg > & S(:: . (Z Tk)

k=1 k=1

holds.

Proof. From inequality (9), we have

Tk—1 1Tk
71%7 (V) k= 17'n

Ry = MA, >

2sin

with rg = r,, and this, by multiply Wlth (rg—1 + 71) ,becomes

(’r’k,1 + Tk)2

2(rp—1 + ) R > En

sin

and by passing to the sum, we obtain the relatlon

n

Z (T'k,1 + rk)

2
- S (ree1 A+ i) L—1 <;Tk>
23 (re—1+rk) Re > ) A4 2w > —
k=1 k=1

s
sin . T COS n
2 g sin %

Therefore, we have

k=1 o
But, it follows that
n n
> (Ri+ Riea)ri =Y (rk-1+74) Ri
k=1 k=1

which means that, we obtain the inequality of statement. O



26 Nicusor Minculete

REFERENCES

[1] Abi-Khuzam, F. F., A Trigonometric Inequality and its Geometric Applications,
Mathematical Inequalities & Applications, 3(2000), 437-442.

[2] Batinetu, D. M., An Inequality Between Weighted Average and Applications (Ro-
manian), Gazeta Matematica seria B, 7(1982).

[3] Botema, O., Djordjevi¢ R. Z., Jani¢, R. R., Mitrinovi¢, D. S. and Vasi¢, P. M.,
Geometric Inequalities, Groningen,1969.

[4] Dinc&, M., Generalization of Erdés-Mordell Inequality (Romanian), Gazeta Matem-
aticd seria B, 7-8(1998).

[5] Lenhard, H.-C., Verallgemeinerung und Verscharfung der Erdds-Mordellschen Ungle-
ichung fiir Polygone, Arch. Math., 12(1961), 311-314.

[6] Minculete, N. and Gobej, A.,Geometric Inequalities of Erdis-Mordell Type in a Con-
vex Polygon (Romanian), Gazeta Matematici Seria A, nr. 1-2(2010).

[7] Minculete, N., Geometry Theorems and Specific Problems (Romanian), Editura Eu-
rocarpatica, Sfantu Gheorghe, 2007.

[8] Mitrinovi¢, D. S., Pecari¢, J. E. and Volenec, V., Recent Advances in Geometric
Inequalities, Kluwer Academic Publishers, Dordrecht, 1989.

[9] Ozeki, N., On P. Erdés Inequality for the Triangle, J. College Arts Sci. Chiba Univ.,
2(1957), 247-250.

[10] Voda&, V. Gh., Spell Old Geometry (Romanian), Editura Albatros,1983.

"DIMITRIE CANTEMIR" UNIVERSITY
107 BISERICII ROMANE, 500068 BRASOV, ROMANIA

E-mail address: minculeten@yahoo.com



